
:Multivariable
Calculus Lecture 1

Vectors:

Whatis a rector? We can consider a vector as a

segment with an
arrow on

one end:

B
I
A

thearrow is to show whatis the origin, say point A,
and whatis the tip, say point B.

-

we can thus approximately
define a vector as

an object having length for magnitude) and direction.

->

Two vectors FB and cp are equal
-

if and onlyif the figure ABDC is a

parallelogram: B

At
"

D

This means that they
have equal lengths,

are parallel and have the same direction.

⑪



If: B

- In this case ABDC is
not a parallelogramA

D

-
C I

c↳

↳

and FB and IC are parallel.
to describe rectors (which have no spected location)

we may fixa pointof as the origin and

countall thevectors from this point.

A I
bold face "a

Not IR =a

vector notations: a,B, e, d...
I

to distinguish, e.g. a,3,/ .... any
->-> I ->

from scalars b C d
9
/ , a.--

, , , , . . .
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Some examples:

1) Position vector.

-> A

*I position vector of the point A
D Ivelative to 0).
o

2) Displacementvector Buynow much and in

which direction is

was shifted

3) Velocity Vector
-
V
a

~ofportmovingalong
a carne, itis

4) Force vector:

force applied to a body

⑭ E cig gravity
force

·
①
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If you have a vector, ithas magnitude and direction

-7

> magnitude is denoted 11 Il
-

11. It is the From
"

Depending on nature of thevector, magnitude is

measured in differentunits.
-

big if a is a position vector, ball is a length.

Thedirection of the rector is denoted by angle

between, say, the positive direction of

e x-axis and the vector, call it4
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Areoperations
1) Addition; a +5
-

F1: comp lete
to
-parallelogram ·
-
G

diagonal vector = +5 (by definition)

Det2:take and draw I starting
-

from tipof

third side of tringhe

I =a +5. E
Since Ex is half of t
- G

the definitions are equivalent.

However, they make
differentaspects of rector

addition conceptually clear.
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geof rector addition:

a) for two I
any / /

a=B =5 +a (commutative)

97: Obvious from parallelogram rule
-

since the construction of· theparallelogram does not

take into account the order

or and 5.

nothard to see
from triangle rule, but

obvious

from parallelogram rule.

b) For three vectors ,:

1 - 5 + - a +(5 +i)
at

If:triangle rule:
- -T

a=a +5 - bt L

= I·
These two properties allow to de sum ofarbitrary

number of vectors.

We may omitparenthases and add in arbitrary order. ⑯



straction:

Let: -E=: I is a vector such that It?=.

How to find t
Ifrom tip of

t to tip ofI
C
->

Y
--

Scalar Multiplication:KER -

· Kat is parallel to a
->

· Ikal= IK) Hall as a

a ka has thesame direction it is positive.

has opposite dejection if I is negative
->

⑨
->
2

->

I

↳
-

Zero vector: =A A no definite direction

Det:0 =I for any rector ⑪



metiesofScalar Multiplication

a) k(a +5) =ka +k5 (distributive)

b) (k, +kz) =Ka +k,

a) (kiKel =k, (k2)
=k,(k,a)

d) 0 =8

e) a -B =a+(-1)b

All are straightforward to prove.

⑧



In order to make some calculations, we

mustintroduce coordinate representation of

vectors.

->2-
A a =0A

3,i, x,y, are ordinatesof the point A.
X

we may
write =(x,,y,)

X, and y, are components of vector--

ErdBasis vectors

I =(,0),i=(0,1)

E
⑲



a =(x,y),B =(X-,y2), then

a +5 = (x,+x2, y, +y2) vector operahous

- = (X, -x2,3, -32)
t

in coordinates

ka = (kx,ky,)

-eAa =(x,y)

length defined by *
Pythagorian theorem

11 ll:=

We can similarly define all operations in

3-dimensional (any d-dimenional) space.

a =(a,,92,43)

ball:atas by the 3D Pymagoriah theorem

E jt
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- I =(1,0,0)
I I =(0,,0)picturesas E =(0,0,1)

L
X

a =(a,,a2,as) =a,i +a*is

every
vector SIP can

be represented as

linear combination ofthe standard basis vectors.

Example: a =(1,2,3) I =(3, -1,2)

a = +2 +s I =3- 5
+2

=> +3 =4 ++5i =(4,1,5)
->

= (2,4,6)2a

35 - 25 =13:1-2.3 3.2-2.f1), 3.3-2.2)
S

-1 - 3
/
8 ,5)

IIa'll
=2+2= #4+s =M4

115I1 =51 +22 =1+4
=N4

⑪



A
product:product of rector and vector

a=(a,,dz) B =(b,,bz) 122D

↑ (a,,ac,93) I =(b,,bc,b5)

Let: Pot product (inner product) is

a.: =a, b, +azbz in 2D

in 3D

mi
.:=5,6,

tagbeta
a) .5 =5. [Obvious from definition (

b)(D). =a +5.2 (writein coordinats
RHS and CAS(

c) (k). 5 =k (a.)

a) a.=Hal (from definitions)

e) i ==1
M

6-i=(
- - =IK. K
->-
& &

1.) =(1,0).(0,1) =1.0 +0.1 =0
2

⑫



Firstnontrivial theorem:geometrical meaning

rem: Suppose - R or RRY. Let & be
-

theangle between and b

" (0 - - π)
->

9

Then I.=Hal1 b1) cos(4)

Note;that the dot product of two noureero vectors

I and 5 is zero ifcos() =0 if 4=H1

e.g. the dot productis zero ifthe vectors are

perpendicular
34

Proof: Denote =-.

On one hand, by the Law of cosines
-

Be I*
=11+115-21alI1 cos(9)

⑨
on other hand:

2

II ll =1a-b1) =
(a-b).(a -b)

2
=1191)-b.a -a.b +Ilb/2
-lal+ 1131- 2a.b

B ⑬



-betweentwo reators

=Kall()b1cos &

a.b
-

↳>cosd =

in
bi

E> G =arccos( )
such a 4 is necessarily of 41 H.

=

=(1,2,3) B =(3, - 1,4)
->

2.3 =3 -2 +12
=13

11all -49e
1(b1)

a =26 - 0.681

119() (1511

4 =arccos (0.681)
=0.821 radians

=47.058
degrees:(*dians). 180 degrees

M



-
ants of a vector

a
a =(a,,ac)

-> it
a=. az =a.) ->

-
-↑

componentsgiven by dotproducts

we can also consider and is with1:1.

- ->

Compa = a - H (component of uni)

more generally, for any 5, then

-
-

A

Es i =1
115il

-

2

I =a=aComp

⑮



Projection of on direction of I

-

A

=
↑
orthogonal projection of endpointof

aon the

-

direction ofb

I =Projec
How to find a

formula?

11 CI =

Ia11cos4
I

Thus =El i where in
=all cosi

ButIllcos =I ll cost =a.

Mas

I =(a.)=a 5 =(B)5.

iii.
⑯



For example a =(1,2) 5 =(3,4)

E Proj, = 18 (3,4)
b 9 +16

= (3,4)
-I).

All formulas work in any
dimension.

⑪


