
Lecture 2
~

MAT30T : Advanced Multivariable Calculus

The next operation, careproduct , is more interesting.
It is defined for vectors in 3 dimensional

space,
and 5

I

and their cross product is

a third rector x5
·

To explain this operation,
we require several

preliminary concepts.

&and Right pairs
of rectors the plane

= pair of
rector

two different types of pairs.
(a)

Consider the angle between vectora and 5
which is smaller than i

.

consider which direction should we rotate a go
that it's direction eventually coincides with 55.

( ,5) T

counterclockwise
~

b clockwise

right pair- Etpair
a



If ( ,5) forms a night'pair then

(5
,
i) is N left pair
-

and conversly.

Different pairs
of rectors are either right

or left,' unless the angle is 0

( ondY have some direction) or angle

is2IT (a and 5 are antiparallel).

These are degenerate cases.

D



Signedareaof a parallelogram

say a parallelogram is defined by vectors

a and 5.

F
consider the signed area defined by

A (5) =

Jusual area if ) is right

I- usual area if (3) is left

positive area is just area of piece of

paper .

negative area is if you
make a hole in

shape of a parallelogram, you can count it

as negative area (it is what is deficient

In the whole sheet of paper).
⑬



Signed area behaves much more regularly
than usual area.

How to find it ?

Let us look for the formula.

We will do so step by step by examining the
properties of this function.

Properties of A (a
,5) unlie

dot producta
-

DA) = - A(,) Canti-symmetric)

because if you
take a right pair

and

change places
,

then (b
,
) is left.

② A(k
,
3) = kA(, ) for keR
- If pair
--- Since and

(, ) is

17- of parallelogram -b right then

/ k is proportional · (k) is
to IIsideII , if

left if k

if k positive follows negative

D



2) A(
,
k) = kA(,5)

3) A(+ 5
,

2) = A(, ) + A)

A ( ,
+2) = Al) + A(5,

2)

distributive property.

If : consider 3 vectors
,
a
,
B,

B

A)
= signedae
of OpeR

O d= a+5

A(
,
i) = Signed area

Q of OUSR

O
A (, ) = signed ana ofr UPQS

0 d= a+5
⑤



· A(,2) + A(, )
0 d= a+5

The difference between this area and

that of OPQR is that we added

* RSQ and subtracted D OUP
.

These two triangle are shifts of one

another
,

thus have same signed area.

Here we considered simplest case when
all pairs of rectors are right , and so
all signed areas are simple areas.

One needs to consider more general configurations,
but it is the same (after more work)

.
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4)1 AGi) = 1~ Since (E
,
) is a right pain

ACT) = -1

Ali
,i) = 0 (degemate parallelogram hase

A( ,i) = 0
zero width)

-
Now we may derive the formula

Suppose a = (a
,, 92),

5 = (b
,,
62)

Al, ) = Al
,
+ az5 , b ,

t +bi

= Aca, b,) + Ala, , i)
- A(az , b) + A laz] , b , i)

= a , b, ) + a
, beAt -

+a,) + ach, Aut
= a

, bu-azb ,. = 14 an ldeterminate



we have our formula :

A ( , ) = a
,
by - 92b ,

= lab2

We can see the origin of determinants
-

at least In 2d . It is simply the

signed area of parallelogram.

the usual area of parallelogram is

Iil)-
↑ absolute value .

Note
,
we may introduce

notation at = Eaz
,
a)

for counterclockwise rotation of a rector by 90%

Then

Et: at b
B



Example 2 = (1
,
2) 5 = 13

,
-2)

-

As) = 1 .(2) - 2 . 3

- 8.
.

Since Al
,
5) is negative , it means that

7

a and is form a left pair.

&
rotate clockwise

,it forms a left pair.

This is the concept leading to the

cross product,

⑨



=
eged volume of a parallelepiped

-

consider three rectors &
,
5,

T
not lying in the same place.

↑
↓e

Det : These rectory from a right triple
-

If you
look at , from the

-

view of rector
C
I
and you have

to rotate i counterclockwise to

align with in they (i) is a

I

right triple.

↑ i & If clockwise ,
then

- - (,) is a
left triple.

a

Do



E .g.

