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Affine Alg Sets  (Shat, T.25 Galbwann, (Gopc 1,2

b= £iefd . Intevected in g Subsds
R = A =L, sa.) | ok}
Fix finitdy mang pelys:
£, 4 eR)=klzy, 271

Di{:i P\\i subset of Ah is set of forw
X = %\(D:S(_‘F”_wy{r )T@ %o\l ‘F,’Ca)"‘O 4 l} g/Av\‘

Exo\y_mg\es
ald m weldric '\
(lB Hy\xw\’ Hm(w(&—x = { W L\:."T‘ie,s m{:} = /An 2 A; (x')l
Define:
Mo = 48| RAL TS,
-ﬂ(\e“ U diete of aQy (r‘-n)k(rﬂ) O}
M 15 g Mminow of (x)
® T HW ]\MPCV\)C_M

lgenenic! i
Ny
E)& C\/%\n) Cmstdcwm of wflds blogfh

SX _)‘T) V\>/N~

Urder what comds on m & 1 do we expect that ther migh exist xel7

st
M, TX =T I dox &2
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lAeau VQGQQ\(&WX) Can View T dfx QAs Mo

Af
X > Maw , x> db,

Ul
MM

naxm

Quuestion ic: do e expect  lmldf) to weat N

< C
Fé]dgz Adw H“XM = NM

<MW\
nxm =

So: 14 n—m+1 2> w, e it
2z 2m~1,

= Cn—wm 1)

dim M

then on dimensignel grounds can expect 3
P‘\'g wiewe &‘Q‘ &prs v,

i ove vawnoldle T

S0- P _
0 F,k———@:k > P(T) =T +C\T°( '+ te, < (c,, S),

Get Varioos inter. subsets of F - A oy (Wposing comds on pely,
Eq.
P(C) = b =gy W o e
(A——_Z; T +bT+c has doulle Voot e bl“'q‘C 20)
HW: D = wees of single paly m ¢, g

Ruk: 1€ £-T then B, = § P e0lp
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(\:9@& for ‘H\OU\QN: T (PQ,CC) - b) /:;P'”" BV‘COD 3

(3 X={xr1pr~1=0} < A" (%)

Now there (g dm& deFeV\dQV\Ce o R

"@;:@ vy For a)b,C@Z/ (%)%36 X(@) ) O\L‘FB =cl

4= R: X(R)= wni civele in R*

e=C. X(¢) v St-{zph}

diffen

We wort e focusivg ow This but there are desp connectione bd arith
PmPerJttcs { dioPlf\onfme qns & the geow\c'l*ra. of covrssp X Vtu‘l'etb‘

P_"@P_* A\% subsds Sc&is(y axioms Tor <losed Subsets of -(OP Spac, called
Zarichi topology o~ AN

PE Unioe: X = B (), Y=Z€m(%\’ XX = Zeroes( fig; )

IWterechonss  Say- Kx = Zcmetc&y)\ [et

€01 2 T = deat un by ol the $604 T,

Ry Hilb bosts the, T ie Og 10 T=(g, ,9,), g5¢€0Q
Then

m XN = ZC(D&s( 91) /9 )\ CCMC&J)
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Sim, given X S A" allg, ZFop an X 16 Subcpace top— closed sets arc
XKNF, FCA
Basis for open setr;

Xe = X-Af=0y

bmall 2 nbd of '

NE: OP@“ mod xe U S X "olmost determives X.-” No std [pca0
modeds for adg Var-

Produde: Hoave naturl (denti€ication ac Sets:
Nt

A AT = K
Z fop on A XA (s defined to be Z—Top on AT

So Z-tgy on M AA" not prod 1o,

closed st £ —loreq
' prodfop O Sk,

St
XCA, Y A" o

{
XY @ AT o (Bxend!)

Use 40 define Z‘*OP on X2 Y



Tdeac % Coocd Rings —

Assume hereeforth unless dheruise stated: %= &

Ld XS A be alysd 1deal of X is
T= 100 = {fe4Bl -0 am aexf
“Given jdea? T 40, defe
2(7) = Zwos(D) ={al fw=o, g feJ} A

Bre:  Z(1IW) =X,
Hourever: given J, it com hoppen Tha

T(zm) 27
Ex J=0GN ], ZQW =40y Tyo=()

In gar\e,rzﬁ: gNen let X= ZCU), Say- fMe d.
X <ift =0t —{f-03

So

{e TAX).
Recotd: VT = 361§ eT e} (32W)

Son Gwen idead \,

o < T(zn)
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T]W:M (Version of filbert Nulldellensatz): Assume %=

Then for ANg (deol T,

T(2@)) =7,

EGP) thee i |- Of‘det‘—»vevensins rvesp bet +
idees T st T=VT

A\Q. sulbsefs : . vadical idels
XA AN Sy

Rimk: b con be very dficult 4o defermine whefler given ideal
is ™dicod. E‘b— Cownsider

X=M" < Hum

nxwm

> X = 2(T),

J < RUxg] ideel gen by CeDX(1) minon,

Ak i T= Ix) e« IT=J3 7 (e, but non-trivieL!)

Will diccuss P( cf Nullstellevsadts [ C. Obsene: o L any fielob
then

ang. Motk 1dea i LLx] 05
L oy e > (x_o) Jor some acl

Thu ("Classical Nallstellensete”) Assune b-% Then any
Wmax (6el

Mchle =] b
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M= (xra, oo X ad) S ach
M= $fl €, pad) =0
Will prove (/€) shortly. Geont £ now.

Coo: Assame k=& let
T G R, -wxd be any non—triv ideal

Then Zeowes V) = P

(Ps. T < M= max idel)

M: Aggumz_ 'Ql’-'g_) let
X =2€T0€5C3) = Ah_
Let ’feh&% ) be pely d € vanides m X. Then

e T sone w,
T, =1
B (“Trik of Rabinowitz'). Pass 1o poly Ming In tna Mmore Var:
£l t] = Ry, , 20 t]
Gwen T = (ay, 3»«\) Congcider

TJ% = 74+ (&-1) = (3, )3r)-t{~1)\

10¢a ey, t).



