
Given a simple curve

X (t) = 10s
t

y(t) = 2 sint #
->

ellipse .

Already,it's impossible to expresaa

elementary functions! so we must

adopt a more
robust approach

Conside a generic curve

(H) = ( x (+) , y(+), z(t)

In principle,
we can define the length

difficult to

Sit :Slid. compute

* = I'<Hll = I call =: UH) . this isx known.
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# _dr (chain rule)

= ↓ (since = v()

Thus we can express
unit tragent rector

by velocity divided by abs : value of velocity

->

d aat= )- -

dS

- drE] (Leibnitre as-

↓ [
- ove

= -v + 1 on
handd.

v3 v2

on other handd.

-

IF
= k N

.

↓S
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Thus we found
-

I
->

- YyV + = kN

Isolating :
>

= + N

ov
->

->
I ↓ + v2kN

A
V -
-T

Note tha == F .
This

- lookslikea pital force.
p
a= +I

Speed lineuse->

Unit normal)

↑ scalar acceleration (comp of hon
accerva

x along the roud
·
= + aw-
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We must extract from here K and it.

a = + vkπ

Crossing withT
,

we find

Ex = Ex

= viFx

Asis unit tungent,and
isiti

rector

B = Ex (binormal)

is orthogonal to both F and
E and length 1.

Z

B = 10, 0 , 1) = E↑ T

For the unit circle

y It is the same for
all

- points on the circle.
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Thus we
Found

FX = v2kB .

- ->

Now we find K. Recall V = VT .

= xi = v Fx =
vk

-

1lxll = v3k llBI
= vK

.

Since ll11 = 1 . Thus

11xall 11xall
k =- : F/211113

Now we can take any parametric
curve,

Ch
,
Find ECH = ' and EH : E "It

and thereby find the curvature.
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Example :

H = (t
,
t
,
f)

.·
H = ((t) = 11

,
2+, 3 t2) Xp

ta( = E "H = (0
,
2
, 6t) parabola

y =xz

I jk
x = I I 2t 372 I = i (12) - b +z)

02 bt
- ;(bt) + k(2)

= (672
,
-6t
,
2)

? = 1 + 4 +2 + 9 +
4

++ + 36 +2 + 4

k(t) =-
-

(1 + 42 + 9=4/3/2

Note K(0) = 2.
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How to find the principal normal i ?

Return to our formula :

a = + vkπ

We know that

x =vx (since ExF=0)

Now

(F
,
i,) form a right triple.

of orthogonal unit rectors

11 F 11 = /11 = 11511 = 1
-> >#X = 5 T- N =0 F. =0

. =0

7 ↑
B7
-

but also since we took[
and turned then

-
T ->5XF = N

1
i↑

x = >
-h
B
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Thus to find N
,

-

N = xF

=X
= (E) X (since = x)

= (x)x

- -

↓ a I Cusing ="E= - X
V llExl

Mous we found the formula

since
↓ Ex

= ( so 11x(x)Il (
1l(X)x*ll

= Ill llxll

⑭



Plane curves (H) = (x(t) , y(4) ,%-

keep
since

Let us restrict further to some objects
consider our curve to be the are visualized

in 3D.

graph of a function

:
y = f(x)

I & (H) = (t,F (t),0)

H =H = (1,
'
,
of

I = "H = 10
,
%"It)

,
0)

v(H = Ill :F
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Unit taugeht rector :

-

Th = = Fi (1 , 71 , 0)
Curvature

k(t) = Exalt 3/2

(1 +((2)
Since

-> - i j k
V Xa =

I f o = 7"I
o

"
O I

= 10 , 0,
7" (

Binormal Vector

remember = F + kv

Thus = Ex
v =v

= "Exll

Thus
B = = #

*



Normal rector

i = x

= F*xF = sgn(t")Ex)
#Y2

i k

- ↓
1 flo

= /8") (-fi , 7 , 0)
TF2

What is this ? F=
o

rotation

3 = f(x) Tf]
-
-

directed in
I' n = Synlt")
E1

,
0

concaul direction TE')2

I
In opposite case

Aco
B



Thus we found :

↑ (H) = (t, f (t)
,
0)

k(H) = /

(1 + (84)2)32

(H) = syn (f" (H) ( - f(
,

1
, %)

FER

Example : f(t) = +2
2

k(t) =

CTF4+23/2

(t) I ( - 2+, 1
,
0
-

#+ 4+2

m
⑪



Miscularcircle

↓ -

f(H) = k(t) · N

↳
=

Oscular circle : cricle whom center RI) is

on the like through 1) in the directors

of (H i
.C ,

&

&H = (H + gm(t)
The equation

11 - (H1) = f()
↑

equation for occulating circle.

⑤



↓ radiuseradius
of curvature

radius, ains of
currathe
I
tangentcircle
↓

dist between paralpola and circle,

decreases like square of dist.

entirely above parabola .

occulating circle : on one side ,
it is

over parabola. On other ,
it is under

Idistance to parabola behaves as the

cube of the distance

⑯


