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FIBER BUNDLES can express an exact mathematical analogy be-
tween the movements of the Philippine folk dance Binasuan (“wine
dance”) and the quantum-mechanical effect of a magnetic field on
the spin of a neutron. In the wine dance the orientation of the wine-
glass in space as it is rotated about the vertical axis ¢aiifios be iden-
tified with the relative rotation between the wineglass and the danc-

122

er’s body. If the dancer’s feet remain in place, a single 360-degree
rotation of the hand and the wineglass introduces a twist in the danc-
er’s body. Another complete rotation of the hand in the same direc-
tion restores the dancer’s hand and body to their original configura-
tion. The generalized phase shift of a neutron in a magnetic field ex-
hibits the same relation to the orientation of its rotating spin vector.
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Fiber Bundles and Quantum Theory

A branch of mathematics that extends the notion of curvature

to topological analogues of a Mobius strip can help to explain

prevailing theories of the interactions of elementary particles

by Herbert J. Bernstein and Anthony V. Phillips

he intimate relation between
I mathematics and physics may
seem surprising to the layman, but
to someone well acquainted with either
field it is a natural evolutionary develop-
ment. Physical problems have stimulat-
ed mathematical thinking at least since
the Egyptians introduced geometry as
a means of accurately measuring land.
Newton’s invention of the integral cal-
culus was in part his practical-minded
response to a difficulty in formulating
the law of universal gravitation. Infinite
trigonometric series were devised to
study the flow of heat. The abstract pat-
terns investigated by present-day math-
ematicians are still based, albeit some-
times remotely, on the real patterns ex-
hibited by the physicist’s universe.
Mathematics has not failed to repay
the debt in kind. A theory invented by
mathematicians to settle mathematical
questions often turns out to be exactly
what physicists need to advance their
analyses and predictions of the ways
of nature. Tensor calculus, the product
of almost 100 years of development by
such mathematicians as Karl Friedrich
Gauss, Bernhard Riemann and Tullio
Levi-Civita, was essential to Einstein’s
formulation of his general theory of rel-
ativity. The most recent beneficiaries of
such mathematical research are the
physicists who study the forces and
quantum-mechanical fields that mediate
the interactions of elementary particles.

he fields that are most promising for
this purpose are called gauge fields.
Their utility lies chiefly in their ability
to express underlying relations among
forces that appear superficially to be
quite distinct. Gauge fields have played
a major role in recent attempts to devise
a unified theory of three of the four ba-
sic forces known in nature, namely the
strong, the weak and the electromagnet-
ic forces. For the fourth basic force,
gravity, there is as yet no quantum-me-
chanical theory, but the general theory
of relativity suggests that gravitation
too may ultimately be described by a
gauge-field theory.
The idea of a gauge field was intro-

duced by Hermann Weyl in the 1920’s,
but the present development of gauge-
field theory began in 1954. In that year
C. N. Yang and Robert L. Mills, who
were then working at the Brookha-
ven National Laboratory, applied the
gauge-field concept to nuclear forces.
After almost 20 years of further refine-
ment physicists were able to express
the concept of a gauge field in such a
way that it could be recognized as an

instance of more abstract structures
known to mathematicians as connec-
tions in fiber bundles. The discovery of
this equivalence has made it possible to
apply mature and exceedingly powerful
mathematical concepts to the descrip-
tion of physical reality.

What is a gauge field? What are fiber
bundles and how do they enter into
physics? What does it mean for a fiber
bundle to have a connection, and how
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PHASE OF A WAVE, which is usually expressed as an angle, can be detected only as a differ-
ence between the phases of two w

by projecting a point on a uniformly rotating circle onto a screen moving uniformly at right
angles to the line of projection. Any position on the circle can be chosen as zero degrees. The
angle of rotation away from the arbitrarily chosen position then labels the phase (a). The rela-
tive phase between two waves is well defined in that each crest and trough on one wave is the
same number of degrees ahead of the corresponding feature of a second wave. When waves in-
terfere, their amplitudes add at each instant; the resulting maximum height depends on the rel-
ative phase (4). The addition can be carried out automatically by centering the second circular
motion on the perimeter of the first. If the interference is constructive (c), crests coincide with
crests and troughs with troughs, and the maximum height of the resulting pattern is equal to
the sum of the heights of the original waves. If the interference is destructive, corresponding to
a phase difference of 180 degrees (d), crests coincide with troughs and waves cancel exactly.
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are the concepts of a connection and of a
gauge field related? We shall attempt to
answer these questions by analyzing two
physical experiments. One experiment
shows what happens when neutrons are
rotated 360 degrees by a magnetic field
and the other shows the effect on two
partial electron beams of a magnetic
field in the region between them. Each
experiment demonstrates in a different
way how a fiber bundle can arise in
quantum theory. In the neutron-rotation
experiment the global structure of the
fiber bundle is significant, whereas in the
electron-beam experiment the central
feature is a connection, an intrinsic local
structure that can be imposed on the
bundle. The connection gives an ele-
mentary but fundamental example of a
gauge field.

he study of fiber bundles is part of

the branch of mathematics called to-
pology, but bundles have also been in-
vestigated in differential geometry be-
cause of their relation to the geometric
concept of curvature. The idea of a con-
nection in a fiber bundle grew out of
attempts to generalize the notion of the
curvature of a two-dimensional surface,
such as the surface of the earth, to the
curvature of a space with three or more
dimensions. Hence another way of ex-
pressing the mathematical difference be-
tween the two experiments we shall de-
scribe is to note that the neutron-rota-
tion experiment concerns the topology
of a fiber bundle whereas the electron-
beam experiment concerns the geome-
try of a fiber bundle.

The 360-degree neutron-rotation ex-
periment was proposed by one of us
(Bernstein) in 1967. A similar thought
experiment was described almost si-
multaneously by Yakir Aharonov and
Leonard Susskind of Yeshiva Universi-
ty. The experiment demonstrates a high-
ly counterintuitive effect whose mathe-
matical equivalent is the one-sidedness
of a Mobius strip. At issue is the spin, or
intrinsic angular momentum, of a sub-
atomic particle. According to quantum
theory, a neutron or another particle
with spin does not return to its initial
state when its orientation is rotated
through 360 degrees. Instead it takes
two full turns, a 720-degree rotation, to
restore the state of the particle to its ini-
tial condition.

To understand the experiment it is
necessary to know something of the
quantum theory of spin. Physicists have
extrapolated the notion of intrinsic an-
gular momentum from the spin of a top
or a gyroscope to the realm of elementa-
ry particles. In each case spin is a vector
quantity, which means it has both a
magnitude and a direction. By conven-
tion the vector points along the spin axis
in a direction determined by what is
called the right-hand rule. If the fingers
of the right hand are curled as if to grasp



the axis of a spinning object with the
fingers wrapped around the axis in the
same sense as the spin, the direction of
the thumb along the spin axis gives the
direction of the spin vector.

Unlike the spin of a top or a gyro-
scope, the spin of an elementary particle
is quantized: its magnitude can have
only certain discrete values, which are
multiples of the smallest possible quan-
tity of spin. Moreover, for any given
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particle the magnitude of the spin can
never change; it is one of the intrinsic
properties that determine the identity of
the particle. The electron, the proton
and the neutron (and a number of oth-
er particles) have the smallest allowed
nonzero quantity of spin. This minimum
spin magnitude is equal to#/2, where #
is a form of Planck’s constant with a
value of about 10-27 erg-second.