Obcerve: ZC]'ﬁ) = qb\

(&M CO\J\))GA\"'A] i Z(J#)‘ Then ae E(T) = X. Bt
§¢ Ty, 0 F(@) =0 = bf(a) =0 #1 #)

by (o, 1€ Z(Y, e 3 H(x0 st
W -1) + 8y (3t g G+ =+ hiatonx) =1
P(da w t=Y%:
f (=) %) o )+ - holx F) 90 = 4
Multiply thot by lame power & § to clean denous:
GG+ * NG g (=) = F%

. T¢3J fo w»ol T

Pl o ClacsiaQ Nulld. wfon @= € Fix max ide<f

McR=Chy, ,x], s L=HM/R a fick,
- Gongider cowmpos
s Q] C 06k, 5 ]=R — RN = L

“Main_claim: ®er (1) £ (o),

Then ker T gen by ived pofy She Ctx\]/hmn C L, so
Ra ()= (=~a,) SOk &€ C, = x‘—qléms



_9_

Sik xi—a €1 a [, done

P ol Main Coine Suppose to Contramy- 1 imjedive. Then
GOr) C— L

On other hand, the movomidls in Clxy, .20 gen L as g ye (C

~e-
oM C L & coantable

Co %d covtr fow  obeervetiom

CGx)) s net gen by countallly
Wahy, elts as o vs. (C

( B0 the §us Sb?l_a }O\QQ ave Kwn indey ((E.‘> w

Coord ngs

Given X < #\n) let T =Tx. Defin
L0 = klz, .xd/T,

This i« ©ord Ci%o@ K: elts are Pol# fyg £1X— 8, B}’ conste
LX) ic reduced (mo m’le‘evw’rs)\

Prop: Any fo £-0% R i RIXD for Sowe X< A

Pf. Choose gers uy, . ,meR  Define
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& Rlxy ] —> R . XY
Cur) by cdef. Let T = léox(‘fl?)?
X=z(T) e
T s mdical since R reduced, so T= 1y

Q Covelder

Cltd = rR=1fw| sy-5c0}
l_ff('c realize R os ooov&'ﬁ'wa, GCV]S |
=1, v (e

Relations amorg w ¥
Vi—u = R v =u(ur-1),

In fod

R 2 Clryl/ (¢=-r6e-0) = €D

X={ p-x@-nD=03 ca

| qs 7&

SN
—e \4\

There & wop & A—X k> (t=] £7-t) thet realize
X as g‘_\.kC)'\"lﬁV\4 Oc /A\T OK{"}QJ/‘ \C;~€V\+1"€a_l\,? \ ¢E _i‘

e
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Rwk. Hawe 1=l Conrecp:

o oQvoapc
rod e VAP acum
%aﬂgsu?ocetr > { rml’fﬁtfj@}“ < k=4 )3>

Y <X
phs xeX S Mmax 1deds mc bX)
‘T\ gew: aﬂisve\j ol e vTduced {Z%_
s 4.-003‘
W Vi
PJ(S — Mo 1decls

Gﬂ‘o‘\\r\eheliecﬂ-)r {dea. $ind "91%" G@j@d corvesp o af comm ing.

lereducibility »

Consider ofy S&t XA

Dglia X i veducble \Q
X = \{1 V\(z, Y, % %X poper oy Subsels,

K ieveducble § not reducible

Ex. X= 28y, yz2n) & A q
(oot ares) ~ vreducible ‘

Thw let XCTA be ally s Thea X can be wrillon a5 union
K< U~ VT of itved ol subeeks
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in such o way that there ave no inclusions AMmOv. e \Fiv
Deconp Unique up to ovden.

}CTO lows (as n the preof of umq\fc{adom&h in Z) Sron tuo
ads

Lemma L AI%L subscts of X safisfy the DCC: arg Chain
X=X, 2><\2 X, 2..
6f cla subsels stabilipe-

Lemma 20 Asstme X \nved, aved
x ;\fl\)\fz C-’p;‘) \ﬁ’dogﬂl\

Then
Tun 26 XC,_T\ o~ X C X

L
Foe detadss see Gathmonm, CO\QP'l 2 oc eka»(me\n‘olf\, (/5\1) &2,

/L\A&'\‘(iov\oQ Facks:

(1) UCSX ived = U inca.
| N
A\JO not unionn of Proper cloced <eds,

(2). A, X irved = X=X ired (See Shof, 42,1, Thn2)

3 X imed = even. non—empty Z-open U X [ dense
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@ Consider

PO\ = {Wlomc polys deg d /41}

Ul
S =dpolys ¥ < d~2 distinet roots }

Then S s ot irred : Tn fud
olys w- olys W. two
S = %fa-ﬁﬂd md‘} v {%03&\& \(Doh}

(Sg

Ex Mo & irved (HW)
Prop. X C A alg st Then
X fored € Ty & prine ides (e ®RIXT an ink. dowoun)
Pl. Suppose {g pobs <t eIy If £5¢ 1, the
X= (xa fe=0%) u(Xnig=01) Def. Affine
Vawrieky 1§ vred
SINIAS non- trivied decomp o-e X, Ccm\lc\rk ‘Fov Yyou I affine oﬂa et

&
HOT‘E\'\\SW\S ("Rﬂg\&:ﬂ‘ M&PP(V\gsll), [SM(; @12 3 j

Consider affine 0y sefs

m

XK CHN X CA.

/

A worphism £ X —Y s o Mepping given oy an m-tuple of

vey fus
= (f, 4D 5 5 erlXD,
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Ex. a: Mo —A , d(A) = derA,
(Vo genenl, §c kDX is sameos §: X —A*)

Similarly :
Aolg E Mv\)m - HV\XV\ / - (-Qetld'&lg

M e X Tt — Moae n(ABY=AB
UM SL(V\\——>SL@\)’ A— /Q:l
Ex s P — P, P(T)HCPCT))z.

