MAT 307, Multivariable Calculus with Linear Algebra, Fall 2024 Homework 8

(1) Let F(z,y,2) = (coszsiny,sinzcosy,1), and C is the line segment from (1,0,0) to
(0,0,3). Evaluate [, F - dr.
7(t) = (1 —t,0,3t), t € 0,1]

1 1
/ F(r)-dr= / (cos(1 —t)sin0,sin(1 —¢)cos0,1) - (—1,0,3)dt = / 3dt =3
Jc Jo 0

(2) If 7(t) = (acost,asint), t € [0,2x], and F(z,y) = (—y,z). Evaluate fcﬁ -dr.

2
74 F.dr= (—asint,acost) - (—asint,acost)dt = 2ma®.
c 0

(3) If 7(t) = (coswt,sint), t € [0,2], and F(z,y) = (x,y). Evaluate fcﬁ - drF.

- 2
?{ F-dr= / (cos7t,sin7t) - (—m sinwt, 7w cos wt)dt = 0.
C 0

(4) Compute [, r?dx — xydy + dz where C is the parabola z = 22, y = 0 from (—1,0,1) to
(1,0,1).
We parametrize the curve as follows (z,y,2) = (¢,0,t?) for —1 <t < 1. Then

1 3
t 1 4 2 2
2 2 2
Pde —aydy +dz = [ (4 20)dt = (4 +°)] =, -5 =7
/CJ' x — zydy + dz /1( ta)dt= (5 +1)| =5-3=3

(5) (M&T, # 7.2.6) Let 7(t) be a parametrization of a curve C.
e Suppose that F' is perpendicular to 7(t) at the point 7(t). Show [, F - di = 0.
Being perpendicular F(7(t)) - #(t) = 0 for each t. Then

fcﬁ.dfz /ﬁ(f(t)).ﬂ(t)dtz 0.

e Suppose that F is parallel to 7(t) at the point 7(¢) (e.g. F(7(t)) = A(t)7(t) for
some A(t) > 0). Show [, F-di = [ ||F|ds.
Noting that ||E(7(t))|| = A(£)||7 ()] since A(t) > 0, we have

§ Fear= [ Fw)-#wa = [ Aol oPa - /nF DIIF®lar = [ 1Fjas.

e Suppose L is the length of C and ||F|| < M. Prove ‘fcﬁ : df" < ML.

From the above we have

‘7{ F - dF /F DI ( )|dt’ <A[/r )||dt = ML.




(6) Let

F = -
and C be a parametrized curve defined, for ¢t € [0, 1], by
7(t) = (a cos(2knt), bsin(2k7rt)>,

where k is a positive integer and 0 < b < a.
e Note that in polar coordinates, tanf = %, so 6 = arctan % Show that

D F @ 0)./0),

and hence conclude that

/ —dt = fF-szler.

In fact, for any smooth closed curve C in R? that intersects itself finitely many times

and does not pass through the origin, the line integral i fC %ﬁﬁdy 1s always an

integer (known as the winding number of C' around the origin).

V arctan 2 = F'. By Chain Rule, @ = Varctan ¥ - (2/(t),y/(t)).

/ Lt = 6(1) ~ 6(0)

by Fundamental Theorem of Calculus, which is 2km.

e Using the above, evaluate the integral

/1 dt
o a2 cos?(2knt) + b2 sin®(2knt)’

Hint: In computing §, F-dF, write 2/ (t) in terms of y(t), and y'(t) in terms of x(t).

7{ dF:/ F(2/(t),y (t))dt = 0(1) — 0(0) = 2k
C O

" 2 ; 2
2]4:71':7{ * — kﬂay,@m dt,
+7/ T2+ 2 b a

l1a,2_ b 2 2 2
2 3 Q 2 .
— 2k:7r/ %dt_ 2k‘7r/ ab— 0% (ZkTt) s @hrt)
0 x4y o a?cos?(2kmt) + b2 sin® (2knt)

ﬁi

Hence
dt 1

1
/0 a2 cos?(2kmt) + b2 sin? (2kmt) T ab’




