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MAT307 : Advanced Multivariable Calculus Lecture 27

Divergence Theorem (Gauss-Ostrogradsky
abody B bounded by a surfaces .Consider

S

D Fi
↓ i

What is a flux ? Given a closed surface

Fu: S

(ii) : (ii) Area
(S

n + x

=
sco) Ends

flux of E through S.

D



To compute it , we could divide the surface

into pieces such that
,
within each piece,

the surface is the graph of some
function.

Either z=f(x ,y)
/

x =g(y,z) , y
=h(z
,X) .

In this case
,
we can write the integral

as the corresponding integral over a
2d domain

Then we compute the integral as we
have

been lif we can)
. Ideally, it reduces

to

some iterated integral .

Our goal here is to avoid this

way of computing , and
to do

it in a muchsimpler way.

D



Theorem : Let S be a regular surface,
-

which is the boundary of a 3d domain

B
.

Let #(x,4 ,z) be a regular rector

field in B
.

ThenWSE . nds = [S) divdU
S B

B : x2 +y+z R2 /Ball ot radius R)

Example :
S: x +y+z = R (spread

2

ex+
eZ

#N
,Y ,z)

= (pinetcos, pinx + cost , y + cos(

CSF. &S looks complicated
S

but ...

dive = 0 ! So Ends = 0.

This situation is typical in applications andey
useful .

⑬



Proofof Divergence theorem :

-

# (x
,y , z)

= P(x, y ,z)v
+ Q(x

,y,z)) + R(y,y,z)

= F
,
(E)+ (E) + Fir)

(wren F
,
() = P(E) , etc)

We shall prove
the theorem for each Esperatly

,

the general case will follow by additivity-
It is enough to prove it for

one
, say F ,

As

others follow similar argument.

MustShow

Ends
= (S) divEdV

B

We start proving this for simple domains B.
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Suppose B is of type I.

e: g. B : (Xyl + D and gayl -z hex
,y

divFgc) = (since Es = 10, 0, RL)

Thus , the div integral
is

() dirFdU = IS dzdy
B

= &(R(x2, hig
- R(x,y ,g(s) dy

Now the flux...

⑮



B
2=y

S
S: z

= g(y,y)
y

Y· Sy : z = h(x,])

zm*= E = 10 , 0 ,N

W = (-3x,gy ,1)ggyEn = 1-ux, hy , /ohhi

= Fonds = [SdS
# = -FdS = -(0-50, RdAy

=
- ()R(x , y, g(x,y))dA
D

= Ends = () R(x, y , hex , 3)dA
↓ agreeswia

& = / (P(,h,g)) - R(x,S, g(x+g)dA
D



Thus
,
if B is a domain of type I,

the theorem is proved.

What to do in the more general case.

D
Here
,
we decompose into several domains of

type 1
.

T

Si T
13

↑if
Since E is a vertical rector field,

it is tangent

to the cut
,
so flux there is zero.

D



Thus
,
for B
,BzBs are domains of type I

and Theorem is proved

Dnds = di
↑

Since Es is tangent to vertical
boundaries

Adding up

() Ends = () Ends
+1) n ds + 1) Ends

S Si Sz S3

(l)E · ids = (1) E3 · nds + (1) E3 · nds+ (1) E · id

B B B B

Thus
,
in this case the theorem is proved.

⑬



You can consider more complicated domains.

Two consentric spheres .

⑳BondayisThe Kina
isner sphere.

This domain is not of type 1
,
but

D
Wecancutitwitha cylinderthea

Full mathematical proof applying to any regular
domain is subtle

,
but this is main idea.

⑨



~me applications of Divergence theorem

D E
-

Suppose divE = o in B
,
then ESSEnds

=o.

oTE) is regular (continuous and differentable)

away from
a point &. Moreove divE=o

away from
N. Now consider

n
T

5 andIn surfacesout

Di
Then SSFrds = JSEndSi

If: Apply dir theorem to the domana D

between S
,
andS2
.

Normals look outside
of domain.

c = /SdivEdV=SEndS-SEnds .

D Si

Not fully general ...
DD



Could have Sz

namely Sz doesnt

⑮ contain Si
.

Introduce Sz ..

By before
,

SSF -rds = &Ends
53

but also

IEdS
= SE

Thus

Ends = [SEndsSi

D



One prominent vector Field in all

Mathematics and physics...

#(
,Yiz)=pa

Ov

F() =B

This field enters in

a) Newton's gravitational law
b) Electro-static field (Coulumb)

1) arises also in fluid dynamics.

E is regular for all points except 8:0.
Morever

IIE11= = im
But For + 0

,

divF(r) = 0
Check this !

D



Thus
,
if you

take any surface S
aroundO

·
E = SSE . rds 5. : x+y+z= 1

S On S
,

E(F) = (x,y ,z)

= 4π alsoc
,yz)

= (X ,y ,z)

for any
surface S.

Thus

F(E). = x+y+z
= 1

or scated

8
= 4π

For instance
,
a Thus

shifted sphere, SEdS
: Area(s)

/ Indeed
, directly 11E11=112

8

-------- ()F. dS : I Area (S
Sp

Sp = Da



lowof incompressible fluid

incompressible means every
element of fluid

keeps its volume over time.

water is close to incompressible.

(r) = velocity of incompressible fluid

dir(F) = 0 implies fluid is incompressible.

Consider=
Q is a constant flow rate point source of water.

= Sinds = Q

↑ S

flux of fluid through surface S
,
for any surface

Amount of water through surface is always
equal to what is put in at zero ⑮



Consider now the situation
S

74-↓ FX

7
C

->

F(r) with div E =0 .

Find SJE . nds
.

This can be hard!
S

But consider also another surface.

In - S 2 . 9.

F z = h(X,Y)

/ z =g(x,y)) ps
normal7 switchesclaim

:Ends =Find
orientation

Indeed
,
consider B : gi<z2hexg)

O = f(dividu = ))FndS = [SEids-SEdSB boundary of B si ⑯



This can aid in computing integrals.
Consider

S: z = eithe
02X2 +y-

#
F = (X , y , - 2z) divE = o

what is contour on the boundary &

- I
z = exe xz +yz = 1 .

Let us replace S by S' :

z = He xi+ y2= 1

Now n = 10, 0 , 1) .
Thus E . n = -2z = e +c.

MusSSEnds =Ends = le + e) Amadiala

= (e +e) π D