EX- b /A} - Az/ (3-) ‘t) — (:r') 13‘)

=

Note that & mops the Lines (&cco\m) 4t Lines of fixed sloFQ*H\m 0
ln Pol”fiu&xg See:
(W(%) = AL"'{‘#—QK\"} U{o% ‘. D,_-st &”‘Vh"CIOSeA

NO(A) g@.‘\' notion of (QGNOT‘Phl\Sht

Dﬁ' Alg— Sets
X < A YA

are. 'lgomoghic € inverce Mofp‘r\isms
f:X =Y, X —X
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1

Ex X=-A, X=44.520] c&

b (tt) (xy) v x ‘

D)) N n m

X t M X

Vere opreraly, foc any & XY Jorn gy
e =i ge0) 3 = X%

T hex ~

la fiX— Y bcw\qu\iw of onc(aﬂg sdc Thew £
‘V\du(_ec “ez.—'a-% homer

R0 — 4D Xy
w v ks
¢ $o1 £

EZ\ ga& ’{ . /A‘ — AV\ I t— (%1 ({'))") %"‘({7). m"

£ 4, xR0

(V5
o 91'(’0)\

Pop. Ay, £- oy Jronom b by) —> bX] i of form h= £ fo
come £ XY
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Pl 16 ¥ S A then RITI oprented by images

\Ki) AL € &EYJ
0 o fns m A S

(=D e AR

Then 4 s f= G, ,5): XHT C’;Avu‘

Cor. X=X e LIxI2 0] 0s f-atp
Def- f :X—Y s dominsd € OO is demse m X,

Prop: f:x = dowinadt = £ :k1¥YI — &IXD Injechive.
\h QCVh

x\ _ (ided & Zariski etosm)
her (1) (o{ (moge TS X
Exerc (4=1). Concider
(X —Y ) &x:‘«[\fj — k[X]
Goen zeX) Vet w00 be wox idecl of x The
(7" (wy) is wox idest w kL¥)

ad
({k )—‘@x}\ = W, S £0x]



~ 17~

Covn?\ome,r\)@ of Hypersurfacss .
- Concider O ferTA)=0lo,, 2.7 Want o rcaﬂ}%c

A'-Sc=03% a affine Vo

A <A 2 2 =&gfffm~i=»oi'

P | &

A2 A-{(=0}

Zs irred (check!) and

&[23‘ _J?‘—-ﬁtﬁvlf = {QECU > Fw, % ]\
We idenh(, A-{fs0y < Z
Ex M-S0¥ =%xy=17 \

<

Ex Gl =% AcNalaeA=0F |t i
an C’KMPIQ- cf;

g

A]

M Affine alg group K affve var & that s o0 a grevp
n sucd, a Wway Tt

s GG > &, G G0 e uorphises o Var

Var‘mvﬂ{'r Difto for X (frecl/ 0O =x fe é,DQ:



RCCLQ'(Se T

Xe= K-6=0F < XA

3 )
A% = BLx],

Rodionod Fre. (Shaf, T2.2;

K = inea [ h=%.
Def - )A\ ractional fin on X s el 0:()

20X — fiedd of €rachiog

of wOx]
S
Tek( i reprsedal o $=Fh for sone f9ckD)
Morcover
S_FL = {5 & f‘caa_-‘:: {291 wm FEXJ,
9\ 92

Else P indetetmmale at x,

T e !EMQM‘ at & Pow\'\ xe X i( can write ?=%-£ , 9(x) D0,

&

Warni%- AU typically not a UFD so expressim $= 75 a
&io of g fus Usually nat Unigos

Ral fns that arc
g R axeX

Q K:{Kg—- zo;o}QN ore 4Tx),,

£0xy,2u)
tlr) = Gy ~ 2a)

Co Xy = 28 m bIX], se %" B.J; e b(¥ Rﬁgt&o\v‘ off ==y=~o,
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Ex 9% o K

lhdeiemi nae on Y -ax k.

Rmbs P is const on the Lines & = apsh
Or\ g__ ax's DL=O) CP becowes I\V'lﬁnﬂﬂ.
\Uo&fhg o €, can extend @ Yo
A =508 —>P's oo}
HONCU'C" P deec not extend o covitin Wap A}——\v‘ lFi.

Rk Rad fu ~ wew fn i complex gemw.

E@]& let X ke affine var, ond @y Te (X) i rat fn Thet
ic regufar at cveny. pt. Then

9 ¢ bLX],
E‘E. Giw\ey\ :I.éx) can UMte

®= %’j f.,q. €] =0

Lt T <KD be ideol gen oy o tie o (e X). They

Zewes(T) = ¢, (Govon xe X, 3,&)40)

Co 1—"-\21\&3) csp 1le T S 3 Xy yxee k) ad «"é‘zD(j

et
Z‘G\L Iy = 1 ((|Pd\"+l1'10\f\ of (AY\l.t}'.”)
Noy %x‘ ¢ j‘(:"i/ e



b = (j:@\(%x\)c‘, = Ze\;ﬂ'_ ¢ k[XJ OFER

Di. lel K = 1rred affine vor, U S X open <4, A regulor o on U
15 %~ valved fn

§:U—h
that i< given by a vadiomod £ e X whidh 15 tegullar at evens. pt f WU,

Ti\evdorc ok notion of worphisw

Wenee afss isome (§Ud\ U %V ae hﬂuasuaﬁ(ihe" varietheg )

Ruwb: I goreed, we ull always define reg fs as rodionad. fig
Thad a e\mata_w)f\cn rego_Q:m This hoas two Cousegmences;

CQB\ Df COY\{“‘) V‘GSU._QNP {V\S (»).L@ Q((IJQYS f’)dev:l Yo Vahd\’ls:Q ﬁg o
C(osu.vc:. C(Q "o es<entic0 g”"‘DS n OQ& Q)ed\u.’l)

(L)\ We, waill e\remJRJq\\y debine "q‘uasupm') va; open skbsels
of proyvorz Will gve o closs of Vals Wher e have o
Azl corcrete rotion f vodionsq fns,

Exic—\ S%‘ U= ’An"g =0}, TL\CV\ the t‘egu.Qow fns v U in

cense of this defn are equ(a

!f\ S %[x'l, )7‘“)% ]\

This Justi§ies our conctr f U a affive Var,
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Rodiancd Mappings & Bzt lsomarphisne

Consider jrred offine vayieties
KSA , Y om

Def: A rational VWappivg,
4 Xy

i< o nM&PPn%_‘! %N*ev\ by rationeld s

catisfying. de(mm&
457-(4’1; n)‘l’w)) &, € R(X) (eavxs )~

‘E_)ﬁ o A - AL C%«aaSHCrJ )

NG\'&: G:(\m/\ Cb: X“’? \f) P=| V\OY\'-(.WP‘\‘U (—e-b.wce dengzj DPGV\ Subﬁds
VC,X) Ve $ teeiticks 40 a rwa‘\ehisv\

Convercely, wotphisn (0 ¢ (by defn) reghr s( il map.

le.

