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MAT307 : Advanced Multivariable Calculus Lecture 13

neIntegrals.
C is an oriented curve,

going from A to B.

T C : X = X (H)

y = y(t
A z= z(x)

X,Y , z
differentiable and

movingalong- > ((( + (y((+))) + (21)>0

positive speed
.

At every point , there is a fungent line.

-
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We now define the line integral

straight segment

-
Imcontinuousf(y, y , z)

function

A

S7(X ,7 , 7) ds
C length of straight

I Segment blo A
and A,

Sw = f(Ad IAoA i

+ f(A ,) (A,Azl +...
+ f(An-)/AnyAn)

.

If number of points n-0,
then

Max /ApA ,
10 and Su-feas.

KIN
D



To find it analytically, we introduce a

parametrization :

C : v = H)
,
act -b

.

Ap=r(ti) for some to

Then

Su = f(Hil (H)-(te)
+ f((t)) /FAL-E(i)) +...

When n=-,

1) (titi) -FStal) : 11 FHtdll (trita
so

SN-SM)EI
= S7ds ③



Thus

Jeds =
SEM) I d.

C

Rare that integral can be found explicitly.

Example.X cos o

"
f(x

,y) = y2

Sgids = SinIn+ post de

C
⑧ #

="Sin (Hdt = fall
- cosk))d+

O =

int +
cost-cost (os(2t)

= z)1 - cos(2t)) Fa



This integral itself is not very useful , that is

not many problems require it. In fact

Seds does not require parametrication
of the curve C

,
ou

orientation .

The construction 10 does not require. it

However
,

to analytically compute it, we use it.

Line integral is invariant under change
of parametrization , and change of

orientation .

A much more important integral is..
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Integralof arector fieldalong a curve

Given a rector field F= (4,% :z1

= (P(x
,y ,z) , Q(),

R(c))
.

and a oriented curve C

.
A

Now consider the following construction.

At each point, there is a nector

F(A) A
FCAd A A = Ar

·
⑯



Consider the sum :

Su=( .( -) + F( . (-)

+... + ( ,
) · (Fr-n-1) .

Consider NtX , so distances blu points go to zeoy
Max ll:Fill +o
<N

If the curve andrector field are regular,

the limit exists and is devoted

Su = SE..

To find a
formula

,
introduce a parametrication

C : =I astEb

Sn = E((tol) (r(til-FHo)) +... t ECEHL
,
) (Ctrl-Cr

~ F((tol) . E'(r) (t ,-tol

+.. - + F((n)) .Eltr-) (too-trig



Thus

em SEM).A
Thus

SEdE =g)
.Ad

C

Note
,
again

,

that since theSums So were

defined without any parametrization, the limit

alsois identofparametri
aa

If you go from B to A instead of A&B,

the factors 'Ctp-1) (too-tw-1) Change direction,

So the integral changes sign.
D



SE - do changes Sign with the

S change of orientation of C.

- -+ B

-"B ·CI

A A

But independent of parametrization,
eig. E(t) instead of CH.

Example : A = (1
,-2) E(x

,3)
= (x,3)

B = (2 ,
- 1)

- SE . de = (((n,y(t) - 13,1) de

IB C ·

=)H +3+, -2+
+)( ,1) d+

- =S' [( 1 +37)3 + (- z +t)17d
= (i -5 + 10 +]d+= 5-5

= H= + + AB = (+
,
-2) + +(3

, 1)
= 6

El = A, (ll= B ⑮B = (2 -11) ,
- 1 - (2))= (3,1)0



What is the meaning of this integral?

SF .dE = Work done by the

C
Force,

E
,
upon a

body moving along curve

C in direction corresponding
to orientation.

For exampleI could be gravitational
force

.
In general FCE) is the force

applied to the body if
it is positioned

at

Wientation : If you lift
a body in

a gravitational field, you perform work

opposite in sign to the work done by
the field if the body falls down.