The constraint on the magnitude of
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the spin vector in quantum theory re-
flects a still more curious experimental
finding. Like all vectors, the spin vec-
tor has components along the axes of
any chosen coordinate system. An ex-
perimenter must select a particular axis
along which to measure a spin compo-
nent. No matter what direction is chosen
as a reference axis, however, the only
values ever found are +7/2 and —7/2.
No intermediate values are observed. In

FIBER BUNDLE consists of a base space, a total space and a map
that projects each point in the total space onto a point in the base
space. The set of all the points in the total space that are mapped onto
the same point in the base is called a fiber (colored lines and circles).
The total space can resemble a sheaf or bundle of fibers. Every fiber
in a fiber bundle must have the same topological structure, and so
all the fibers can be represented by a single ideal fiber. For the solid
cylinder (upper left) or the Mdbius strip (upper right) the fibers are
straight lines above the points in the base, whereas for the torus (low-

er left) or the Klein bottle (lower right) the fibers corresponding to
each point are circles. Motion in the base may induce a change in the
orientation of the fibers, depending on the topological structure of
the total space. A single circuit along a path in the base changes the
orientation of the fibers of the Méobius strip and the Klein bottle, but
the orientation of the fibers of the torus and the cylinder is not al-
tered by motion along any such path. In moving from fiber to fiber
on the Klein bottle, the bottle appears to pass through itself. The
self-intersection cannot be avoided in a three-dimensional drawing.
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PRECESSION OF THE SPIN VECTOR of a neutron in a magnetic field resembles the pre-
cession of a gyroscope in a gravitational field. The magnetic torque on the spinning neutron
causes it to precess at  rate proportional to the strength of the field and independent of the ori-
entation of the neutron. If the initial direction of the neutron’s spin vector is called “up,” and if
the field is perpendicular to it, precession through an angle of 180 degrees will make the spin
vector point down. At intermediate angles classical physics predicts that the component of the
spin vector measured along the z axis is equal to the perpendicular projection of the vector
onto the axis. In quantum mechanics the component of the spin measured along any axis can
have one of only two values, +1/2 or —1/2 times Planck’s constant 7. What changes during
precession is the probability of detecting a neutron in the spin-up state (+4/2) or the spin-
down state (—7i/2). Each probability is determined by squaring a probability amplitude whose
value can be either positive or negative. Hence the quantum-mechanical precession of a neu-
tron can be graphed as a rotation of the neutron state in an abstract space whose coordinate
axes are the probability amplitudes of the spin-up and spin-down states of the spin vector.
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spite of this nonintuitive property of
particle spins the picture of a spin vector
remains useful for describing neutrons.
It is possible to spin-polarize a series of
neutrons so that ideally all the spin vec-
tors point in the same direction. The ex-
perimenter can determine the direction
by turning the axis of measurement to
maximize the probability of detecting
the value +4/2.If all the neutrons are in
the same state, all of them will give this
result. For convenience the reference
axis along which the spins are polarized
can be labeled the z axis and the two
possible states of the spin can be desig-
nated spin up (+4/2) and spin down
(—4i/2).

Suppose the spin vector of each neu-
tron in the series rotates away from
the fixed reference axis. The component
along the z axis cannot change continu-
ously, since measurements yield only
the two discrete values +4/2 and —#/2.
Instead the probabilities of finding spin-
up and spin-down neutrons begin to
change. In the initial state of the spin
vector the probability of finding a spin-
up neutron is 1 and that of finding a spin-
down neutron is 0. After the spin vector
has rotated a quarter of a turn, or 90
degrees, from the z axis, the classical
(non-quantum-mechanical) model pre-
dicts that the z-axis component will van-
ish. The spin vector would then be ori-
ented so that it points neither up nor
down along the z axis. For neutrons,
however, a spin of zero is never found.
According to the quantum-mechanical
model, a 90-degree rotation changes the
state of the neutron to one in which
both the spin-up and the spin-down prob-
abilities are .5.

This outcome reconciles the quantiza-
tion of spin with the classical descrip-
tion. If the z-axis components of a series
of neutrons are measured while their
spin vectors are oriented perpendicular
to the z axis, half have spin +4/2 and
half have spin —#/2. Thus the sum of all
the measured components is zero and so
is the average value, in agreement with
the classical result.

In a similar way a rotation of 180 de-
grees orients the neutrons with their spin
vectors down. This makes the spin-up
probability 0 and the spin-down proba-
bility 1. After the neutron has swept out
a full circle the spin-up probability (the
probability of finding the z component
of the spin equal to +4/2) returns to 1
and the spin-down probability again be-
comes 0.

Physicists have taken the distinctness
of spin states and the need for probabili-
ties as being basic postulates of quan-
tum theory. Probabilities are calculated
from the mathematical description of
each state of a particle as a wave func-
tion. At any point in space there is a
number called a probability amplitude



of the neutron wave function for each
distinct state. The term amplitude re-
fers to the waves with which quantum
theory describes material particles. A
probability amplitude can be positive
or negative, which reflects the observed
capacity of waves to add constructive-
ly or destructively. The probability of
finding a particle in a given state is the
square of the corresponding probabili-
ty amplitude. Squaring the amplitude
ensures that the probability itself is al-
ways a positive number.

Since the neutron has two distinct spin
states, the complete description of
a neutron at a point in space consists
of two numbers, namely the probability
amplitude for spin up and the probabili-
ty amplitude for spin down. One way
to show the amplitudes that respects
the distinctness of the two states is to
plot them on perpendicular axes marked
“up” and “down” in an abstract space
called neutron-state space [see illustra-
tion at right]. The state of the neutron
can be represented by a point on this
graph. If the initial state is spin up, the
spin-up probability amplitude is + 1 and
the spin-down probability amplitude is
0. This combination of values corre-
sponds to a point one unit from the ori-
gin along the “up” axis.

As the orientation of the neutron spin
is changed the two probability ampli-
tudes each vary continuously. The sum
of the two probabilities must always add
to 1, however, because spin up and spin
down are the only possible states. Hence
the sum of the squares of the spin-up
and spin-down probability amplitudes
must be 1 and the point representing the
state of the neutron must lie on a circle
of radius 1. Every possible state of the
neutron can then be labeled by the angle
from the “up” axis to the corresponding
point. The angle is called the generalized
phase of the neutron state.

After a 90-degree rotation of the
physical spin vector away from the z
axis, the spin-up and spin-down proba-
bility amplitudes must be equal in abso-
lute value since the corresponding prob-
abilities must each be .5. The point in the
neutron-state space therefore lies half-
way between the “up” and the “down”
axes. It follows that the generalized
phase of the neutron state has changed
by 45 degrees as a result of a 90-degree
rotation of the neutron spin vector.

The half-angle relation continues.
When the physical spin vector has rotat-
ed 180 degrees, it points down: the spin-
down probability amplitude is +1 and
the spin-up probability amplitude is 0.
The corresponding point in the neutron-
state space is 90 degrees from the initial
direction. After a 360-degree physical
rotation both probability amplitudes
change their sign. It takes two full turns,
or 720 degrees of rotation, to restore the
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SPIN VECTOR OF A NEUTRON can precess, but the geometry of the precession cannot be
pictured consistently by the classical model (lef), since a spin measurement along any given
axis yields only the values +#/2 or —4i/2. In quantum mechanics precession is manifested as a
change in the probability of finding a neutron with spin +4%/2 (spin up) or with spin —4/2 (spin
down). The two amplitudes that determine the probability can be considered coordinates in an
abstract space with axes labeled “up” and “down” (right). After a precession of 90 degrees
from the z axis the spin vector points neither up nor down. If one measures the z-axis compo-
nent of the vector, one finds spin up half of the time and spin down half of the time. The average
value of the spin is therefore zero, in agreement with the classical result. Because the probabili-
ties are equal the probability amplitudes can be chosen to be equal; the corresponding point in
neutron-state space is rotated 45 degrees from the “up” axis. Physical precession through any
angle 0 causes a generalized phase shift 6/2, represented as a rotation in neutron-state space.

probability amplitudes to their initial
values.