Rek. MOPpPirg wovph defined on
4K sy &> dense Open seh

Del. 4: X --=Y ¢ brediono? isowm if ¥ has a rohiomel inverse
(Sa'é XX awe ﬂ)\m\'lO\w\l\y equ\\l-j

Ex. ¢: A" -—>A2 (e, )= (=, Wa) (s bivad aute @ (verze
YA — A W) (U ut)
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Ex Lt C=Sxp=1t= A
Then (o1 =p

4
C A =

Ho-w-. f\x FE P = (o) € C, Consider line. \/

K’{ thru P 1t SlOpq, t. ‘l"k meets <
& ove odditiomad pt (=, 9(O), ﬁqp

\ .
A —-> C,) £t +— (‘xé{l) glt)) s bzt (son

Com pu@vod SN
ﬂ"’c , Cg.-—i)ﬁ tx, e %—‘—tﬁc.-l—i

Aqu ~ 4 (fx-l—\))_:l
x* 4 Aot =
(447 %+ 2tx =0

— 2t A—t*
- T2t Y= - !
<{t) l+t> 7 3t |+e2 t &;
O  —— S {x?'—r +x;‘+, = ]}
Rkt For 4232 covsider Lyt

AN
C = g x&—\_—%ak: l} < AZ

These ae o® bl%&imaﬂy distincd,
(For sw pY®) canves /C bvat son &= bV l?sc».,.)

‘ olic Q.
Ex.  Cowsider P&={W‘°V”‘;LP°IBS d%*} =>4 :{ ﬁ&g&\z b
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Then ) N
A Nb\ﬂd Pot~2 x A ("— A

|dea. Covside
o U= {P@\N p(T) w. exadl d-l distind roots ¢

Then p(ME U is of form  pl0=(T=a) p_ (T

/tgowe, poly
So A s (oprencall) paramelrigd by day d-2.

ac A 2 Py,
Vowbd: X is ratimed if X ~n A
Acke bt is olg meaning of vak qus?
Consider: OKOIMW\O\W* rat r/\wq: ct:)(vvé\rj
T-i'» & Corresps to Aowant vmerpl'\{sx“ dU—V

Then qd
’Qic\f) N “&CX) \he uclms(gﬁ extesion
<{:* <f cowst AR

$($)=
CB‘!\\*@R{K)& (mc(qsim

() £(X) Yot is idedtt o £
\s

$ for sore &K (el
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Hewce .

The X7 = £0K) = k0y) oz extensions of

\NO\Y‘T\]‘V_\%*. \¢ Kj—>‘f net dominant, dewt get ¢ h(r)csk(x)
(b wight be coutdived (n locus of wddet of ak Fw)
E._K; ( Cremnona camup) )
Crinl =, Adg (Cx,, )
= B AR (A(D)

ax 4b
n=1  Ax(Ce) =PaL(2): > Sog

n>2: Lar?&e, and ey Cubitle graupe

n=2: PGLICSGCGr(R) W

axthytc o(hu-eyhf
i JZ—€C : (x)ﬂ)l_)(%*th +A / \d ‘
o h i Y 9 ’1‘%(9_).4

Ce(2) also covtoms tnvol (1«) U) — Cgl’:) é: )
Noether: Thee gererale

N23: [Tuck wore cowplicated

Rub: For “wost’ o0y e X, Auty (x) = {id }
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Projective \borjeties—

Want 1o covvq:adiﬁz\

Przir Space

Let
+
V=R" (wt)- dim s,

Def 1: P = (Ph(k) ={'l*a!in Sl&xpacesﬁa V}

Pl described by homg wods:

" {(QO/")O\Y)) \ nat o] “izo}
Det 2, P =

-____< ~7
(GD) )aV\)N(b-a) ;q’n) lf /@l‘ziq{) Ay

Udl’ei [0\2>I~~»)O*V\3\

CO\rCfU‘{\ \97 of€ine Spaws -

ga\é = la,, , ond 8+ Then

J

a L A A
o= {;‘f ) )a\f) 4 CT\]/ dios “"/Gg, ’ “%; undmbiauous‘a def.

SC\ F“QU;':‘%C“Q:-)G\A]\ a"#o%
® lllxl x

a -
Rg(?x;—o’ ’q}xf""a}fl) ’2?
Meaning of ()¢ © ol subeeds of B 900 go over to aly suliek of A"
2 U ‘,:&Qbelsmu(o-% va?
o Over ¢ o\=s wil® str o P"
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Ex P =Avio}

B o & o hyperplone ot & :
Stost w.
A= U=1{0x, =1} <p*
-, = 1lx, .x3}=p""

P Ao P
e o< Fovawdﬁzmg 2 Jdvedions w A

these {wo lines waee] af A d »

Py Alg. Sefs (Gathmann (R 6,2; S @T2,T4)

Nek: f fe blx,, -1 ond l:afleIP“J neithe? the valve ]t(q)) o even
We Vanishing. (s w2 - definedk

Howere, say F € kTx, Lx] & homogeneous of dey o Thew
F(aa) = 2* F(al,
o 1F =0Y% wete- defined subsel of P

Dﬁi R’DS o.Qj set is gc«:vb~(ocus of collection c<f W% POC}j-.q

\hese ae closed stdosets zf Zar“gki ‘|'Opo\o%q.-



gmé P“:F\/) i\ = w1, 6
WSV (8 slsp, then
Pw < PV is liveor g&space,
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L

