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MAT307 : Advanced Multivariable Calculus Lecture 2)

Green's Theorem
-

Consider some domain

#1
To define integration, we must give

some direction on 1.

Convention : if C is the boundary
of

a domain
,
the direction is chosen so

that if you
move in that direction,

domain is always to your
left.

counter-clockwise.
-

Rule also applies to domains with holes

·III
,

D



Consider first simply connected domain :

:
Consider

P(P(x,y)dx + Q(x,y)dy) = ⑧Pdx + ady
C

C

Theorem :

Spdx + ady =S-2
C

·

If E = L , both sides are zer

· If D
,
Q are zero on the boundary,

both sides are zero even ifC*
Helps a lot to find integrals

⑫



We will try to understand why this
theorem is true

,
with an emphasis

on seeing what the key idea is and

how
u could havediscored

it
at

⑭GID
will establish

C

D/Pdx + Ody =Sedx + Ady +Sedaya

&

I-dA =-
+(-d
2

③



If we can prove D and D
,
and

further that

JPdx +Qdy = /)[Q-UPdA it i

Di
Ci

Then we provs the theorems for the domain.

-

To prove
&
,
we note that this is just

a property of double integration
called

additivity.
We saw it directly from

the limit definition of the integral .

Fowabout ?

⑭



D
C

SPdtdy = S..S
NKM

Pax + Ady =S...

taking the sum :

& Pdx + @dy +(pdx + Ady =!!
n



Now note that

S ... =-
Since the orientation of the line integral

has changed, so the sign is switched.

Thus
,

we have

& Pdx + @dy +(axtady

D
= Spdx + Qdy

Since
NKM and MLN make up C

.

D



Thus we established D and &

D/Pdx + Ody =Sedx + Ady +Sedaya
&

-A =-
Now

,
if

Spdx +dy-
andSpdx + Ady : S
the

Pdx + Ady =/
A



What did we achieve ? We reduced

our problem to two problems that

are equally difficult. But now
,
we

can repeat! We can continue dividing
our domain :

⑰
↓

#
D
,
D .

. .
.

.,
Po If we can prove

the result for each

4,, . . . .,
En

piece, we
can get

the result by summing. D



Let us consider one cell.

I a (x;
,Yi)I

P(X
,g) , Q(X,g)

differentiable***Twice

P(X ,y) = P(Xi , yi) + (Xi
,
(i)(X - xi)+ (,4%)(949)

Q (x ,y) = Q(i ,y:)
+ 2014, i) (X-XD+ (i ,Yi) (y-4i)

↑
When size of cell goes to zero,

the

error goes to
zero even faster

Rearranging :
y
constant

Plyy) = P :
+ ax + by

Pi = P(x ;,Yi)
- Py(i, i)Xi

- PyliMily :

a = G(x ,i)
b= (i ,y

⑨



Q(X
,y) = : + ex + fy

9 = Q(i
,
yi) - W(X,i) Xi -( ,Yi) Yi

e =(X /
%i)

f= (xi ,Yi)

as
f Pdx + Qdy = &(Pi + ax

+ by)dy

C;
Ci + G(q: + ex + fy)dy

Ci

Now observe that

Oridy = 0 Since P:= (Pix)
2 ;

Gidy
: o Since a:= gy 19: 3)

eig . (Pi ,9)=
(4, 4, 9: ])

and integrals of gradients over closed curves is zero
Do



Thus

& Pdx +Qdy
C;

g(ax + by)dy + f)ex + fy)dy
Ci

Ci

Now G(axdx + fydy) = 0

Cj

Since (ax
, fy)
= (n2 + 12)

Thus
,
we found

fPdx + Qdy = G(bydx + exdy)
C; Ci

D



fPdx + Qdy = G(bydx + exdy)
C; Ci

Note

Sydx = -area(Pi) (weprovedthisa
Ci

Sxdy = area (Di)

Ci

Thus we have

Pay + Adg
= (e-b areaDil

= ((x ,gi)- (xi ,i) area (D).

·

D



careful estimates
Thus as many errors

& Pux + QyRism anare added up.

~IMi-i)an

#and Size (D) -> 0

-> (S-

⑬



#poliations ofGreensthereaon of integrals.
D : X710 , ye0

-
xi +y234

Find

F = ((x y - 23(dx + (- x + 3y)dy

By Greens formula ,

I = &) (-3x-
x +by

= ( -4x
+ 6 y) da

⑭



It is natural to evaluate the integral

using polar coordinates

D : 0203Te OGU12

X = rcose ye rsid

#12

I : S ) (-4v 10328 + 6 visi30)
rardo

=j31-41024 + 6514)drdt

= -y cos + 6(20)
do

1038 : E(1 + 103767

310 = /1-10320)

= 4 -2 - 2001(20) + 3 - 3040)dA

= 4[I -50d] =T -Ex
= 2π

⑮



eneralizationof Greens formula

- convention for

orientation .

Fla, Bt amens
formala

C.C .W curus

So replace by"-c"

Fill
Imm :

⑭ody-Spex + ady=
Thus
,
ifUD:Q , then the integrals over

C
,
and I are

the same.

this can be useful ...
D



Ex : P(X
,y)= (j)=

denominator goes to zero

faster than numeratorF as X
,y
50 .

Functions not
bounded at zero !

Makes finding integral over curve contexining

origin tricky
. But

EP-=
= 0 !

Except at one point
,
10
,
01
,
where makes no

sense . Indeed :

T(pdx + Qdy = ((+ + cos+ )d+

#
C

= 2

Thus Green's theorem

does not apply.
D



But now consider
,
for any other contour d ,

- -
a

3 Demark : we computed for

111In unit circle
,
but it could

C be for asize.

18-0) paxtody = ( )d
D

= O !
Since (P

,
Q) isnicea

Thus
,
for any

such contour

Opdx + ady = Gi
This is the basis for the theory of complex functionsly