This feature of quantum theory may
at first seem paradoxical. When an ordi-
nary object makes a complete rotation
in space, it returns to the same state
from which it started. A person’s body
or a spinning gyroscope is unchanged by
a 360-degree rotation about any axis.
This fact is so deeply ingrained by com-
mon experience that although the theo-
ry of neutron spin is now some 50 years
old, before 1967 even most physicists
thought a 360-degree rotation could not
have directly measurable consequences.
Quantum theory implies that one can-
not measure a probability amplitude in
any direct way, and the change in the
sign of the amplitude caused by such a
rotation disappears when the amplitude
is squared to compute the probability.

On the other hand, there are some cir-
cumstances in the realm of macro-
scopic objects in which a 360-degree ro-
tation has an observable effect. For ex-
ample, if two objects are attached by a
flexible ribbon, it is obvious that a full
turn of one object does not restore the
system to its original state: the ribbon
ends up with a twist in it. What is not so
obvious is that a second full turn in the
same direction can bring such a system
back to its initial state: the ribbon can be
untwisted even though the relative rota-
tion of the two objects undergoes no fur-
ther change. The effect can also be dem-
onstrated by holding a wineglass in the
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palm of the hand and rotating the glass
about its vertical axis (without moving
the body as a whole). After a 360-degree
rotation the glass returns to its original
orientation, but the arm is twisted; a fur-
ther 360 degrees restores the glass and
the arm to their initial position [see i//us-
tration on page 122].

All these phenomena, both macro-
scopic and quantum-mechanical, can be
represented by the properties of a single
fiber bundle. A fiber bundle is a mathe-
matical structure that consists of two
distinct sets of points, called the base
space B and the total space E, and arule
p called the projection map that associ-
ates a point in B with every point in E. In
the fiber-bundle model of the rotation
of the wineglass the points in the base
space represent the possible orientations
of the glass and the hand. The points in
the total space represent the rotation the
hand has undergone with respect to the
rest of the body. The projection map
defines an association between each ro-
tation and the relative orientation deter-
mined by the rotation.

In the fiber-bundle model of neutron
spin rotation the points in the base space
represent the orientation of the spin vec-
tor. In the part of the effect we are de-
scribing in detail the vector rotates in a
fixed plane, and so any orientation can
be described by the angle it makes with
the z axis. (Other possibilities can be
treated analogously.) The points in the
total space represent generalized phas-
es of the neutron state, and so they
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correspond to points on the unit circle
in the neutron-state space with “up”
and “down” coordinates. Each of these
points can thus be described by its an-
gular distance from the “up” axis. The
projection map in the model assigns to
each point in the total space a point in
the base space according to the rule
p(d) = 2é¢(modulo 360). The applica-
tion of the rule is equivalent to wrap-
ping the circle of generalized phases
twice around the circle of orientations,
so that two phases ¢ and ¢ + 180 de-
grees are possible for each orientation.

The correspondence between points
in the total space and points in the base
is generally expressed by regarding the
total space as being “over” the base. In
this representation the point or points in
the total space that the projection map
associates with a point in the base lie
vertically above the base point. The set
of points in the total space over a base
point is called a fiber. Another part of
the definition of a fiber bundle requires
that the fibers over any two points be
topologically equivalent, so that the to-
pological structure of the fiber does not
vary from one point in the base to anoth-
er. In some instances the fiber over each
point in the base is a line, and it is this
appearance that has given rise to the
name fiber bundle; when each fiber is a
line, the total space looks like a bundle
of fibers. In general, because the fibers
are all topologically equivalent they can
all be described as copies of a single fi-
ber, F, the ideal fiber of the fiber bundle.

GENERALIZED PHASE
ANGLE ¢

ns

The ideal fiber of the bundle repre-
senting neutron spin rotation is a space
that consists of two distinct points. For
example, over the point labeled 0 de-
grees in the base there are the two points
in the total space that correspond to the
generalized phases 0 degrees and 180
degrees. Hence the fiber over 0 degrees
is the set that consists of 0 degrees and
180 degrees in the total space. Similarly,
the fiber over 90 degrees is the set that
consists of 45 degrees and 225 degrees in
the total space. In this bundle both the
total space and the base space are topo-
logically equivalent to a circle. The pro-
jection map corresponds to the way the
edge of a Mobius strip would project
onto a circle at the center of the strip.

ow does the fiber-bundle model of
neutron spin rotation represent the
relation between a rotation and a gener-
alized phase shift? Suppose a neutron
starts with its spin vector pointing along
the positive z axis (6 = 0), so that its
spin-up probability amplitude is +1 and
its spin-down probability amplitude is 0.
(This describes the point & = 0 on the
unit circle in the abstract space of neu-
tron spin states.) Now, if the spin vector
is physically rotated 90 degrees from
the z axis, ending up at 8 = 90 degrees,
our preceding discussion shows that the
point on the generalized phase circle
moves to ¢ = 45 degrees. If the spin
vector rotates another 90 degrees to
6 = 180 degrees, the point on the phase
circle moves to & = 90 degrees. The cor-

270°
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FIBER BUNDLE of phase shifts shows the relation between the angular precession of a neu-
tron and the shift in the generalized phase of the neutron spin state. Points in the base space of
the bundle represent the orientation of the spin vector of a neutron. Points in the total space
represent the relative phase shifts in neutron-state space that correspond to a given orientation.
For instance, the projection map of the bundle assigns the points 45 degrees and 225 degrees in
the total space to the point 90 degrees in the base. This means that generalized phase angles of
45 degrees and 225 degrees both correspond to an orientation of the spin vector 90 degrees
from the : axis. The topology of the total space, however, shows that attaining a phase shift
of 225 degrees requires a precession of 450 degrees in the base, a one-and-a-quarter turn.
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respondence between rotations and gen-
eralized phase shifts can be described by
saying that the point on the phase circle
moves continuously in such a way that
it always remains above the point on
the orientation circle. This geometric
principle, together with the topological
structure of the bundle, accounts for the
sign change of the neutron state as an
effect of a phase reversal. One complete
rotation in the base must shift the gener-
alized phase to the opposite of what it
was [see illustration on this page].

How might one rotate the spin vector
of a neutron 360 degrees? Current ex-
perimental designs take advantage of
the magnetic properties of electrically
neutral particles. A neutron has not only
spin angular momentum but also a mag-
netic moment, which makes it resemble
a bar magnet spinning about its north-
south axis. Suppose the spin vector of
the neutron is initially aligned with the z
axis and a magnetic field is introduced at
right angles to that axis. The torque that
aligns a bar magnet with an external
field makes a spinning magnet precess
about the direction of the field. The spin
vector of the neutron will precess in the
plane at right angles to the magnetic
field just as a spinning gyroscope pre-
cesses in response to the pull of gravity.
Hence to rotate the spin vector of a neu-
tron away from the z axis one can take
advantage of its magnetic moment. Ac-
tually even if the magnetic field is not
perpendicular to the initial spin, the neu-
tron precesses at a rate that is propor-
tional to the strength of the magnetic
field and that does not depend on the
orientation of the neutron. Thus all the
neutrons in an unpolarized beam pass-
ing through a magnetic field precess at
the same rate; the rate is called the Lar-
mor frequency.

aving a way to rotate neutrons 360
degreesisnotenough,however.One
must be able to compare the probability
amplitudes for a rotated neutron with
the amplitudes for the original state.
The amplitudes for both the rotated and
the unrotated states have the same mag-
nitude but opposite signs. The difference
in sign can be detected because in quan-
tum mechanics it is possible to make a
particle arrive at the same point in space
along two different paths, in the sense
that there is a nonzero probability of
detecting the particle along either one of
the paths. As always, the probabilities
are given by the squares of the probabil-
ity amplitudes at any point along the
paths. At a point where two paths con-
tribute to the probability of detecting
the particle the probability amplitude is
the sum of the amplitudes for each of
the paths. The addition is done before
the amplitude is squared to get the prob-
ability. This rule, which embodies the
phenomenon of quantum interference,
provides a method for demonstrating
the sign change associated with a 360-



degree rotation. The recent develop-
ment of a neutron interferometer has
made it possible to split a beam of neu-
trons so that the particles follow two
paths and to recombine the partial
beams. Moreover, it is possible to rotate
the spin vectors of the neutrons in one
beam but not in the other. When the
relative rotation is 360 degrees, the
resulting sign change manifests itself
through destructive interference of the
two partial beams.