D&ou%@izd lon= Supposz

K= Z@E® RIS F
Set

XV\ :
{jc\:('l)%) ) K\ =F@)x\> %) 1<=X1/Kf,-

Thew |
XnUp = fﬁ\: =€\*0} C U=A

‘(. X(\\)o 13 QG(MQO-QQ__Sub@' of A“_ lV\. O{"/@/‘ oTdg

Zarihi 'topo]ﬁ-a. on (Aof-'f'\“ (or Uif‘(t.xi%a?’) s
SlnpoSPa(é '['Opalbﬂur\ ’for Z—tOP dn _IPV:

Corn XCP" oy & YAV QUi =A" -§ G e £30 .,
_E/)S' Consider LPl W (Oods X)Y)'Z\ We. Q{\Ql\‘@ the Conic

c=§Y2-%= o} by restriding to the 2 aff opeur,

té_:D (;] Cnuxi %E‘I

\,

(2 ONUy:  z=x2 #
z2e \L

2~0 une meeke ine & D x=p
4 2 p

X<0




nggmzqhanr Corsider affine ofg set
Xy & A = Uy

Ack: Hou do wse fnd Zarichi closure
X=% < P

of Xo v P'? (% X, & swallest pD) alg set st X, O U= Xo)
Gwer =Gy, Lz of dey 4 homegenization of £ ic
L
szb'f‘(l&u )Z;_:')

(e bonog @ 1+ = +gkrg? o B4E +TXZ4TY)

PVDP/ Exer. Zariski closwe Z - P“ s the p®) oYy cet defined, b,ﬂ\e
fhowmamenizations o€ < polys

1 eTy Sbim, 2

\(Kbm'm%\ Not in gere2l enoygl o L"U"ME‘ Gews of T,

fé)_\ Cowsider )%
K ={ (e | teb b < A /
I gen vy

g_——jg,l:OJ 2—x3= O,

HOMD%ZN%C these s

Zerss C 17y = %, w9t wWax=0¢
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Ex. Corsider
) n
C{’n : Pl 7P , [$,T] — [$S7'T, ., ST + ]

Wil show &y -1 and G, = " (%) CF oy,

“‘Note. C,, € Uy Uy,

Show  C. AU, & U,=A" oG

CF;'(M,,) =P nfst0} = lf\i w off et t, Alsp,
Coale > Lty ) [ teA) o,
Siv, CnUp a0y S C,SP" ol

Rk: Whal ave actually o the howay. polys definng G, , p" 2 Checks
_ ) [ Xe X, XVh-\:]
CV\ _{ r& X\ xl Xh é '
< le G B defined by (vz‘) hbm'% Polyc of day 2 these gererate
howmig (deed of G

\deals. Write
S =%[Xo %]

S=@s,, sfﬁ?é“iﬁ;i’“} (NB: oin§ = (w:d))

Leil\l\m.a lt TS (e (decl. TFAE (and define h()lkog 1deal )
(@ T qen by howmss polys
W T,=, IT05 =T,

(el T = @:L_d (s vs)
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" Giver honag. idw TS, get
Z(T) <SP pyady
“Converzely, if X S P" is py o 5, define howog ide<0 «f X
Ty=1I = ® TK),,
T0o, = § o oo a4

Vani Shinta o K

Cones % Houo%\ Nellstellevisatz —

By constc Lo natural wap
7t; N'\“\,SO'} — IP“ ) (00) ~~;ﬂv3 s I:QO) - )qh]

Goeen XS P° o) defive

CR) = w'(X)9(03 : affire tore o= X

H X=2C) $oc T S, then _//O

CX) = Zpw(T), whee T oS =hIR"]

S(N) IC()Q = -1)( \ewed os \ClCd-Q/ n "&—Ehﬁ]]\

Now Say J << k t'\Orvcxa_ idec %

X=2({ <P
Gn\enl
X =¢ & ((r)=§{03C A"
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N(-Tl——? (‘.\Co) “th)n CJ sow M>o
ullst,

Homos, Nollste@Z, T Acsume b4

Zones o (J) = & € (o, %) CT A M0
& ﬁ — C%; ;1»\\ <°V CF-:g)

E_)_(: Conaiden
-\Tz (Kja ) V2 XV\“> } ﬂ\lg m CMP})" m‘-“gt‘

Then
(Kay LX) ST € 5334 -

Nocauloy: Pifte foc aw T, - F, st Zeees(R, 8 )= @

Thm. Ascume “@;%\ Corside:

K € P nen-enply aly o
T € S=bk[%, , X deR si Gy, -y $ {J.

Then
K = Geroesy,. (TW)

T (zenes ) =T

\2{ AFF]U‘ classicaQ Nullst. 4o C(X),



Linear Auwtes of P .

P&L (a1 ::Qq GL(n1) [ (sslor mxs)  ade on P
gLl = Cgnl.
(Ruk: twins owt that Pal = Ac(p))
* (an vse these audes fo Mok judicious choices of wodds,

Exerc: (oveider wA2 pte

P, - oFwm € P (n “linear gen position’
(vo ntl o hyperplmneb

Then 3! o€ PGL(mt) <ot

r(ey= lg ,1, o] 041<n
ti& Spo-l
c(f) = CL-J

EXQ%]Q (PTD) Covas)

. , " .
F(.l M>n, and |n P consider dicjoint [inear Spaces

M—n=1

P= PM , L = i 0{ dims v, m—n-14,
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(/A\Hef chqvge of Coocds Con Ossume. P= { = = Fw= 0?
9 Yo, X, Coorks ow P) ’

m-v-4

L=PF

Given g st X C P can Covsiden \

Uniow of 4@ pls g ow
CL(X\ "‘ {ﬁm rwrg xeX w ot acl, }

kll\ cwods og a@av; if O
- X L=F"
X— ZF“ (. -~ FKOQ’) ’X"‘)‘“)/ ’

Then

C) = Zpr (o F(X,, Xa) o )

Qoogi— Peo) Vars —

- Want o €n'ar%z_ (one loct time, {o0 now) clags of P ve congiden.

