
Lecture8 : Invisid Burgers equation D

Equation arises as geodesic on Diff(M) :

A(X) = + JS1Xa)12dadt
t, M

= 0

SA(X) = 0 >

The equation for MER" (without boundary) is:

Initial Value E
(a) = 0

problem Xo(a) = Vola)
X
,
(a)

= a -M

is called the Burgers equation. If M is flat,

then trajectories Xt themselves sweep
out

geodesics on M .
Provided X is a differmorphism;

Eulerian form :
q + n

. Du = 0

(a) = u(Xy(4) ,t) u
a

2 : My(R -> R



pointproblem for Burgers (remark) ②

Fix & + Diff(M). Burgers geodes between 4 and id :

&Two-point oHa = o

<-> Xy = (1-+)a + t(a)E X . (a) = q -
X , (a)

= 4(a)

Suppose E +x30 sit . Xy(a) = X+(b) for
a +b . This

happeni iff a - b =-
* (Eca) - #(b) ·

1 - t -
requires

anti alignment
note flt-Ft + 1- 4, 0) 4(a)

i

Remark; inId, say asb ,
them 01al(s)

man

di
Thus a - b

-(2) - 413)
70

and so then cannot
be

- collisions-

In 1d
,
the two point problem is always solvable

Remark In 2D : solid body has collisions once

a half turn is made .

Ro



Simularityformatio Global wellposedness ③

-(a) = 0 = X(z) = a + tUp(a)

Introducing Xy(a) = u(X+
(a)
,
t)
I

we see

-u(X+ (a) , +) = 0 => H (X+ (a) ,t)
= Up(a)

combining, we have

u(a + + Ho(a) , t)
= Ho(a)

Differentiating in the label "a",

Pa[r(a + thola) ,t)] = MaHolal

Thus

(I+ +Paho(s)) · (4) /n + th- (a),t)
= Paola)

which implies

-xU (a + + 4, (a),A) = (I + tMaMo(a)]
'M
,
M
,
(a)



O

-xU (a + + 4, (a),A) = (I + tMaMo(a)]
'M
,
M
,
(a)

Remarks : Let Ao= Malol) ,
Alt = Tyn(a +thola) ,t

-

D If Ao has no real eigenvalues (excepting

possibly ) then the solution to Burgers

exists for all time toR .

Impossible if d
=1 !

Alt) is determined for all time
to land +<0)

ifAo has no negative (corresp. no positive)

eigenvalues.

Compressing in one or
other time direction.

⑬ Incompressible
motions!

such are called asymptotic geodesics,
since they are geodesic both on the

constrained space DpIM) as well as D(M)
MI submanifold of D/M) ·



#symptotic geodesics ⑰

Recall X+a)
= a + +Ho (a)

DX
+
(a) = I + + Ho (Ap = Ya4o(a))

If X
+ + DaIM) , then det AX+ )

= 1 for all HEIR

In this case
,

we must have

det (I + +Ao) = 1
for all te

--

Lemma - Let NEM" /1) . Then

det (I + tN) = 1
A + ER E> N Nilpotent

roof: Assuming
det (I++N) = 1 we have :

0 det /I + +N) = tr ((I++N N)
Ft

.

I

Evaluating at +
= 0

,
we
find fri =0. Differentiating again :

ord tr (I + tN)N)I fr (lI-tN5' M2))
= trM

Continuing , tr /NP) =0 for any
KAIN .

Swemed only kit
, ...,)



Now
, suppose for contradiction ,

that N is not milpotent. (
* If all

Then N has some non-zero figenvalues x
....., Tr · eigto,

they

Let m ; be the multiplicity ofsiek &

Themilpotent
-

m
,
+
,
+ ... + MrXr = o * Schur decomposition :

-I
l

AtChXY
,

then A : UTU

E I upper triangular,
diagonal are

i T eigenvalues
r Suppose that Xio , Then

m
,
D
,
+
.. ..

+ Mr !Y = 0
Th = 0. Thus A = UT n
--&
-

Thus 1
,
x2 is ... In

(A) (xi)(i) = (i I
My

But this is a Vandermonde matrix
,
so π(bi-xj)

0STIt

I

1
,
x2 is ... In 1 - . - I

I x Iz -- - Xr

def
13 x x ... x Y ... Xu det(hi ... X

( I
+ X

&W r-1

p
.... V

#O since xitx; for it]

Thus (A) has unique solution : Mi=0. Contradiction.



⑰
tern,For the other direc

Then NK
suppose that

Nsa

pilpotent. for some KtIN .

We claim

det (I +N = 1

Suppose, for
contradiction,

that dif /I + N) +
1
.

Then ItN must have a noumanity cigenvale
I+ 0 .

xU = /I+N)n
= U + NU

Mus Nu
= (x-1)u

Note that (x-DU70 .