Experiments to detect 360-degree
neutron rotations have been done by
several groups. Helmut Rauch, Ulrich
Bonse and their colleagues first demon-
strated the effect in 1975 at the Institut
Laue-Langevin in Grenoble. An Ameri-
can team headed by Samuel A. Werner
of the University of Missouri carried
out a similar demonstration at about the
same time. In 1976 Anthony Klein and
G. L Opat of the University of Mel-
bourne employed a novel Fresnel dif-
fraction technique to show the effect of
neutron rotation, again at the Institut
Laue-Langevin.

he heart of a typical neutron inter-

ferometer is a perfect cylindrical
crystal of silicon, cut away so that three
polished “ears,” or projections, stand up
from a single intact base. When a beam
of neutrons strikes the first ear at a suit-
able angle, it divides into a transmitted
partial beam and a diffracted partial
beam. At the second ear each of these
beams divides again. At the third ear
two partial beams recombine. The two
beams interfere constructively or de-
structively depending on their general-
ized phase. The recombined beam then
splits again, and counters, or detectors,
placed beyond the third ear record the
number of neutrons in each of the two
partial beams.

The probability of a neutron’s arriv-
ing at a counter in the path of the recom-
bined beam changes as the generalized
phase of the rotated partial beam chang-
es. The probability is measured by
counting the number of neutrons arriv-
ing per second. If the two partial beams
are exactly in phase when there is no
rotation, the initial counting rate is high.
This situation results from constructive
interference: the two amplitudes have
the same sign, and the square of their
sum is at a maximum. Indeed, whenever
the generalized phase difference is zero
or a multiple of 360 degrees, there is
constructive interference. After one full
rotation of the spin vector the phase dif-
ference is 180 degrees and the ampli-
tudes have opposite signs. Ideally the
sum would be zero; in practice the
counting rate is at a minimum. This is
destructive interference.

Rotation of the neutron spin vectors is
accomplished by placing an electromag-
net in the region between the second and
the third ear. One of the partial beams
passes through the field of the magnet
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NEUTRON INTERFEROMETER, cut from a single perfect crystal of silicon, has three pro-
jecting “ears.” Each ear divides a beam of neutrons into a diffracted partial beam and a trans-
mitted one. In this experiment one partial beam passes through a magnetic field, where the
spin vectors of the neutrons are rotated and the generalized phase of the neutron state is shift-
ed. When the two partial beams are recombined, they interfere according to the phase differ-
ence between them. If the magnetic field is zero, there is no phase difference and the beams in-
terfere constructively. If the magnetic field rotates one of the beams 360 degrees, the phase
difference between the two paths is 180 degrees and the beams interfere destructively at count-
er E. The crests of the neutron waves are represented by colored stripes and the troughs by
gray stripes. The probability amplitudes of the spin states are indicated by the relative lengths
of the stripes. Because the effect is illustrated for an incident spin-up neutron, a nonzero spin-
down probability amplitude is shown below the black line only in the region of the magnetic
field. Negative probability amplitudes are shown by converting crests into troughs and vice
versa. The scattering of the neutrons at each ear is represented as a 90-degree phase shift (skip
one stripe) each time a neutron beam is diffracted and as no phase shift when it is transmitted.
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SEVERAL CYCLES OF INTERFERENCE can be generated even with a moderate magnetic
field. The total precession angle 6 of the rotated beam can be calculated from the strength of
the magnetic field. When the intensity of the recombined beam is plotted against 6, the exper-
imental curve closely resembles the graph of the cosine of 0/2. Background neutrons raise
the minimum count above zero. Eight full rotations of the beam give only four intensity peaks.

but the other beam does not. Hence the
field rotates spin along one partial beam,
leaving the other beam unchanged. The
angle of rotation is proportional to the
strength of the magnetic field. As a re-
sult the generalized phase of the first
partial beam increases continuously as
the experimenter increases the current
in the electromagnet from zero to its
maximum value. As the phase shift in-
creases, the counting rate at one counter
at first declines; the interference chang-
es smoothly from constructive to de-
structive. After reaching a minimum
count the interference tends back to-
ward the maximum as the generalized
phase approaches one full cycle. The re-
sulting cycle of variation in the count-
ing rate repeats as long as the current
continues to rise. Since the rotation an-
gle does not depend on initial spin orien-
tation, the experiment does not require
a polarized neutron beam.

he total rotation angle induced

along the path through the magnetic
field is equal to the Larmor precession
frequency multiplied by the time the
neutrons spend in the field. The angle
can therefore be calculated from mea-
surements of the velocity of the beam,
the intensity of the field and the distance
across the field. In the version of the
experiment done by Rauch, Bonse and
their colleagues the neutrons travel
through a magnetic field 1.5 centimeters
wide at a speed of 2,170 meters per sec-
ond, so that each neutron spends a little
less than seven microseconds in the field.
When the electromagnet is operating at
maximum current, the strength of the
field is 400 gauss, which corresponds to
a Larmor frequency of 433 million de-
grees per second. At this rate, in seven

130

microseconds the spin vector of each
neutron rotates about eight full turns. If
each 360-degree rotation of the spin vec-
tor restored a neutron to its original
state, one would expect to observe eight
cycles of maximum and minimum
counts. The actual result is significantly
different. As the magnetic field increases
from zero to its maximum the number
of neutrons detected at the counter pass-
es through only four cycles.

The outcome of the neutron-rotation
experiment shows in a sense that fiber
bundles exist in quantum mechanics
and can be observed. The fiber bundle
associated with neutron rotation, how-
ever, is an extremely simple one, be-
cause both its base space and its total
space are one-dimensional. (To repeat,
the base space and the total space
are both circles with the total space
wrapped around twice like the edge of a
Mobius strip.) The correspondence be-
tween rotations and phase shifts is em-
bodied in the rule that the point in the
total space should move continuously so
that it always lies above the position of
the point in the base. Because there is
only one degree of freedom in the total
space the rule unambiguously specifies a
phase shift for each rotation.

In more general fiber bundles things
are not so simple. For example, if each
fiber is a line rather than a pair of points,
motion in the base implies motion from
fiber to fiber, but it does not specify
which point in each fiber is to be tra-
versed. To determine an unambiguous
path through the total space in such
a fiber bundle, additional structure is
needed. A procedure that gives a path
through the total space lying directly
above a path in the base, once a start-
ing point in the total space has been
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specified, is called a path-lifting rule.