D A quasi-projective Variety I a Zar-open Subsel of @ proj aly cet.
Clocally closed " sulbset of prof Space)

Ex. Afline var X CA" :

x= (Xau,) U, ¢

lsgue‘*“ What are vat or veg frs tw GPV? Tlm”. should be restens of ral fns
on -

Def. At faon B is

P = Fké(/ Where F, @ homos pelys s
<ame dﬂgrca..
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o € &(a\ﬁt—o/ e,
P(0) € R 0e@ defined.

(Ha‘rﬁ F'/G, =% /G, © R G = &%, butsine S=klx, \V,X,J o UFD
Con SuppoR- V/& in (ovest Jtefws)

Def. ldd X CP" b o Loclly closed st Areglarfu e K55 o £
¢ X — 4
W property thd for eveny xeX J howog pols
P @ € Bl %, ~x) d caweda,

A, &) %0 ¢t
‘CPCy)z g‘é:_—i M bl f x.

>4

£0c) = rirg of & sad

E_X: E’*EP“I: k- Oﬁl(\.} glcfal reg fins ave constant,
‘]_Di' Fe RLP) i« g2%® PR and Zoec (@) = .

EX?PC: FO(‘ X Q Avx 0£€W\€. O.Qﬂ Ed) recover PreVlOuf V\oh‘ov‘ Of reg €Y\.

Pequ\QM Happiﬂ:}s"’ (ovrside~  QPVE

X< P YTP

A‘z@: How shoudd we defme o v\wrPMsm . X — 7
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Cont rtquire: £ = (], &) whe £ orc reg fis Suce oftan XD = b,

Rigb\t appoac i to ack that § %e Lo cally quen by ey fur,

Defs Given X ¢ X CP" Locdy cloret,

-S:: x—> \{
o Mov‘])hisu € fallo wivg. ks

‘F_Ol‘ Sy p S x) 3 a(‘\(m‘g_, Ol/\qv‘\' D‘€ Ph‘\
R =\ 9 ¢=56)eP"
and, N2 X 2U3x <t

fwlcy,

Olv‘& { 8\\:@’\ o U by M“‘tdpl?- 0( V€8 ‘Fm% g‘ (Eb -~>Fw1-

/ /\ VI_:/A‘M C Ph\
@ ;}:C@m ){W)

\/

X

¥ il spd\
/
lV\'CD(‘WLauy: £ Rocull, gren m howag coorels &y (-le. 4, 4T

Ched: Cond, ndep o choe ¢ affie chart \f; < P*



Ex. Consider the covic
C=Yz_x=0} CP
W

P= [0)1)03

(ock & " projectionfrom P’

n: C —— {TZO}ZIFI

W w
Covgd — [%2)]
aCP) = T4,0)

gaw: T 1 e\rera.wkem V‘eg.(«.Qu\r (m fact, an isonf)

Co\per \P\ (l) COOF&S x;Z) b) \/X) \{‘Z

o (\/ZB = C—1[0101} 7{'(\/&\ = C~{C0)0)"J}
given by =2
N/ \ /o ek
L = A sz A . cond ;

Nate: CF%=2/7<">% as R {a n G,

and tiis is vegudar ot Cobo] - and
é‘a(\:o,l,oM: 0 i« [1,0)

Hore wsefud chaackerization o( Noqﬂ\isms of QP



Prop. X= QP
f: X— P

a fundion. Then 3 a morphisw € Ype X, I nbd UG of p
on wiids

im=Llrw  Re@] ®
° T howog polys of Sawe degree 4d
« T oot smullaneowsly zen & any pomt of UR)
NB (%, %] o Lee, G.] gve wue worphien if
G —Fg =0 oK
Pf. Exezice! (Or w0 Shof, p.48)
Fr C= {Y2-K =0l S P & obore

rc:C%FP'
T=Cx2) = [%x]
ond evere P{ of C - etler Xow B F0 o YooK 20

Veronese Embedding -

Qfortin@ L EPVL, fix 4 and <t

N = NC‘Y\)&)-_- (n;—&)“ Dh {J\%Jm?&[yj;{ j—
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- Let
B eklé ]

be a2 wonomiads of deg d (IV\SOMC odor).

* Define.
n N
Uy = Uy ' @ — u)
w \Y,
IR, 5G]
Exs: =t
t A
P —F
v v
IER AT A -t A
M= 2., d=2

P—F
v )
x5 2] CX3xY Y2 Vg 25 x2]

Rk Up to Linear change of coordls 6w ‘}arad) could work © any basts
O( g&.

Thm\ Un, &L IS isom 0‘? [Fh W sulbvar \(,3),\ < lPN',

" =2 , N
4y, o T ey ) < F

N

cellod “d-fulr \feronese variefy" m P



Shedch o P§ of Thm: T do coce N=d~2. Gen cose anly.

Y\o’(o&'\O\r\o\\y Move owplicated.

Corsider
w T >\ =iuwla) S P°
A\
0o, 2) X% XY Y5 N2, 2% XZ]
ETm, le) TO»O7T011,T002)Tl01]
Need 16 shon.
LW, V<P als  culbe
() w is |-l

(4%)‘ ' a w\O\‘P)/\iSh\

Reca®: enough to work locally o (1) £03),

Ndee V €& (Too#0) Y (Top#o) U (T_+0)
\|

Il LR Ny
W 200 wo 2 WOa >
105
IS

Consider VN W, o faaw

Sy, )= 12040} = 92 205 = Uy 22 A,
COar&'x.’-’lz(‘)ly-'é
Oh u;) W ogwen b){
PR R

\J
(%) — (X% xy 43 4, %)
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This is the grapl. of e $n oy = G Xy, ) so clearly
i (W) SAS alg, awd W AT — e an 1S,

((\n fad on ' N Wops, Bvere & i

€, NN Wgp, — P>

q’ = ETOOL T\Ol} —rouj = EE); 22() EYJ‘CKJY,ZJ\

Globa Equs of \,, & —
\ is el out by the qru,acﬂt’ics

Tiai\iz' \jvil-)’-— ‘TJQJ\L-‘ T“‘o“‘“"- )
Where

-(,o“l‘jo ;x.‘\" W, -(:\‘T'J\ = \,Ql-\-h\) l;_sz= LL‘H“Z

- HDN(Z") )

