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MAT307 : Advanced Multivariable Calculus Lecture 24

#tokesFormula

C

orientation is counter# clockwise with respect
to the normal (going in
direction o - D)

Vector field F(r) : (P
,
Q
,
R).

Stokes formula :

GE .dr = SScurIF . i &S

C S

Left hand side is defined geometrically;
independent of coordinates.

The same holds for the right-hand-side.
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This formula is the basis for Maxwell's
-

equations of electrodynamics. It is also

the basis for some of hydrodynamics.

-Whyis this formula tre
,

a formula

Consider # (x,y ,z)
= (P(x,Y

,
Q(x,y) , %L

I k

anrIF = iyo) = 10
,
0
,
Ga-yI O

(Y ,y) + D↳
S : = = f(x,y)

T

·
>
xy &



gEdE = O Ply,yidx + Qix
,y1dy + Odz

C C

= O P(X,ydy + Q(x,y)dy
C Since independent of z
-X

= G P(X,Ydx + Q(x ,y)dy

Exy
~

On other hand
,
since h = C-Ex,Ey , 1) for z = F(x,y

SScurlF. ds
= J) curl F(x,y,7Niz)). ( - Fy ,fy , 1)dA

Dxy
= (S(Q
,
(,y) - Py(y,y)dAxy

Dxy

by Green's Formula

= GPdx + Qdy
Cxy

Thus
,
the stokes formula for "Id fields is proud

Applies also to :

( = (0 , Q(y,2 , H(y ,72) Fir = (414,7), 0, Q(z)
③



·
3 equal andopposite
=

GE .

a + JEdr =St A
C Cz

= En
= GF .dr

C

Alsu :

= S + & by additivity
o

⑪



Our goal is to prove

GE .dE = ScarIE. d
C

We knowhow that
,
if

GE .dE = SScurIES
C

&E .dE
= ScurIEs

then
,
we achieve our goal. Thus,

as we did to "prove" Green's theorem,

we reduced our problem to two subproblems.

As before
, wecontine
-
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If we can prove
it for all scales ,

then

by the above (ignoring controlling errors) we

have proved stakes theorem.

Consider just one small piece

Our functions P
,
G
,
R are

assumed differentable and

it are thus approximated by
limar functions .

P(x
,y ,7) = P(i) + P, (5)

(x -Xi) + Py()(y- yi) + P(()(z-z))

= Pl) - Py15)X : - Pyly : - P)zi
+ P, ()x + PyFly + Prz

:= P + P, (r)x + Py((y + P(r)z D



Similarly , in
Si
,

Q() = @i + Qy() x + Qy()y + Q) z

RI = : + Ry (r) y + Ryl)y + Ry) z

Now for the integral :

& Pdx + Qdy + Rdz

Ci

= ((pi + Pyx + 4yy + P-z)dy
ci

+ (@i + Q
, x

+ Qyy + Q(z) dy

+ /Ri + RyX + Ryy + Q2z)
dz

Now
, many terms are zero:

( ( p
,
dy + Eidy + P, dz)

Si

= Spdx + P(y)dy
+ G( , z)dz

(i ↳
potential field

=

( +y+z)d = D



Similarly,
Potential

⑧ DXdx + Gyydy + &zdz
↓

field

Ci

=(D((x + 03 + &z2) · di = 0

Ci

What remains is

8 (4yy + P(z)dX + (QyX + Gzz)dy
+ (4, x + Pyy)dz

Rearranging

= /Pyydy + Qxxy

+ o (P2zdy + Rx xdz)

C ;

+ (Q2zdy + Ryydz)
Ci

⑳



Simple rector field !
Consider

↓

OPyydx + Q , xdy = (4yy , Q ,x , 0) - d

(i

By the 2d stokes Formula
,

this is equal to

= (Scurl (Pyy , Qx , 0) n d
Si

For the same reason

0Pat , 0, Rxx)d= (Pt, R .as

6 10, 927 , Ryy) · do
= Scrl 10, QE ,

P
,
3) in as

Ci

Thus
, combining,

for the little piece b we proved :

GFdE =Scurls
S



% F .d = () curl (Pyy , Qx , 0) i d
C Si

↑Surl (Pt , o, Ry . s

+ Scurl (0, QeE ,
P
,
3) i ds

= () curl (Pyy + Pzz , QxY + Qzz , Byx + Pyy) -Ads

Si

Now note that the curl does not differentiate

in the variable corresponding to the component . Thus

= Gaurl (PxX ++Pet ,Qu
+Q ,
RXR

also the cust of a constant rector,
(P
,

E
,

2) is zero,so

ESScurFs



Logical scheme of proof ."

D derive theorem for simple case of

1 two-dimensional nector field by
an application of Green's theorem.

& Reduce our problem to consideration

to small pieces, just one
"scale:

⑤ Within a scale
,
we approximate of

functions P
,
Q
,
R by linear functions.

We then see some
terms disappear.

What remains are three terms which

represent 2d vector fields and use

Step D to conclude.
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