The study of fiber bundles grew out of
attempts to make more accessible to
analysis the complexities of curvature
in a manifold: an abstract topological
space with an arbitrary number of di-
mensions. The idea of a fiber bundle was
implicit in the work of the French math-
ematician Elie Joseph Cartan, but it was
first explicitly stated in about 1935 by
Hassler Whitney, who now works at the
Institute for Advanced Study. The con-
cept of path lifting was developed as
a systematic way of comparing the ef-
fects of curvature at different points
of a manifold and was extended to fiber
bundles by the French mathematicians
Charles Ehresmann and Henri Cartan
and by others in about 1950.

Consider what is perhaps the simplest
curved manifold: the two-dimensional
surface of a sphere. An observer stand-
ing on the surface has a complete circle
of directions in which to look along
the surface. (Assume that the observer
looks only along the horizon, never up
or down.) There is such a circle of direc-
tions for each point on the surface. The
circles taken together form a fiber bun-
dle in a natural way, called the bundle of
directions on the surface of the sphere.
The base space of the bundle is the sur-
face itself. The fiber over a point in the
base represents the set of all the direc-
tions on the surface of the sphere that
can be surveyed from that point. Hence
each fiber is a circle.

It is not possible to draw a faithful
picture that encompasses all the to-
tal space of the bundle of directions on
the sphere. One reason such a drawing
cannot be made is that it is topological-
ly impossible to assign a reference direc-
tion to every point on the surface of a
sphere in a continuous way. This fact is
expressed whimsically by the statement,
“You can’t comb the hair on a sphere.”
At least one point on the sphere will al-
ways have a “cowlick.” On the other
hand, it is possible to comb any patch of
hair on the sphere, even if the patch cov-
ers the entire surface with the exception
of one point. For such a patch it is possi-
ble to assign a continuous set of direc-
tions and so to draw a topologically ac-
curate picture of the total space of the
bundle of directions over the patch. For
example, on a flat map of the northern
hemisphere one can draw a continuous
set of directions, say all pointing down
and to the left. The set of directions can
then be transferred back to the northern
hemisphere of the sphere in order to
comb its hair.

Combing the hair on the hemisphere
gives a reference direction at each point.
The total space of the bundle of direc-
tions on the hemisphere can then be il-
lustrated by drawing each fiber vertical-
ly. If the bottom of each fiber corre-



sponds to the reference direction, the an-
gle any other direction makes with the
reference direction can be represented
by a height along the fiber [see illustra-
tion on next page]. The point halfway up
the fiber represents 180 degrees from the
reference direction and the point at the
top of the fiber represents 360 degrees
from the reference direction. Since the
360-degree direction coincides with the
reference direction, the top and the bot-
tom of each fiber represent the same
point of the total space.

How can one define a path-lifting rule
for the bundle of directions on the
sphere? A path in the base space of the
bundle of directions is simply a path on
the surface of the sphere. Lifting such a
path into the total space requires that a
direction chosen from the circle of di-
rections be assigned to every point in the
path. Think of a watch with one hand,
transported so that the center of the
watch moves along the path on the
sphere while the hand moves freely
around the dial. A path-lifting rule must
determine the position of the hand at
each point in the path, once the hand’s
initial position is given. If one considers
only the topology of the sphere, so that
the surface can be stretched and de-
formed (but not torn) as if it were made
of a sheet of rubber, there is no pre-
ferred way to give such a rule. The fun-
damental reason is that there is no topo-
logical relation between directions at
one point on the surface of the sphere
and directions at another point. If one
considers the geometry of the sphere,
however, there is a natural principle that
will determine the movement of the
watch hand. The principle is called par-
allel transport.

Parallel transport on a sphere can
best be understood by imagining the
sphere to be rolling on a flat surface.
Suppose there are straight lines and
curved lines drawn on the flat surface
in wet ink, and suppose there are ar-
rows spaced frequently along the lines,
all pointing, say, to the lower left. The
term parallel transport is based on this
picture. Since the arrows in the plane
are all parallel, the arrows printed onto
the sphere exemplify parallel transport
along the printed curve on the sphere.

arallel transport determines a path-

lifting rule in the bundle of direc-
tions on the sphere. Given a curve on
the sphere and an arrow representing a
direction at the start of the curve, one
can place the sphere on the plane so that
the starting point is the point of tangen-
cy. Imagine there is an arrow at each
point in the plane, drawn in ink and par-
allel to the original arrow. If the sphere
is rolled along the plane so that it prints
the curve on the sphere onto the plane,
the arrows from the plane will also be
printed onto the sphere. The latter ar-
rows give a path in the bundle of direc-
tions that starts with the initial arrow
and lies above the given curve.

When a straight line is printed onto
the rolling sphere (or onto any other
curved surface), the curve it forms on
the surface is called a geodesic. On the
sphere a geodesic is a great circle. The
shortest path on the surface between
two points is a geodesic. The arrows that
all point in the same direction on the
plane retain a vestige of this property
when they are printed onto a geodesic.
At each point along the geodesic curve
the angle between the arrow and the

line tangent to the geodesic is the same.

Parallel transport can be described
for a curved path made up of geodesic
segments without reference to rolling. It
can be carried out by maintaining a con-
stant angle between the transported ar-
rows and the tangents along successive
geodesics. From a perspective above the
surface of the sphere, however, parallel
transport along a geodesic may seem
anything but parallel: the arrows may
appear to rotate. When an arbitrary
curved line is printed onto the sphere,
the rotation of the arrows as viewed
from above the surface may appear to
be even more chaotic.

Parallel transport provides a way of
making quantitative and explicit the in-
tuitive difference between a curved sur-
face and a flat one. When an arrow is
carried by parallel transport around a
closed path in the plane, the directions
of the arrow at the start and at the finish
coincide. Parallel transport around a
closed path on a curved surface, how-
ever, may not lead to such coincidence.
If there is a change in the direction of the
arrow when it completes a single cir-
cuit of a closed path, the angle between
the final direction and the initial one is
called the angular excess of the path. It
follows from the way parallel transport
is defined that the angular excess does
not depend on the initial direction of the
arrow.

Mathematicians commonly express
angular measure in radians instead of
degrees. (Conversion from degrees to
radians is made by multiplying the de-
gree measure of an angle by the constant
21 /360. One radian is therefore about
57 degrees.) When the angular excess is
measured in radians, the result is a num-

PARALLEL TRANSPORT carries a direction along any curve in a
plane so that an arrow points in the same direction everywhere on
the curve. To extend the idea to parallel transport along a curve on
a surface that is not planar, one can imagine that parallel directions
in the plane are printed onto the surface as the surface rolls on the
plane, without slipping or twisting about the vertical, so that the point
of tangency always remains on the curve. To roll a sphere along one
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of its circles of latitude it is convenient to draw a cone tangent to the
sphere along the circle. As the cone rolls on the plane, the sphere rolls
along the circle of latitude. When a surface is rolled along a straight
line in the plane, the curve printed onto the surface is a geodesic. If
a geodesic is printed onto a cone of sufficiently small vertex angle,
it can circumscribe the cone and intersect itself at an angle called
the angular excess, a measure of the curvature enclosed by the path.
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BUNDLE OF DIRECTIONS on the surface of a sphere is an important example of a fiber
bundle. At each point on the sphere there is a circle of directions along which one can look on
the surface. To label these directions with angles one must assign a reference direction to each
point. If the reference directions could be assigned everywhere in a continuous manner, one
could “comb the hair” on the sphere, but that is not possible; there must always be a “cowlick.”
Hair can be combed, however, over any region smaller than the entire surface. For example,
on a flat map of the northern hemisphere the description “downward and to the left” specifies
a direction at each point and so defines a continuous set of reference directions on the hemi-
sphere. A picture of the bundle of directions on the hemisphere can be made by adopting the
flat map as a base space. Every direction at a point on the hemisphere appears on the vertical
coordinate line above the corresponding point on the map, and at a height that corresponds to
the angle the direction makes with the reference direction. Heights 0 and 360 correspond to
the same direction. The total space of the bundle is a cylinder where points at the top and the
bottom of each vertical fiber are identical. The arrows that represent the reference directions
on the map are parallel, but their counterparts on the sphere do not represent parallel transport.
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ber called the total curvature of the re-
gion enclosed by the path. One can then
define the average curvature of a region
as its total curvature divided by its area.
By convention the sign of the average
curvature is given correctly when the ar-
row is transported along the path coun-
terclockwise, so that the region is on the
left of the path. The curvature of a sur-
face at a point can be defined as the lim-
iting value of the average curvature of
progressively smaller regions contain-
ing the point.

