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MAT307 : Advanced Multivariable Calculus Lecture 20

Hlumesof simple bodies& 3D domain,
enclosed inside a
surface

Consider a body which is analogous to a
↑

domain of type 1 in the plane

z = f(x,y)=BodyB in between

the two surfaces

B : (x ,y) ED

f(x
,y) - z

- y(X,y)

Our goal is to compute the volume

of this body.

D



ibody upinto this vertical

columns.

The volume of one of these
columns is approx

Cheight of column)
. (Area of Base

= (g(x ,y) - f(x,3) dA .

the little columns and taking
Summing upof the base to zero, wehe is

V(B) =SS(g(x,y)
-E(x,xi)dA

If we are lucky, this reduces to iterated integral &



Ex : Volume of tetrahedron

B : X 30 , %30 , 770

x + y +
zx/

D : x10 ,
%70

x +yx)

X·L
hix ,y) = 1 -y - Y

g(y ,y)
= 0 T

V(B)=Sx
-X -y)dA

= ]()" "(1 - x -y)dy)dx I

= STE -Xp - ((1 -+127dx
==)x -xid)

= - [xdx = = 3 = 5
⑬



#uneofunitBlair
Base (projection onxy plane

D = x+ y 2 < /

= unit disk⑰
z + xz +y = 1

= z = =F- x -y

B : xi + y*

-Fx-2z Forge
A

T
g(y,)) Y

f(x
,y)

VIBI
=SSex

dA #
=Id diy

⑪



a = FyzI
=Stay length of

segment.

zzry2

= Area of disk z
of radius a

= ra2 = ( -y)
↑
circleoes a

Thus

v(B) = π)( -x(dx = π(z - 3)
= I

Volume of unit
ball Cradius 1) is

Archemedes did this 2 : 5 milleain ago.

He essentially did
the same compulation

without machinary of calculus.

⑤



Lamina : what is it ?
-

plane,
solid plateI

with variable density⑭ J(x,3) (thickness
of

[]material)

example of Lamina is a door.

&
Mass of Lamina

M = () +(x,y)dA
D

D



moments w.r .t. X-axis

Imagine x-axis

is a solid rod.

Balance D on it .

Because of gravityx thre is a force

acting on it.

moment is

my = ((y + /,y)dA product of the

&

force and distance
D)o to axis of rotation

Similarly moment w
. r. t. y-axis

My = () x +(x,e)dA
P

center of mass :
(x
,j)

~ If you put
it on

- the x-axis then the

total moment is zero

= M y = My
D



you can balance the

(,j)
lamina with a support⑮ at center of mass

- at equilibrium

class of problems : given a domain

D and density I , find
all these things .

Example : g(y,y) = X

m = ()xdAjax

=(ax(( - 2x)
= S'(x2 - 2 x3)dx
= z - z =

D



Nowhe find mounts

My = () y e(x,+)dA
~IisaddfunaD

=Sax/j
"

y x dy) = 0

- 1 +Y

My = (( x f(x , ]dA
D

=jay(S
=/ x (2 - 2x)ax =(x3 - 2xY)dy

= - z = to

Center of Mast :

(x , j) = (iv , 0 = 10
.

6,

A



Momentof Inertia
angulara city

↓

notile KineticI wh
A

moment of inertin

depends on axis
of

I rotation

Door
rotate

Ex=in
a

FinExample :

I

= (ax(x2 · zx -x()
= (axy(x - 34+3x4-x)

= &(5 - Y + * -5) = D



Ey = () x2x dA
P

-J'ayudy =jax(x

= - E =
= is

Iz = Ex + Iy
rotating ground

zrax is

E
Kinetic energy

of

each particle is

dm wir ?·
= dm w

? (x2 +y
3)

Y

Fz = ()(x2 +y 4dA = Ex Ey

In our example Iz
= so + it = T

D



·eain
polar coordinas

polan coordinates of (xcY)

(length of, angle o)

=+
v = 1111

X = vcs6
E

& = arctan(1)
y = wsin0 ↑ works in the

right half plane.

modify to arccot(E)
in

upper
half plane, ec.

In cartesian coordinates
, simplest

domains

are rectangles.

In polar coordinates simplest domains

aul acr=ba
= 0 - b

s
D



Consider /Str,o dA

What is dA ? approximatly
a rectangle

↑

an#I
W

i

lay
dA = rdrdO.

Thus

ISZdA=tires rando

⑬



Example
D : 0 dr/

- - 0 - E# XdA = Crcosodd

= rcsdndoasde

=Sodo

⑭



D = a = + - bin -I0

f(r , 6) =

center of mass
of horseshoe (5

,
5)

m = SledA= Sardo

=Prdr = 15 -

Mx = SC93dA =FrsinOrdr
D

e
⑮



My = S)exdA= cosodd

-cosa( , do

= 2(b3 - a)

=My

5 = 0

⑯



#uneofbala +z =

02 v = 1

.P : x2 +ya)
In polar D : 0502

z =
#-

V(B) = /92 Fx- dA
D

-jere randt
I

= 4)re-dr S = v
?

,
ds = 2nd

= 25its as = 2n rds

= -21 -%=
V (Ball of radius R) = IR3

D


