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MAT307 : Advanced Multivariable Calculus Lecture 19

DoubleIntegral How much paint needed to
cover domain D%

D h(x , y) is thickness

of a layer of paint

· covering the domain.

If constant
,
then

- Nolanoded) = (thickness).
Area ofDonta

If hiy
,y) is variable,

this is a new

problem. To solve this problem, we
have

a device calleddouble integral

assure h(x,y)
= constant In Di

amount
↳ of paint
to coverArea (4) - h(x +,yi)a =

-

Total Volume So =xi) Area (Di)
D



So depends on

o how we broke up
D into small pieces

· how we change point (ii) in Di

But in the limit - - and

max size(Pi) -> 0
S

then $N-S exists (independent of above
choices)

and represents the amount of paint
.

We denote it as : infinitesimally
↓ Small

an,es

his Sw = ()h(x,y)dA
D

D



Properties :

D If F(x,1) = g(x,y) +
h(x,)
,
then

EdA
= SSgdA + ChA

②(Scf(x,edA
= c()E(,2)dA.

D

These are obvious from definition with

Finite . Sums ·

Called linearity.

⑤ D SSEdA=SSEdASSA
i

This proporting is called additivity:

B



Iteratedintegral
B : a X1b <Syd

: X : =X - Xi+ /

-"Nigi) Y - y = Yi +

Sgi AnDis

#
Eigdy (iia

F(Xi)

Reduce double
= (F(x)dx

integraltoa a

=gaef(x,yldydx.
⑪



We could have first integrated in >,

and then y .
This amounts to switching

orders of sums .

b d

/texsidydy =gasof sxyddy.

sample: D : 1*3 , o Cyc

P

I = S/xydA "Fl
= (ydgdx=

⑮



Example D : - 1X53 OyS2

32

-x
= 18 + 2 - 24 - 8

=- 14 +z

These integrals are as easy or as

hard as indegrals of functions of

1 variable . Sometimes easy , sometimes

transcendentally hard.

D



-Homainsof Type I

#
D :

a 2 x (b
,
g(x

= y
= h(x)

I
=(f(x,y)dA =de

y
D



·
D : < < y pd , Aly) =x = k(y)

I
=/FixydA=x) dy

D



The
are

domains both of Type I and 3.

2 . % .

-
D : 0 .xX(1

, 03yx1
- Y Type I

D : ocysl, <XP1-y Type 2.

This gives a freedom - sometimes

easier to to computations with one type.

Another example

↓
A



But
,
there are domains that are

neither type I nor type 2.

to
In this domain

,
we can subdivide into

domains of Type I/2.

Dz , P3-type I

D
, Dy-typet

or

Happ type
2
.

Anyreasonabledomain can be subdividis
Do



Example

D : x30 , y20 ,
X +y 22

X + y = z
I = [Sxy dA=Tra dr

=x dy

=x 14-4x +x
2

-x-yx+ dx =-
= 22-2 +2 = 4 - 1-

D



Ex
D is type I domain .

0 by - 2-
21 + 2/2

F

=SetdA =) CcedTo

-by dy dy

=Yew (e-ety

=Y( =2 - ez)dy = e(ze
*2) - (e))

= &e(e- 1) - z(e" - 1)
D



Ex D : x70 , y30 , y7,X

both of type 1 and 2.

. looksund...

=id=
change order (regard D as type 2)

I = jay)gax) = S dy

Let t = z2 dt =hydy 45 Ty

↓

= Earctan (t = Eat
=I=

⑬