2d =

(Slw\ for \

'C(@m‘l\a_ theie QUadincs Van ow \/. EM{Z: ﬂ'\ea vanish ﬂlg O \/

Special Deser of V00 Lok
("2~ (('M-\\ x (nh)
HDN =P =t Syman v ces

‘ %00 Xon Xon \
S i
coord A K

X



Then:

4

SR <l -
Vz)n { I \ A } Crere]

Hyrerplane Sectinns of \eronese:
B I

Def: Say K P ic an irved Py Variely Not (vdorived
in any Linear Space. Hyperp(amz Cection wf X is inleredir,
of X7 ol byperplane (Dypst of degy)

Now concider Veronese embedding,

W)
a: P*——>V, CP

v o

o) [~ 56y ] [, § a® wovonik

of deg 4

H%Pa‘plaﬂt R< PN i« et oud by L-linear Comb of coods tn [P"
So
\k_L(H) = {Z ’A.“F_“ (x) = O}

. '
/QThi; 1s nyps( of deg 4
and AL Ippsks of deg 4

ove ot this o,

n N
Under igon i 7 — Va,»\g‘ lF) Yy perplave
sectims of \gn are
idertified o \psts of deg & m P
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l&;: \leronese tuns hyperplanes in big proyy space into hypercurfaces
n smallor P space.

lntrinsic Meanivg of Verovee (vion Lin alg).

\(f- G+1) dum vectw Spoe:

4, T
S™ > A ey pred «f \[. Elt of SV is howeg pol,?
of dgd w vedaz ve\ ie

<P¢Sd\[ ic linear~ conb o{ Q kPSSt s v, 'V'& (er V)
Trcide  SAY dhave
\'N] ‘:.EL VAI l e V j‘ (l"i pUc powser of S‘n,ﬁzg \rtcfv-}

Than N "
P(w) & e vor < P sty

Mottitude of Py Emoeddings— Verphese illucintes %cvﬂa_Q fact s

Givew pod \av X, thee typically exve] Mauyg G
Prejed e ewmbedRing™

XC"[FN (fr Varions N)

(EKO\W\pk: CUNSS.) \vﬂeu:ding o st(Ao(& these “intervalin ”
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Existence of Af6re Nbds:

Pop. Ko GPN zeX o Ft Thee 2 has a (Zarshl) nd '\ CX thal ic
isom to an affine oy cets

So- for Loca questios @ reste o offive Vo

B‘ QU L=x. cloced
x € X ; ?m‘

hen =e Uiz/A“ For some 4, So can quppoe

&oc. A&

ze X S A,

Now wWw<Sider

—

X = closure af X Qf\Pt
RﬁPhciv‘& X %8, sutalle Nbd con dssunes

fo) Pey\ C,‘Ofe'la

- h
xe X . X CA,
c

Lﬁ — ~—
Z=(X-X)& X
/Kdocd
Tobhe
febK), $e Iz, ¥w+n
Then
x e K — Zeres(f) C X
\_/\/\_’_\)
affme.

Raionc® Fns o QPN . Gvcider
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K C P ited) Lo fosad
Mme:
S(K) ={§ | P& homap-sane dag § [V
where

ﬂ/@] v PZ/QZ, \Q PleE P;_Q\ O x*

When X offing agrees with old notion. Also noke: ¥ U S X open,
then  &(0) =& OX),

Def: X< Py YSF  OP¢ Ral map
TR->Y g PR=Red, . m@]

E‘ Q\c)u\&a Sawme Aﬁjmz) ot ) \/ani:hma o K. Geives VIo’(io\«QQ
bvzd isow.

Ex %P -——>P  [y2)—XY)

IEO) 7 =
Ths ¢ projection & P=RG10 oo 222 o=

/ 2=0
Ex % ' -— P  Ixy2)—(¥zXx2 xY]
Thie [s birat ison w0 poits of indelermivegye at the three avord vertics,

Exerc: g*ud\é geomzhb.oe .




Cov\\linoc goqr%K that K.

" Blows up The three poiits o indderuimgo and waps they
1o the three coodl ,@m&) and blore down the Yhree cosel
Rines Yo coord P{'S‘")

As beforen X2 Y & £(X) 2 R(Y),



Products —

Question: fow can we rcalige. P x P™ as proj vaw?
NB: P'cayx PH(C) 2 P (@) (Bt wos aiffecnt!]
Anster s Yo uses

Segre opping. —
Define

“ W W+ Nt
c.. P xP — P

nm

(oo, ,anlx Cby, . bond L., aib;.. ]

. . N4+
Prbgz \U\mge of Ohm & PR aQ% subect c-{ prTm , ovd
Cw & Florte it Woge.

D_cﬁ \we (O”n),“) s Segre Valticky S, (Jtcup\ notation], and we.
we e ¢a~thaoretic ido/\’ﬁﬁcdn‘ov\

(Y Nt At
"2 P" — Sin & P

Weld <cee over the next fow wminudes tha this i the ' NgR * Wor 1
ralie P x P as oo poy v (Bx: P'Ce) xPNe) X ’Ug,h(d:))

EL n=m=1:

E1 XP' —_— }Pz v ["‘oJ"J"{bO,bJH [O\ubo;ao‘bh leo; Q1b13
x {1 2 U
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nage is quadiic (Xxw=YZ =0)

Nae thd PxS6t Saix P wup fo Qv 0 P*

(wa% Nt

Neke:

=P ( (") x (wen) st)
SV\)]’*l = {NXS 0{ r& j}

(ﬂojﬁx bos & ¢l ©  of forw (:)"@" (b bu) = ("**'b} ) )

\ML\H_ 1N Sy\)v\ U/\Q ”(,OV‘VCA‘O clefn d-e PBXFN?

(X). (oncider the. affve Chatts

A=y cP, ANV <P"

/

Waira: Under the Segre, ewoafivg, WX \j mgeto @ capy of A

(la 92;5& embe&&w&- Cowpatbe  w Pmo\ drncture ow affme W)
PE. Sy i=)=0.