Parallel transport makes it possible to
define a path-lifting rule from the
surface of the sphere to the total space
of all directions. In the total space the
angular excess is represented as the an-
gular distance along the fiber that corre-
sponds to the point on the closed path
where the circuit of parallel transport
begins and ends [see illustration on oppo-
site page]. Hence the total curvature of
the region enclosed by a path in the base
is represented by a distance along one of
the fibers in the lifted path. It turns out
that replacing parallel transport by an
arbitrary path-lifting rule generalizes
the notion of curvature to other bundles
on which the operation of parallel trans-
port does not make sense. Such path-lift-
ing rules have to be formulated without
any reference to geodesics or angles.

Instead of focusing on the geometry
of the base space, as one does in parallel
transport, it is possible to lift a path by
imposing structure on the total space.
One way of doing this is to associate a
set of parallel, sloping planes with each
fiber. The slopes of the planes determine
how fast a lifted path rises or falls as it
moves from fiber to fiber in the total
space. The planes must never be parallel
to the fibers. Their slopes must vary con-
tinuously from point to point, and they
must have the same slope at every point
along a given fiber. The latter condition
is an analogue of the guarantee provid-
ed by parallel transport that the angular
excess (and thus the curvature) is inde-
pendent of the initial direction of the
arrow being transported. Such a set of
continuous planes in the total space is
called a connection in the fiber bundle.
At the point on a fiber where a lifted
path crosses the fiber the path must be
tangent to the sloping plane associated
with the point. This is how the plane
defines the slope of the lifted path at the
point. The illustration on the opposite
page shows the connection that lifts
paths on the sphere in the same way
that parallel transport does.

The curvature of a connection can be
defined by a procedure similar to the
one employed for measuring the curva-
ture of a surface. The aim of the proce-
dure is to assign to each point in the base
a number that represents the curvature
at that point. (For higher-dimensional
spaces the curvature is specified not by a
single number but by a collection of



numbers that are the components of a
mathematical object called a tensor.)
The number that measures the curva-
ture of the connection is obtained by
finding the analogue to angular excess
for progressively smaller paths enclos-
ing the point. A connection has zero cur-
vature over a region in the base if every
sufficiently small closed curve in the re-
gion lifts to a closed curve in the total
space. When this happens the connec-
tion is called flat, by analogy with par-
allel transport in plane geometry. If
the connection has nonzero curvature,
small closed paths in the base lift to
yield curves in the total space that do
not close.

Motion along a lifted path in a region
where the connection is flat is analogous
to motion on a hillside. Following a
closed path may take one to various ele-
vations above sea level. No matter how
circuitous the route, however, when one
returns to the surface coordinates (lon-
gitude and latitude) of the starting point,
one has also returned to the same eleva-
tion. Motion in a curved region of the
connection is analogous to motion in a
cave. Some routes through the tunnels
of the cave may lead back to the same
longitude and latitude coordinates, but
one’s elevation may be quite different
from what it was at the start of the path.
Mathematically a connection above a
region in the base is flat only if the
planes of directions defining the connec-
tion are tangent to a family of surfaces.
Each surface corresponds to the hillside
in the analogy. The surfaces must con-
form to one another and pack together
like spoons to fill up the part of the total
space that is above the region of the
base. Each surface must have the same
number of dimensions as the base has.

It is now possible to give some account
of how fiber bundles can represent
the distinctive features of a gauge field.
A more descriptive name for a gauge
field would be a phase-shift field. In
current gauge-field theories of nuclear
forces the phase shifts act on quantum-
mechanical waves to change the identity
of the particle the wave describes. For
example, to turn the probability ampli-
tudes for a proton field into those for a
neutron field and back again, which is
in effect to alter continuously the prob-
ability that a particle is a neutron or a
proton, it is sufficient to shift general-
ized phases.

The quantum theory of magnetism
provides a much simpler example of the
phase-shifting properties of a gauge
field. The gauge field in question is
called the magnetic vector potential,
and it determines how electrons interact
with a magnetic field. The clearest way
to demonstrate the effect of the magnet-
ic vector potential experimentally ex-
ploits the interference patterns of elec-
tron waves.

An electron in a beam can be repre-

LIFTING A PATH in a fiber bundle is a means of finding a path in the total space starting at
a given point and lying directly above the path in the base. For the bundle of directions on the
surface of the sphere, parallel transport of directions on the surface gives a unique lifting for
every path. The bundle of directions over the northern hemisphere can be represented as a cy-
lindrical total space. Each direction is at a height corresponding to the angle it makes with the
reference direction, here chosen to be pointing to the lower left in the flat map of the northern
hemisphere. For the path around the spherical geodesic triangle the reference directions point
south along the meridian at the start of the path. The angle between the transported direction
(colored arrows) and the tangent to a geodesic is constant. On the first leg of the triangle the
geodesic curves with respect to the reference direction, so that the angle between the transport-
ed direction and the reference direction increases at a constant rate. Along the second and third
legs of the triangle the transported direction maintains a 180-degree angle with the reference
direction. When the arrow returns to its starting point, its direction has changed by 90 degrees,
the angular excess of the closed triangular path. The changes in transported directions are plot-
ted as a lifted path in the bundle of directions on the hemisphere. For the path around the 45-
degree latitude the transported direction begins 180 degrees away from the reference direction
and increases its angle with the reference direction at a constant rate. A connection can define
a path-lifting rule without reference to parallel transport by assigning planes to every point in
the total space. The lifted path must be tangent to the planes. The slopes of the planes are the
same for all points along a single fiber, but they vary continuously from fiber to fiber; the
planes are never vertical. Such a collection of planes is called a connection in the fiber bundle.
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sented by waves whose length is inverse-
ly proportional to the electron’s mo-
mentum and whose frequency is pro-
portional to its energy. At any point in
space such a wave has a definite height
at each instant, just as a water wave has
an instantaneous height above or below
the average surface level of the water.
The sequence of heights at a point varies
periodically from a maximum to a min-
imum and back again. A graph of the
heights resembles a cosine curve. Be-
cause the cosine is a function whose ar-
gument is an angle the instantaneous
height of a wave can be stated by giving
the wave’s maximum height and an an-
gle that corresponds to the instanta-
neous height of the cosine curve. The

ELECTRON
BEAM

SOLENOID
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FIELD
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curve attains its maximum height, for
example, at 0 degrees and its minimum,
or greatest negative value, at 180 de-
grees; it has a height of zero at 90 de-
grees and 270 degrees.

he angle corresponding to the in-

stantaneous height of an electron
wave is called the phase angle of the
wave. The phase angle does not affect
the probability of finding an electron at
a point, because the probability ampli-
tude is proportional only to the maxi-
mum height of the electron wave. (As
usual, the probability is found by squar-
ing the probability amplitude.) Thus if
one shifts the phase of the electron wave
arbitrarily at each point in space, the
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ELECTRON PHASE SHIFT can be induced not only by a magnetic field but even by the pas-
sage of the electron through a region near a magnetic field. The effect can be detected by split-
ting an electron beam with a negatively charged wire, passing the two partial beams around
opposite sides of a solenoid within which a magnetic field has been confined and then recom-
bining the partial beams so that they interfere. As the current in the solenoid is increased the
magnetic field increases and the interference pattern of the overlapping beams is shifted. Be-
cause the electron beams remain coherent only if they are separated by no more than 60 micro-
meters the experimental apparatus is exceedingly small: the diameter of the solenoid is less
than a seventh the thickness of a human hair. An experiment of this kind was first proposed in
1959 by Yakir Aharonov of Yeshiva University and David Bohm of the University of London.
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probability of finding an electron at any
point does not change. A function that
assigns such a local phase shift to each
point in space is called a gauge transfor-
mation.