Do



If F(r) = (P
,
Q ,
R)
,

Men

SEdE=(P ,
Q
,
M . in

↑

(x'(x)
, y'(+), z())d+

= S(P()dx + Quidy + REF)dz)
C

Example : A= 10 , 11 B = (1,0) D= 10 , 1

- Syd +My
C

= + S-

D



Introduce parametrication :

C: x(H = t 0xt = 1
y(H) = t- 1

X(t) = 1 -t 0(t 1
:

3(x) = t

Sydx + x
= dy) = ((+-1)d+ + +d)

C

= - 1 + 7 = -7 .

lydx+dy=+ dt + ll-id

= - + 1 - 1 + t=7 .

S(ydy + xdy) = - - t = - 3.
C

⑬



Ex : C : X = cost
Ot [2IT .

Y = sint

Helix z = t

# (x
,y ,z)

= (z
,
x, Y)

Sede
C dr

coAta
24

I=+sintat=tcost

H
2π

# = 1 + d+ = 0 . The Inter= 315)
⑬



=Integral of a rector
field along a closedcure

no objective first or last points

D Pick point A/B arbitrarily and
call it the first and last.

C

We may
define
I

notation for integral
over closed

SEd =E .di curve/contour

C
C

Again , this definitionenot depend on any

parametrization , but it depends on the direction

of orientation (must choose proper parametrization

coherent with the given orientation of the curve).

D



Example : C : N-D2 + B 1 will
↑
A counterclockwise

yr
ellipse parametrication

- 2 I·
parametrizaleos EH = (x(, y(t)) where

x() = 1 + 3 cost 0+1 2

y(t) = -1 + 2 sit

F = (X + y ,2x -y)

F(E(H) = (1+ 3 crst + (-1+
2smt)
,
2(1 + 3cost) +

1 -2x+)

= (2sirt #cost , 3 + Geost
- 2 snt)

(H = 73 sint , 2 cost)
D



ECCH) or 'I

=- 6 Sit-9 sint cost + 6 cost

+ 12 cost - 4 sent
cost

= 12cht- 6 Sint-13 sint cost+
6 last

GE .dr =Discot-6 sin't-13
sint cost+ 6 ext) de

C

Note

EstatStat
= i

2π

St

cost de = 0 sinterstat=Enter

Sup

GE di = (2 -6)
= 6i

C

⑬



A reainside a closed curve

C : y
= f(x)

X = t
,
y
=
f(x)

i
b ↑ area below the graph

Sydy = Sf(dt
Now consider gydx =Sydy + Sydy

C [2

C

↑= 22

area under ifTra under
parametrization
switched direction &



Thus

Jydx = -(Area inside a)

C
t if orientation is w.

↳
C

Soxdy = Sxdy + Jxdy
C C Cy

orientation
-

= -S + S4

= Area enclosed by C
↑

if rrichtation is c .C .w

⑤



Note that the area does not change if

the curve is shifted . Suppose

To->
I

eig. Shift Cover by
M in x

Then
O since

Sxdy = SNMdy +X ceilin
C changea

Do



Ex : Area inside an ellipse

X = 1 + 3 cost 0 + 1 2π

y = - 1 + 2 sint

S = Oxdy =j(1+3cst)(2c
+)d+

C

=Secst
+ Gosh+)d

+

= 6IT .

This is correct, Since the ellipse is

a unit circle expanded in the horizontal

by 3 and then in the vertical by 2.

Thus
(Area of ellipse) = (Area

of circle) (2) (3)
of radius 1

= . 2 .3 = 61 .

D



We could consider more interesting domains

C

·#
Claim:
-

Sxdy = Area inside C.

C

Not so obvious,sinsnow we
msto

find pieces of the area
,
but it works.

D



=M

7

How to find area ?

C· C
,
C

gydy = G + 0r
Ci = S,

Sz

opposite orientation
for C2
.

If curve is symmetric, SiSz,

then this vanishes. In general

xdy gives signed area !

D


