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MAT3OT : Advanced Multivariable Calculus Lecture 12

A field is a piece
of the plane which

at every point grows# something (wheat, corn,
etc.

(Y,9)
· Here

,
rectors are

grown .

physically
,

think of a fluid : at every point
there is a

->
- velocity.

u(y , y) = P(x,y)) + Q(x
,y)

= pi + a (for short

Example : i = coust
,

e ig. P = coust
Q= coust

other physical examples

· - electric field
- magnetic field

· - gravitational force field
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Example2 : n(x
,3) = (X,3)

1
~

·

I-
↳

Example 3 2(x
, y) = n()= -

-

↓ & Gravity
fied

closer you are- to the origin

(attracting mass),
stronger the pull of

gravity.
&
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In 3D
,

same concept.

(E) = Y(x
,y ,z)

= P(x,yizi + Q(y,y ,z) + R(x
,y,
z)

Example:
rotating solid ball

1

around Z-axis K

- rotates with unit

angular velocity,pine
containing

- axis and

e .g. in 1 second,
it

turns I radian.

The velocity of that pointis Orthogonal

to i and orthogonal to k-

Mus
,
it is proportional to Ex

If the angular velocity is
1
,

then

= Evr
We can imagine a rotation

around any
other axis.

③



Consider the rector

8 = 10 ,, We ,
wel
,

a rector directed

along axis of↳ rotation
,
so if

# you look down tip,
the rotation is cw.

The length of to
is equal to angular
velocity of rotation.

The velocity is then

(r) = x

In particular, if
= * = 10

,
0
,
1)
,
then

c) = I2) = (2 , x , %
zaxis)Nitpenacitisrotadual

a

⑪



operationson rector fields

Gradient M :

D f (x,% , z) = (Oxf
, byF, Gf) <

vector field
.

Divergence (did :

(x
,7 ,z)

= (PIXTiE, Q(,4,z) , R(yy,z)

divi :=+

Takes a vector field and results in a

scalar.

Ex :(i) = E
= (x, y ,z) P = X

Q = Y

divi =+ + = 3 R =Z

Ex : (solid rotaboul E(x,> ,z) = ( -y, X, 0 P= - y
Q= Y

divi = - + = 0 R=0

↑ we will understand
why ⑮



Divergence has many profound applications
we will explore.

~hysical meaning of divergence

i = < (x
,y,z) + Q(y,y125 + R(y,y,z

Imagine i is the velocity field of a fluid.
Ef

u(X,y,z)
Consider

It he
z1 How much fluid

L enters
,
and how much- exits ?

dy Flux : = &
positive ifFidout

n = unit T
rector along negative if fluid
Y -axis -

comes in

Flux through faces
ADD

,
A
,
and BCGB,

-> note second and
third component (Fand

(2)

are fangent to face
,
so no

contribution

to flux . - negative
as T . FF) = -1 posite as

-> dydz ()- P(y,y ,z) + P(x +dy, y , z))
i =m = 1

amof face & Py(X, % , z) dydydz. ⑯



Similarly
,

Flux through ABB
,
A
,
and PCC, P,

~ Aydedydz

Flux through ABCD and A
,
B
,
G
,
D,

By didy de

In total
,

the flax through the surface It

is

EPQ div

If divETo, the fluid is somehow generated
Inside IT (eg.fromnothinga

Recall u= For anyIt, the amount of

F fluid that leaves It is

uid / X more than amount that enters

Not in contradiction with cons law (nitr source or sinslemes)
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MAT307 : Advanced Multivariable Calculus

# (Nabla) Y= (2 x
, by,4z)

Df = (0x8,f, 8zf)
= (Ex Fyfz) Gradient

↑
scalar function If = gradf

Vector field EC) = (P()
,
Q
,
R()

X . i = b
x
P(r) + JyQ( E) + GzR(E)

Divergence
= divi* > notation for same thing

What is Xx ?

#xi =/i
= (yR-UzQ) - xxR-GP(j + (xQ -zyp)i
= (Ry- azi + (Pz - Rx)j + (Qx -Py)
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=curl
Example : Velocity field of

rotation of a
solid body
Z

->

* E
u = T2x
E =10,0, 1)

= Ex= 1-y , y , 0)I
X yz

I
⑮

K

Carl = 10) = 10
,
0
,
2) = Gi

②



If it rotates around a different axis

y (8) = x

X =
cur1(r) = /2) = 10, 2, 0T

zo ;
-X

= 2)

Around X-axis :

(r) = Ex curl =a

Axis of rotatioirection W = (wy
,
wy ,
wz)

-
with angular rotation se

e

11 roll

Then the velocity is

)= x

and
Cari) = 2
. cheaselves !

③



Consider now

(i) = (y , X,0)

jij
k

IXxi =
0x by = (0 ,

0
,

1- 1)

Y XO = 10 , 0 , 0)

This vector field has curl zero !

&
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Consider a function f(FL = f(x, 2 . 21

and its gradient xf(F) = (Ex,g ,fe)
= gradf .

Let's find its curl .

Curl gradf = Iia I3xf7 Of

= (bt-tzbyf, - (8xzf-6z7), 2xy7
-j6xf)

= 10
,

o

,
0 Since particals commute.

for functions with continues
second derivatives
-Thus 7

curl grad f = o for all functions

Il f
DxX7

⑮



In particular, our previous example :

= = (y , x , 0)

f = xy

2xf = y , Gyf = x ,

6z7=

Thus i = X%, and
curl=

by our general result.

-

Much more interesting and important is

that the reverse is
true :

If it is a rector field with curlE=o,

-then = grad f for some
8.

We'll see this laterr..
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A connection between div and curl :

i = (4
,
a
,
R)

curli = Xx

What is divcurl ?

· First
curli = Li I

= (Ry- E=, P -x , Qy
- 4y)

dir cur/m = 2x(4y- Qz) + by(Pz
- Py) +7(ax-Py)

- Ryx-Qxz + Pyz-Ryx
+ Qzx - Pay

= 0 !
Thus dircurl for any

nector field i

Basic principles of hydrodynamics.
There is

is velocity field. If divi =o , fluid
is incompressible.

Wecarli vorticity- w directed along column⑪


