
MAT307 : Advanced Multivariable Calculus
-

Verofunctions : function whose values a ecture,a
F(H) = (X(H) , y(t) ,z(t)

*C ForAt out the curve

t curveparametric (directed) by theoriented
direction of motion

of the tip.

-
-

rH) = ro + th .:
Motion along straightExample: line with constant speed .

-

Example : r(t) = (cost, sint , 0
-

· planar motion
· note that (IH) + 1y( +) = (xt)

+(S +1 = 1

thus this motion remains on
unit circle

motion is counter

#/lockwiseobrae
LX D



Example : ~ /H = (cos (t)
,
Sin(t)

,
t)

· (x(4)" + (y())) = 1

moving up in z at cost speed

Eli
cow motion

->#with respect to S

-

Differentiation
(H = (X(H

, y(H , z(t)

r() = (x(H
,
y(t) , z(x)

'H) =t
-

⑫



Pepertiesof derivative

1) Linearity : I I
(r, (H) + rz(t)) = um) + ()

2) KEIR
,
(KrH) = kr'·

Proof : Limit definition
.

-

3) Leibnitz Rules

scalar a) ((H g(t)" = f'( g(t) + f(y'(t)

scapleb) (KIHCH)1 = kECH + KIAEA

detoduct c) (.) = -H + Y -+

crossnot 9) (xH))
= T,X + X

all are proved in same way . Let's prove
(d).

-

Write (FHxH) = m h(x(+4) - FH)x* ()
hto h

=F+h) - YH) yz( +u) - (X)(H) - (+4)
h

-In H



3) ChinRule

↑ It) and t = +(s)

(F(+ (s)))) = +(s) : '( + (s)

Example:

Not ,

st,

r(t(s)) = (cos(s2) , Sin(s2) , 52)

(+(s) = (s(s) , sin(s) , 52)
= (-sid 2) . (2S) , cos(S4

· (25)
, (25)

=
Is (-sin(sY , cos(s) ,

1)

= At (ts
-

It

as = 25 .

⑭



4) Higher derivatives

↑ (H = (x() , y(t), z()

F((H) = (x()
,
y(t) , z'(t)

E "(H) = ( X"() , y"(), z"(t)

·

-

+ um +

((.H)" = "H + 2.H) + 8
,
1) . C

⑤



Rateof change of volum of a parallelepiped.
&

Consider

Elt)
,
H and EH.

↓ (CH
,
H), (H) = [Itx() . Ch

=x().C)
= ((t) *b() . ()

+ (a()xy'(t)) . CH)

+ ((x()) . "'(t)

= V('(H, () ,+(H)
+V(a(+ )

,
(t) ,*xt))

+ V (act)
,

H, '(t))

D



Integralof rector function

Primative :

(H) = (x(t)
, y() ,

z(+)

Let : ECH) is called the primative if BC) = EH+).

H = Li ,(H, (t)

E( = lit, it, (e)
Thus

H = (4)

E's() =3(t)
(H) = E()

Then
-

uH = Side + C,

H = SYHd+ + G

H = SECHd+ + C
or

E = Sid++
D



Ex : C = (cost
,
sit

,
t)

R() = (Scostd+ + C, Sit+ G
,
Stdt + G)

#

et-cost
,

b

SCHd+ = E(b) - (a)

a b b

= (Sxdt,Sydt,Szt

"(cost
,
sirt, t de

- (
,
-
,

(()
since

/4

& cost at = Su(f) -Su(0) = E

&* n + + = cos(t) + 10(0) = 1 - z
B



Some dynamical problems.
-

D 2d Newton's Law : mass M

-

-

M &-->M -

I Elt FIt) = force rector
Il

↳on rectur
& poss

# (H = maHH = mi "(t)

↑
acceleration.

Vectorial formulation of Newton's Law

D



Examples
: Motion in gravitational field

Assume the earth is
horizontal and

flat
,

and the force of gravity

acts vertically :

F m = - mgY

/11/
i = E = - gk = 10 , 0 , -g)

a= = Ec = Saced+
+ 5

-

=- /gid+ + v

= - g+E +
-

H= = Sctd+
=- g + t +ro

(H) = + + -g &



Example : = = 10, 0, H) height = H
-

Vo
= (0 , V ,w) &

motion in
Z : y-z plane
M

& ..........,- trajectory
- ( = 10, 0,-9) + 10, to, tu)

- +10, 0,4)
L

Y +2
= 10
,
tv
,
n + + w - g =

Let' find equation for the trajectory in
the y-z place, eig z

=zly)

Y
Note y

= tv E t =
=

z = H + + w -gt
2

= H + Fy - -y
2 ve

upside-down Parabola .
-

⑬



2) Circular motion 870
↳ radius

w= frequency

*
(H) = (f10 V+, g5nw+, 0)

period T= I

(time it takes to
make one turn)

Rope pulls pody to the center
,
so

Force E is
directed in . Let's Find F

E = ma =
m

while

H = w(- gsin(vt) , f (s (ut) ,0)
"H = - wE (g Sint) , g cos (2) , 0)

= - wa F(t) .

Thus

E(t) = = mw2(t)

centrifugal force
⑭



3) Angular momentum and torgue.

↑
M

Y()
Angular Momentum-

D

Tuft m =mix

-- perpendicular to
Y and directed so that

T (, ) from a right triple

In this case in points inside the page.
/

In previous example

= Secon, 9 Sclct) , 0 '= He suncat , + cos(we ,
0

T - i
=mixm (

/ecosut yeart 8 I ·
- fusputguient

O

WT8

= m/ (104t) +
sitet lis

-ensult guesit)

= my' (cosives + saial = me

⑮



Torque
Torque

~E ->

I E = XF

o
If a force is acting on

a body,
it

changes it's angular
momentum.

How does it change ? Analogue of

2nd Newton's Law.

Theorem : If the mass is moving along

a trajectory EH) under the influence

of force # then
S

& I = E(t)
dt

where =MEXE is the angular momentum.

(Mass)x velocity = linear Momentum.

in is ungular momentum
D



Proof: m = x(mi)
-

-

Emtm (Leibnitz)
O

↑= mix + MEX" (ii)
= (mir") Pf : change

places
= = XF y =-x

= El

-

Remarkable particular case :

then It = coust
If ECH) = 0 ,

- (H = (
(CH = 0 Su

what's an example
of this ? metal force

E(t) =
k(H)(t) Example

:

·F(4) Inverse square Planet
law -2

⑨
Mp· 11-11 Fll -27

F = -M,M
-- III
--

I = xx = 0
·

D
= /Sun, Ms D



Thus
,
if I is a central force

,

then

M = m * x* is constant .

-

Ex- Ball

~I Table
->

X
①-
ML
String
- I ↓ E pull up

or
down.

Thus we can prescribe IH/) arbitrarily·

M = m (4x( = constant

-T
-

M = mgi K angular momentum.
T

2

i
o

= mywo
in = m +, w,

k

wi ? E) W
,

= Low
=> - -2

Wo e ,

If you reduce length by half , 2
,
:20.

then w= %Wo
and 11V

,
11 : 211 Voll.

⑳