Although the overall phase of a sin-
gle electron. beam has no effect on
observed quantities, the relative phase
with which two partial beams arrive at
the same point does have physical con-
sequences. A phase difference between
two interfering beams can alter the max-
imum height of the electron wave and so
can change the probability amplitude.

An interference pattern shows up as
a variation from one point to another
in the probability of finding a parti-
cle. Hence wherever two partial beams
overlap they create an interference pat-
tern. Suppose the experiment is symmet-
rical and the beams are exactly in phase
at the center of a detecting screen. The
value of the phase at the center of the
screen can be changed at will, but the
same change will then be made in each
of the partial beams. Therefore the
interference is constructive under any
gauge transformation at the point.

The interference pattern is formed be-
cause for points on the detecting screen,
say to the left of the center, the waves
from the left partial beam have traveled
a shorter distance to reach the screen
than the waves from the right partial
beam. As one searches farther from the
center of the pattern the phase differ-
ence or relative phase takes on greater
values, creating the periodic variation in
intensity that constitutes the interfer-
ence pattern. The patternis detectedas a
variation in the counting rate in the re-
gion of overlapping partial beams. If
some physical effect introduces a phase
difference between the two partial
beams arriving at the center, the same
phase difference will also be found at
each point to the right or left of the cen-
ter. The “fringes” in the interference
pattern will be uniformly shifted.

For electrically charged particles the
magnetic vector potential is a field
that acts by shifting phases at each
point in space. The vector potential de-
termines the magnetic field; indeed, mag-
netic effects on charged particles can
be completely explained in terms of the
phase shifts given by the vector poten-
tial field. The underlying reason the vec-
tor potential field is a gauge field is that
the magnetic force acts on a charged
particle to change its direction without
changing its energy. When an electron
enters a magnetic field, the frequency
of the electron waves therefore remains
constant but the spatial pattern of the
waves is changed. It is as if the wave-
length were to vary from point to point.
The phase shift of an electron caused
by a magnetic field therefore depends
on the path of the electron.



In the classical theory of magnetism
the magnetic vector potential was con-
ceived as an auxiliary device for calcu-
lating the magnetic field. The calcula-
tions showed that the magnetic vector
potential could be nonzero in regions
where there is no magnetic field. As a
result physicists thought the magnetic
vector potential would not have observ-
able consequences of its own.

In quantum mechanics the magnetic
vector potential field does have observ-
able consequences. Its expected effect
on phase was mentioned by W. Ehren-
berg of the University of London and R.
E. Siday of the University of Edinburgh
in 1949. It was not until 1959, however,
that Yakir Aharonov of Yeshiva Uni-
versity and David Bohm of the Univer-
sity of London proposed an experiment
in which the effect could be observed
directly.

Like the neutron-rotation experiment,
the Aharonov-Bohm experiment calls
for splitting a beam of subatomic parti-
cles, recombining the partial beams and
observing the resulting interference.
The particles employed are electrons
rather than neutrons. This presents a dif-
ficult technical problem, because the
maximum separation over which the
two parts of a split electron beam re-
main coherent is only 60 micrometers.
Even to achieve such a small separation
the entire experiment must be set up in-
side an electron microscope. The experi-
ment was first carried out by R. G.
Chambers of the University of Bristol in
1960. The effect was confirmed in 1961
by Gottfried Mollenstedt and Werner
Bayh of the University of Tiibingen in a
somewhat more elaborate experiment.

he incoming electron beam travels

toward a wire bearing a negative
electric charge, which splits the beam
into two coherent partial beams. The
diverging beams pass around opposite
sides of a solenoidal electromagnet with
an outside diameter of 14 micrometers
(less than a seventh the thickness of a
human hair). The electromagnet is in-
stalled in such a way as to confine the
magnetic field to the inside of the sole-
noid. Since the electrons remain outside
the solenoid, they pass through a negli-
gible magnetic field; any phase changes
they undergo must therefore be attribut-
ed to the magnetic vector potential field
that surrounds the solenoid.

Beyond the solenoid in the electron
microscope is a wire bearing a positive
charge that brings the beams back to-
gether. Another negatively charged wire
deflects the beams so that they inter-
sect at a small angle in order to increase
the width of the fringes in the interfer-
ence pattern. The resulting pattern has
broad dark bands from diffraction at
the beam-splitting wire and fine fringes
from the interference.
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PHASE SHIFT of the electron beams in the Aharonov-Bohm experiment can be modeled by
the parallel transport of a direction on the surface of a truncated cone capped with a spherical
dome. The shifting of phase along each beam is represented by the rotation of an arrow. The
two partial beams begin in phase. The phase is then retarded along the colored path and ad-
vanced along the black path. The phases shift even though the magnetic field along both paths
is zero; the shifts are directly proportional to the magnetic field between the paths. On the
domed cone the geometry of the conical region is like the geometry of a plane: the region can
be slit longitudinally and unrolled onto a plane without stretching or compressing. Parallel
transport along two paths around the cone, however, will not lead to the same direction when
the paths meet again, even though the curvature along both paths is zero. The paths shown
form a curve that is a self-intersecting geodesic; the arrows represent the direction tangent to
the curve. Because the tangent direction undergoes parallel transport along a geodesic the an-
gular excess of the curve is identical with the angle at which the two paths meet. The angular
excess measured in radians is equal to the total curvature of the region between the paths. The
curvature is concentrated on the dome, just as the magnetic field is confined to the solenoid.

As the current in the solenoid increas-
es, the magnetic field becomes stronger
and the fine lines of the interference pat-
tern shift with respect to the broad dif-
fraction bands. The magnetic flux can
be calculated from the dimensions of
the coil and the current passing through
it. Hence the experiment gives an exact
numerical check on the relation between
the magnetic flux and the phase shift; the
results confirm the predictions of quan-
tum theory.

he fiber-bundle model of this experi-
ment illuminates the general corre-
spondence between gauge fields and
connections in fiber bundles. The model
describes parallel transport on the sur-
face formed by truncating a cone and
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capping it with a dome. Topologically
the surface formed in this way is equiva-
lent to the surface of a hemisphere, but
it has a quite different geometry. Note
that if the conical region is slit longitu-
dinally, the cone can be unrolled onto
a planar surface without stretching or
compressing. Lengths and angles mea-
sured on the unrolled cone must be the
same as they are when they are mea-
sured on the cone itself. Thus a two-
dimensional observer measuring curva-
ture on the surface of the cone by carry-
ing out parallel transport over small
closed curves would always find the an-
gular excess to be zero. The surface
would appear to be flat. This part of the
surface is analogous to the region out-
side the solenoid in the Aharonov-Bohm
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experiment, where the magnetic field is
negligible.