-
X

(ii) form a right triple

iT
i

(,,i) - form afett triple

D



I
parallelepiee

Det : The signed volume of It defined

byrectors , j,t is

usual volum if Fab ,
i) is right

V( , ,i) = E of IT triple

if left
- Usual volume triple

What properties ?

1) V,) = - V( ,, i)

= - V(
,
i
,
5)

= - V(i ,,)

Since (2) is right trable , then

(5 ,
i)
,
(5) undsl

ame left triples.
⑫



On other hand ,
E

VC, ) =
V( ,
)
T
->

= V( ,E,)

↑ all right (or left)
triples

.

There are 6 total permilations of

(,,) 3 are right and 3 are left.

Volume is always the same.

3 cases signed volume is positive

I cases
- v is negative

⑮



2) V(k) = k V( ,5 ,2)

V((k ,
E) = k V( ,5 ,2)

~ (5)
= kV( ,,2) .

3) vc+,,
) = v( ,5 ,

) +visi

Proved in
the same way as in

20 ·

draw the two parallelpieds
,

and ,
5 ,
E
.

Their difference is some prism.

Same property for
other slots :

vi ,)= W ,,i) + v(,2)
I

v , , )
= V.,, ) +v ,

i)

⑭



4) VIi
,
ii) = (unit cabe

v( ,j) = 1 3 Fight triple

r() = 1

v(j ,,) =
- 1

3 left triples
n = Y) = -

V(k, 11 te

v( ,,j)
= -

↓
degener

If any
two are same, eg .

Vi) = o

volume is zero

-= (b
,,
62
,
%3)

-

= (a
,,
92 , 93)

= a
,
i + ac + ag = b

,
i + bej +b

i = (4
,
i , () =

c
,
i + 4+

vc , ) =

↓Cai + acj +a ,
b

,

i + bei + b; < + ci +)
⑮



vc , ) =

↓Cai + acj +a ,
b

,

i + bei + b; < + ci +)

= 27 terms (3x3x3)

= V(a ,, b ,

Y
,
<

,
i) +

v(a
,
i
,
b
,j , ) +

·

v(9E ,
by , est) C

j

= a
,
b
,
c, ) + ..

. . + nabVE)
1

=nb )

+ ab, vi + muc ,
vi

= a
,balg + &b , let azba? -A ,by'-ably- Asbes

Da



V( ,, i)
= a

,balg + &b , let azba? -A ,by'-ably- Asbes

This Funny formula turns out simply to be

the determinant

as92

b3V,) = b, bzIi I
Let us write

= c)

expand - Jideterminan
relative wow
to +2

⑰



Let us define a rector

Fl) =(12)-
I

with this
,

we have the formula

V( ,, i) = F( , ) . E

But what is the volume geometrically ?

E is rector

n normal to the plane

& of parallelogram
(,5);

call of T.Moreover
o I/Ell = 1 area (it))

direction is so that
A

(
,
i
,
El

Form a right triple
D



Now
,
we see that

Parallelpiped
defined by

F (,,2)

[
V(, ) = Carea of base)· (height

= E . E

= IIE11 Hell cost

!
Da



Thus

t

V( ,,i ) =
F

.
2 = E. c

This holds for any
5

. thus

Et
E is a

vector orthogonal
to place

->
whose length is

spanned bya
equal to the

area
of the parallelogram.

we shall name
this quantity :

->

-

F(5 ,5)
=

Xb

Cross product
-

⑳



The formula is

↑

x =1 +
I

↑ -

(symbolically ( Y J K

= I a az asI
b
,

b2 63

#
,
i) = (x)
.

n = (1
,
2

,
3)
,
i = (3 ,

2
,
- 1)
,

= 10
,
2,3)

-

Example :
-

-

M
- i ik

a+ b I

I S ~3) = 1) -11 +/
3 2

- 1

= (2 - s)? - ( - 1 - 3)y +2+s

=
- Di + 105 - 4k = ( 8 , 10 , 4)

invit. = 1 - 0
,
10
,-4) · 10 ,

2
,-3)

= 20 + 12 = 32

Since V,)T0 , (i) is right triple.
⑬


