
Lecture 3MATSOT : AdvancedMultivariable Calculus

limesand planes : problems to which we appling
our vectorial machinery

Probl Given a point Po= (o, yo ,zo)
and rector

u = (a
,
b
,
c)

.

Find the equation of
the

live containingPo and parallel to E
.

Gr Link Consider the rector v = FP
N

- "P = (x
,y,z)

From the picture, =
F -T

The II . This means that↓
= tu where to IR

.

↑ X -T

(X0 ,Yo ,
zo) or - = + n

or i = + t

o (x
, y ,
z) = (X0

, Yo ,
z0) + + (a, b , c)

X = Xot ta
parametric

+ +h
equations#3 = Yo of the lineF = (x

,yi) Z = 20
+ + c

: (0
,%o ,
20 t is parameter. D



mmetricequations.

We derive, if
a
,
b
,
1 10 %

then

y-yo t = ZoX-Yo t =-
t = - C

a I
b I

I =E
Z-Zo
-

c

If one has symmetric equations, one can always
return to parametric equs.

If a =0,
bo
,
2+ D

z = to ++C
X =Yo y =y ,+ th

or

X = Yo E

If a=1 = 0
,

c +0
,

then

X = X
, Y = Yo

zeIR Carbitrary)
vertical line through the point (o,yo).

D



Prob2) Given Po
= No,Yo

,
to) and 4

,

= N
,9,1,

find the equation of the line containing
Po and P
, E of=

T
Z

Pu
A = Sp,
W -

F = &P#
i
Il

X -

We know one rector which lyes on
the line : Pop,

Tip=-

Now we return to previous problem:

- = + t

= + + ( - ) .
ov

X = %# /X
,
Yol

y : Yo + + (y, -Y0)
z = z0 + + (z - z0) ③



Example : Po = (1 , 2,3) p,
= 13

,
2

, 13

parametic form : X = 1 +2+ Y = 2 z = 3 - It

symmetric form : # y = z
- 2

I T

equations for planes.
Intersection is our line.

-

Prob3) Given Po = (40, Yo , zo) and n = (a
,
b
,c)

find a plane It containingPo
and normal

1

(perpendicular) to the rector 1.

T

P = (X,y,z)

arbitrary print in place↳
(0
, 30,20

O

g E = [x , ] ,z)

= -T
Nore if i . Then

1- =0 or =
D



This is the equation since

- -

n . r = ax + by + cz
-
%

o
=

a yo + by + Czo

equation for the plane :

ax + by + cz = aXo + by + 120

Example : Do = (1 , 2, 3)
Y = ( -3

,
2
,
2)

- 34 + yy + 2z
= - 3 + 4 - 6 = -5

=> 3x - 2y
-zz = 5

⑮



assure notProb4) Given 3 points Po = (40 ,70
,
20)
I colinear

P. = (X,3 , z,)
42 = (X 2

, Y2 ,72)

Find the plane It containing 40
,
P, 42·

-

↳= (to
,Yo , zo

·

je
i i= P = i-

I
-> ->-

= PoPz = V-vo
The cross product of hi is ormogonal to
i and i

: Since i are in the plane It,
the cross product is orthogonal to It.

i = x is orthogonal to .

If P = (X, j ,z) is any point
in the plan, the

=-

P . (8-E ) = 0
is equation for place. D



Example : Po = (1 +2 , 4)
,

41 = 1-2, 4,3)
,
Ph= (0, 3, 1)

-- = ( - 3
,
2
,
-1) - = (+, -5

- 3)
↳ ↳

- - -
& k

↓x = -z - 1 =1) - 123 :3I -1 - 5 -3 I
+ 1=33/E

= 76 -5) - (9 - 1) j + (15+2)i
= (- 11p - 8 , 17) .

They
(X , y , z)

· (-11
,
-8
,
17) = (1

,
2
, 4) · ( -11

,
-8
,
17)

- 11x - by + 17z
= - 11 - 16 + 68

=- 27 + 68

= 41

⑰



Prob5) Given a point Po = (Yo, Yo, zo) and

two planes # : a,x + b
, y + c,z

= d,
I

Iz : 12x + by + Gz
=dz

Find a line containingPo and parallel
to both planes.

Po

#
To solve this problem, we must find a

rector

which is parallel to both planes. What

we have are two vectors which are

perpendicular

i = (a
,
b ,4) E = (az

,
ba,2)

perp to it, Perp to Th D



i =xv
is perpendicular to both it and .

then it is parallel to #, Since
I

and i is parallel to He
,
since II.

Thus
,

the equation for the line is

= + tw

(X
,y ) = (o,jo)

++
-

Example #: zx -y
- z = 1 40 = (1 ,2,3)

-

1Tz : x + 3 y
-Hz =

i = (2
,
= 1
,
+1) Y = (1

,
3
,
-4)

+ + -

= /= -1 + li
= (4 +3) - 1 -0 +Mi + (6 +1)

= (7
,
7
,
7)

(x
, y , z) = (1 + 7t

,
2 + 7t ,

3 +3t) .

&