If sufficiently large paths on the cone
are considered, however, the difference
between the cone and the plane will be-
come apparent. A straight line on the
unrolled cone that intersects both sides
of the slit at the same distance from the
apex will roll up into a closed loop that
is a geodesic on the cone. Suppose a pair
of two-dimensional observers stand,
both facing forward, at the point on the
loop directly opposite the point where
the loop crosses the slit. If the observers
move along the loop, one walking for-
ward and the other backward, they must
think they are moving away from each
other along a straight line. When they
meet again at the point where the loop

TOTAL SPACE —

PATHS OF
ELECTRONS

REFERENCE
DIRECTION M e
DOWN

crosses the slit, however, they no longer
face in the same direction. The angle 6
between them is equal to 360 degrees
minus the angle at the top of the un-
rolled cone. The observers must con-
clude that the surface they live in is not
flat after all, because this angle is the
angular excess of the closed curve
formed by their paths. The region to
their left must have a total curvature
equal to the measure in radians of the
angular excess.

What happens to the pair of two-
dimensional observers as they pass
around opposite sides of the cone is sim-
ilar to what happens to the pair of par-
tial beams as they pass around opposite
sides of the solenoid in the Aharonov-
Bohm experiment. The two observers

PHASE
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REFERENCE
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FIBER BUNDLE of phase angles over a cross section of the Aharonov-Bohm experiment is
almost exactly like the fiber bundle of directions on the surface of a spherically domed cone.
Over each point in the base the fiber in the total space represents the possible phase angles
(from 0 to 360 degrees) of the electron at that point. For an appropriate choice of magnetic-
field intensity the connection defined in the bundle of phases by the magnetic vector potential
field is identical with the connection given by parallel transport on the domed cone. The curva-
ture of the connection corresponds to the magnetic field in the solenoid. The region inside the
solenoid corresponds to the spherical dome. There the rule for lifting a path is the same as the
parallel-transport rule on the surface of the sphere, and it can be described by the same system
of sloping planes (not shown). The region outside the solenoid corresponds to the truncated
cone. There the connection is flat. The sloping planes are tangent to a family of spiral ramps
that fill up the total space. The phase shift in the base is represented by the rotating arrows.
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initially face in the same direction.
Analogously, the two partial beams of
electrons are in phase immediately after
the beam is split. If the observers mea-
sure the curvature of the surface along
either one of their paths, they will find it
is zero because they are traveling on the
flat part of the capped cone. Similarly,
the magnetic vector potential, which
causes the beams to be out of phase
when they are recombined, cannot be
detected by measurements made along
either one of the separate paths.

he key to the similarity of the two

effects is the interpretation of the
magnetic vector potential as a connec-
tion in a fiber bundle. The bundle is
called the bundle of phases. Its base
space is the three-dimensional space in
which the experiment takes place. The
fiber over any point is the set of all possi-
ble phases of electrons at that point, and
so the total space is made up of all possi-
ble phases of electrons at all points of
three-dimensional space. Since a phase
can be described by an angle measured
in degrees or radians, the fiber over each
point is a circle, just as it is in the bundle
of directions on a surface. With a circu-
lar fiber for every point in three-dimen-
sional space, however, the total space is
four-dimensional.

The three-dimensional base space and
four-dimensional total space make it
difficult to visualize the bundle of phas-
es. A picture can be drawn, however,
of the bundle of phases over a plane
that passes through the experiment per-
pendicular to the solenoid. This bun-
dle, which has a three-dimensional total
space, is completely adequate for de-
scribing the outcome of the Aharonov-
Bohm experiment.

The bundle is now a cylindrical bun-
dle over a surface; it can be drawn
with vertical fibers like the bundle of
directions on the hemisphere or on the
capped cone. The connection in the bun-
dle is a field of planes transverse to the
fibers. The slope of one of the planes in
a given direction (say up or down the
ramp) is proportional to the component
of the magnetic vector potential field in
that direction at the corresponding base
point. The curvature of the connection
is proportional to the intensity of the
magnetic field. Hence the curvature is
different from zero only at points inside
the solenoid. For an appropriate choice
of the field strength inside the solenoid,
the picture of the magnetic-vector-po-
tential connection over the plane per-
pendicular to the coil is identical with
the picture of the parallel-transport con-
nection over the capped cone [see illus-
tration at left]. The region of the base
inside the solenoid corresponds to the
spherical cap on the cone. There the
connection is identical with the connec-
tion that is generated by parallel trans-



port on a sphere. In the region of the
base outside the solenoid the curvature
of the connection is zero, since the mag-
netic field is zero there. The connection
planes are tangent to a densely packed
family of ramps that spiral around the
center. The phase difference between
the two partial electron beams is exactly
the height gained by following one of
the ramps through one full rotation.

If the curvature is calculated for the
entire bundle of phases, it is found to be
a tensor, since the base is three-dimen-
sional. The tensor has three compo-
nents, each proportional to the corre-
sponding components of the magnetic
field. The construction can be extended
to the bundle of phases over space-time,
where the base is four-dimensional. The
electric potential and the magnetic po-
tential taken together give a connection
that can explain all electromagnetic in-
teractions of charged particles. The cur-
vature of the connection is a tensor with
six components, corresponding to the
three components of the electric field
and the three components of the mag-
netic field.

Each of the quantum gauge fields can
be understood as a connection in a fiber
bundle where the base is space-time.
The fiber of the bundle is the set of inter-
nal symmetry transformations of parti-
cles that interact by means of the gauge
field. Fiber bundles have now been con-
structed for quantum electrodynamics,
for the weak and the strong nuclear in-
teractions and for versions of theories
thatattempt to present a unified account
of these forces. Although a complete
scheme for the unification of all the fun-
damental forces has not come forth, it is
clear the mathematics of connections in
fiber bundles is destined to play an im-
portant role in theoretical physics.

e believe the current usefulness

and physical significance of such
mathematical concepts is no accident.
Neither mathematicians nor physicists
are insulated from their cultural, politi-
cal and physical milieu, and the ideas
and perceptions of workers in each dis-
cipline are influenced by the other disci-
pline. Moreover, mathematicians and
physicists unavoidably share unspoken
assumptions about the everyday world
and the logic by means of which the
world is projected onto abstract science.
Indeed, they share a passionate commit-
ment to such rational work. What seems
most marvelous is not what has been
called the “unreasonable effectiveness”
of mathematical concepts in physics, or
the fecundity of physical intuition as
a source of new mathematics. Rather
one must admire the success of the com-
mon intellectual approach of mathema-
ticians and physicists in creating a rich,
coherent and powerful image of the
physical universe.

A Beautifully Illustrated, Authoritative New Sourcebook

Plantsin the
LLandscape

by Philip L. Carpenter, Theodore D. Walker, and

Frederick O. Lanphear, Purdue University

Plants in the Landscape is a unique introduction to the principles and prac-
tices of ornamental horticulture in landscape architecture. No other single
volume covers such a broad range of topics. Here is a wealth of information
on subjects ranging from the landscaping practices of ancient civilizations to
no-nonsense, dollars-and-cents descriptions of the present-day landscaping
industry. The focus throughout is on landscape plants: how to select and
maintain them for healthy growth in a wide range of settings.

Plants in the Landscape is a beautiful book. The text is closely integrated
with more than 500 illustrations (including more than 300 photographs). This
is a fine sourcebook for the professional and amateur alike, as well as an un-
paralleled text for courses in ornamental horticulture, landscape architecture,
and landscape design.

1975, 481 pp., 534 illus., 32 tables, ISBN 0-7167-0778-0, $24.95

.- W. H. Freeman and Company
- 660 Market Street, San Francisco, California 94104
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