Thus
, by induction :

N = (x - 1)
*
2 for all KeN.

This contradicts N beinghilpotent .
Thus all =1.

NotesSince ItW has all eigenvales one bigger than
N,

it follows that all eigenvales of N are zero.



Return to Asymptoticgeodesics ⑰

Recall X+a)
= a + +Ho (a)

DX(a) = I + + Ho
(Ao = PaYo()

we must have

det (I + +Ho) = 1
for all tEA

This holdss If Ao is Nilpotent . In

which case

(I + + As = * - Am (A) =0)

n=
0 K

= I - AotAs-As +...
+ -A

Using ,

-xU (a + + 4, (a),A) = (I + tMaMo(a)]
'M
,
M
,
(a)

We see In dim d
, growth

like

~(44) (X+91 ,t=
(-**(MU IDU)

,



Examples of Nilpotent data ⑰

-

d= 2 hold,ac
= (v(42)

PaMo(a) = (0 vinO

d= 3 n
.

(a
,,
dz
,
3) = ( i Cazs

e

(
O

O Byl , IzH ,
-4
,

(a) = ( 0 0 UzUz (O O O

In this case

x ,)= x , (Xz ,Xs) X
,
(4) = a , + 4, (az+tuddz), as)

Yz(n) = up(X3)
=> X

,
() = a2 + t U2(9))

is X(a) = 43(a) = O

s = 28M , +
YEgU , = Uz(X3) . 7, U , (Xc,Xs)

82x,(x2 ,xx)



D
Questions :
-

B In dimension di2, classify all pressureless solutions.

Are they all steady ? If steady,
are they

all shear flows ? At what regularity ?

② One can construct solutions that blow-up

in finite time, in infinite space
dim .

Take data

Ulcei
M
.
(a) = Can

chal I
f

hole : 1174 := 34 ,make Kindij) *ind of d.

On other hand
d

+ =
#+i

117u10 ,t 11
,
y =,E 1 -t

as d ->, this plows up
at time 1 !



Angularityformatione and M=IR. We have

D

46(a)
--

My(Xz(a) ,t) = 1 + 46(a)

Thus the first singularity emerges
from the

label a at which Molds is negative.

The time of blowup is explicit
-

t = -4**

the location is also

X(x) = ax + tH(4 x) .

*

**
= A*
-d
! (44)

Remark; this formula
looks like Newton's method !

I tangent
line : slope

= Mollax

Xtrt
e

as-a
46(44)



⑫
Note that for (a-ax1

,
we have

4(a) = xj(a *) (Co, by assumption)

+ u(+)( - a+ since at is minimum- of 4!/96)

+ C(a -ap) (C70
,
since minimum)

+ N(( -ax)3) (assuming Mot (4)

Thus
,
at time +

Ux(Xasity) is finite # a&*

First singularity occurs
at a single point in

space time

Refine : A data is a global minimum and generic it

· Not C4

· min*· 1" (46) = G
· U!
"
(a) 70 generic:non-generi:

e

casp

I



What regularity should we expect ? ⑬

Consider data

n 3. n odd

Ho(a) = a + a
/

n7 /

Note that O is global minimum

" = - 1 = 0

n
!
"(0) = 0

n -3

W (0) = n - ( - 1)(n -2) a

= 6 if n = 3 generic

E O if 473 non-generic

Time of blowup is

to = utag) = 1

The flowmap is then is

H

Xy(a) = a
+ U

.

(a) = a



D
Recalling that

u(X+ (a), t)
= Mo(a)

at time to = 1
,
we have

u (a "
,
1) = Hok)

Inverting the homeomorphism a gives

X(x = xt .
*

Thus

u(x
,
1) = no(Xπ)

- x'3
=
-x + X

L- X+x#-

L
Thus
,
we expect that Mittcs at time of blowup !



-similarity ⑮

Note that if

X(a) = a + th(a)

Then y =Al,
the inverse

,

solves

x = y +t H(y)
.

For the special data : x = ( -A y + + y

Subsitute z = (E) 'y-
Ther

3/23

ty = (1- t) z ( -Hy =Hi
-

T

Lz + z= = I
2 -+3/2

Thus F explicit
z = F(I)

, Fin = - 1

·

Fx



In fact z3 + z = I is solved by D

z = F(x) = (2 + (n + x)")"3
- [ - E + (i +12)")"

Thus

n(X ,t)
= Mo(Af(x)
=

- Af(x) + Apex
Y2

=

- #F(312) +4
+)*

+3/)
+
3/2

and

-x(x ,+) = F(() + 3EF) (a)
-

wo bounded

blowing up
at as +- 1

=I

in a self-similar

way


