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MAT307 : Advanced Multivariable Calculus Lecture 27

changeof variables in double integral

Suppose we have a domain D-R

yM want to find

, (f(x,y) dAx,yI
Sometimes either domain of function is tricky,

and we want to make a substitution
to new

Variables (4 ,v) so
that

X = X(n,v)
and y

= y(u,v)

E.g . X = r10s0
, y

= using
,
polar coordinates

u= r
,
v = 0

&



⑫

In
->I
If for every (xY)eD There is a point(upse)

Then we can
transform the integral in by to an

integral in(u). How do we do it ?

Let's return to definition of integral

Sp=fiti) Area(i)

pe of Di is unimportant
rectangles

,
parallelograms, trianglea



⑮

Si
An

maxsiSS Ti = 1
, .. -,

N

⑭an e

(ii) -> (X/ ;,vi) , Y(,
vi)) =: (i,Yi)

Gi - Di

SWA rais

-
can be different from Area (Gi)
since pieces can expand or contract.



We need to introduce a coefficient which *

captures how much Area (Di) inflates or shinks

relative to Area (Gi) = dudV.

Consider more closely a small

piece(ni ,Vitdu) (witdn ,Vitr

toia
X(n , + du

,
vi) = X(i, i)

+ 2uX(uji) du

y(ui + du , vi)
= y(4i ,vi) + Gay(ii)

du

x(uj
,
Vi +du) = X(ni, i) + 2X(uji)

d

y(ni , vi +du)
= y(ni, i) + Gy(ii)

d

What is the area of this parallelogram ?

Area (pi) = Modu=
da



⑤

Area (Di) = Loduud=
de

↑
this can be negative ifInourpictureright pair (5) is not a right pair

In general

Area (Di) = /GACYi)
Jacobian:

Thus

S= fixyi)) Ami)
-

-

↓

n



Sn
=[xi),All t

dudr

()7(x 14
,
01
,y(n)) An

G

-(AmpdAxy= ))f(x(,+, ym)D G

Example : polar coordinal, eg = rsind
D = [ reto,17,

0 + to,h]3

21 O
1

RanSeoa

I = r(si8 + 100!- = p

Thus dAxy
= rdAyo

= rardo



Example : B

DD = (1(X
+ y = 3 3

0- y
- 2x - 1

y = 2x +
1

Ya
y = 2x

D is > parallelogram

-117x

y + y
=3

Consider
x+y

= 1

()(x -y)dA xy
D

can do in
, breaking

D up into

type one regions, but cumbersome ...



⑳
Let us change variables

u = x +yu
=
-2x +y

now we want to express (X ,Y) in terms of (4)

x +y
= n

=> 3x = u - v
= X = z(u -V)

- 2x + y
= v

=> y = n
- x = En+

(X ,y) = (ju
- z , =n

+5)

==
:- =
-

I
G = 31
#



Now X= u - v ⑨

y = zn + +v

) (x -y)dAyy = S)(in -ju - En + +v) - dud
D G

=ua

=_-
=- 16

.

27

Easy!



Consider another example
D

71
B(1 ,2)

i
Consider

I =(((X -y)dAxy
D

Note that A andB have same
sum of cordinate.

Consider then

u = x + y
and (for symmetry) v = X -y

Then X = Elutu) y= (n-r) .



This triangle
is transformed into D

=
#

Orientation
reversed-

-

F - 4

Then F = Slut-utr) dud

= /)v . I dudu
as integral

of an
G

10 odd function
over

-d
M symmetric region.

=

O



⑫
Example y =2x2

y =x

#
Consider

D
=xYE ESSxy dAy33

We propose

n= and v=
In these variables

,
if X

*

-Y : 242 , 2gx
= 39

=> 1-U12 2-V23

Now we have to find (x,g) as funchous
of (4,2)



⑬

= = + = y = uixY

= v

v= m = X =m
y = uX

[ #

ina

= ↓
=



Thus
,
as xy

= in
,

we have

I = () xydAyy
B

= ()vt . n -v2dAn

G 3

= dud=
= 00 =



Example (with great historical significance)
D

It relates to the famous Carnat cycle in thermodynamics.

This is an ideal cycle of
a heat engine.

Problem : Find the area of the domain

D = & a
,
: x y = &2

,

b
,
2 xy => b. 3

21
adiabatic exponent

xy
=92#prsi

Xyy = a)

Introduce u = xy v= Xy

G = Ea ,24592 ,
6
,
382623



⑯
Express (x,y) in terms of 14,2)

x y
= n

= y -
1
= av

xyu = 1 =>

y
= u nat

Let 6= ten Ent
So

Now
, xy

= n
, sothis

= 11 +Su =
-

-
66- 1

-Gin
a =v

I
(1 +8) ndvd - jus)ys ↓
- gu'5 = (+ 8) Sad p

6-

= (1+ 8)8v - g2v = out



D
Area (D)
=SS dAx
= ()I dude

G

= jaggdudn
a
,
b
,

= S(az-a) In()

Ein(