Uko= % (hxy, =) ?(J \/a= ‘ED) ¢ - )‘;jwj}

ri X Xy *n
o (Upx 1)) = T Th " ok A Al
LY Xn XY, ZaY (9rper of )
Movcmd)

o (Uox\lp) = gn,». N (TOO#@)

(_I)‘ (Fﬁmctoﬁo& Vl&APJ‘\ GNBV\ any apV 'B avd  Morphicas

lkLT — P" / U;:T H[P‘;
ge\
Uiy - T Hgvvw Co“\ﬁk"b‘e W :c***‘“\eofdl'q idevii(
£ S=P P,
P Sy
W= (R, ., 5667
@) = Ceolr), | Gulo]
Tole

u[)_(t] = E i F\[ (t)&J(t) s—\,B

Rk ) P"x ™ — P i

00 Zon
\_’_) l: ?‘;"» 2 T = s .
KZ\,@ ZM:& = ] ( EEJDJ 2.] mS )\
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GNen  GPVE

X <Py, Ycp

V"GUJL%C, XxX a QP Vi

Xx\{ c . ‘Phx Ph C__. menm\

(Exe«\c: Xr Lowoly close w P

Intrinsic TMeaning of Segre

PO x PAW) — P(Vow)

Cix W) = [vou]

(Recal® tha VW is afl Lin cowks L \Viow,
collection £ oA puve fenceg. )

ANy subcete of P x P

gﬁ% E‘OMO% coods Ow

P" are Kes -~ X
PM " To) /‘[W‘

By defn, closed subsets of P x ™ Ahen cud oud

Nt Nt )

o The Sege vor s the

by polxs of forwm

F( N KL\B o~ )} F “6\0“/\0%\.

Thee axc \’\owo% of Sawue dag tn Xs £ Y% Bu
that one con work “infervally” i PxPY,

(ncowrenient, (hrns om



——L'.%.a

D_d. Palu. F(x)\f) s bihomogevm»s Q€ bfdeq'rcz (d)e.) if 0\01/\08 eof e(qacl
[\ X% Q\ONO% of 6\% e \fls) 1€

F(ax, ) = Xt FOoY) b,

Bx % WAXKE LY bihon bide (23,
Tt follows 4 &) that € F bihowsg, then [ = 0% ue® defined in P x Pt

PYDEI Z < PP Zorigkiwcloed Wit is zeo locs of collechon of bﬂ'\awa P’I’CF°

Nariert ~ |
X S P RN
Then X & Zariski-closed €2 X wdt 0wt by polys
LX) € ®Dx, L Xt 4]
homog in X, ard n Jc'l,
E)& \iew H)i as s¢t of Rives thru 0 in A Conside

RxpP 2 X= g(p,tl,‘ﬂ\. pe L}

Sa.—a,,

X, ¢ : oo@As on A

st ' P
Ean A4 Ko

dek \z _gr"\ -—/—O/
e

xT —%S =0




— So —

Have iNCsz\iwg wotp

/uix«ﬁ/f\?' T —>

T K — F
Sacx

fk(ﬂlﬂ = Line m A*

Compleiencgs of B"

0 b
Bxerc: Lel X be a rcasonble dop Space (25 o welic space). Then:

X iS (owpad

)

\dT) the projecdtion pro: XrxT —T jsa cloged mappiry
(ie prZCc(oc@l ) s clos )

This turee oul to be pight analogue of Conpaclness in o geou,
Def: A @PV X is copplete if following holds:

Yor any &PV T) e ‘Pm‘)ed{a«
P! X)T ﬁT

s clod, 1e N Z-cloed ZCXxT, p(Q)CST
& 2-cloed

—_-_



— 0| —

Now-Ex. A ic not complete.

Reason: take Z=9xt=13% C AXAl, \
TL\en

P (7) = A-50% \

Nnot closed in A

THH Let X be o oy ola set. Then K is complele.
i v 3 P

Cor L. Lt $:X Y be a moephisuy w. X progclive, Then
f(x) C Y i« Z-closed,
Pf. Corsider the grapk
=T < X*T
This is closed, and in(f) = pp (Te),

Coc 2. Assume X ivred (or onneded ) and Py, Then

%\D@ = "2) |2 O‘Y\(y- regulo fus on X ave const.

PL. Say feblx). \iew § as ie@m‘na,
L

B\a_ Gov, (X)) closed in ]P_1 Co:
§CK) = ﬁ?i ' \.W\P'OSSl'b(Q Since f(x) Q/‘\‘ 2 E’i

)< P a {inte et Then X itred = £(x) = .
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Peoot of Thm —

Step 1 — Reductiors.

Claim: Suffices 1o prove Thm w- T roplaced by each of the sas
{12 s a» open covering.

E* F C T cloced < TNk cosed in T& for aQ o,

Se: con and do assume thet T is affine

Clam: Con assuve | = A

Pf. Suppose know Thw foc A, let TCA be closed. Consider.

cloxed closed

Z CXxT © XA"

| |

T S A"
By Thm for A", p() S A" dlosed So iy (B) closed m T.
Claim: Enough to prove Thm for X = '3
Pf. As before: consider closed X QXPVL andh:

doced clogesd

Z < xxa" . PAK
A
A

Z closed in P'x A“J < Thiv for = P(’ZCZ) Q/AM closed,
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So ﬂna\\y we' re yeduced 1o:

THU . ("Fund. Thww of Eliminotion Thearyy ) Considen ol subsel

Z P <A
Then
() C K Z-cdesst
Whd is this Y‘QO\\\Y Saging? n m
£ G P+ A~y
Sy Z TP <A ¢ defined
‘0\/ polys P"X}A\

\—_oe(x‘)}('\ = Z"‘x,‘stﬂ XI
Q\ouwo% in coords K om EP") Whete & agre po(as ih coords t o A"
'QV(@J ﬂ(x;t) oS ﬁmilu of howeg, petys in X ;me/\dm‘g;d by T/)

‘Tix HeA. Then
The polys F(X;p)= 201 Xt

be PBCZ\ = i\f\aure n commow B i B
'go ﬂ\"‘;‘x WMeans :

3 olledion o polys ffb\({] 4

Al g () Nanidn o = %'7-%1 ® <" =0 } haxe
be A now-triial common 2
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le Ugve gliminated the X5 in guestim of whether system of howeg,
polys has nome trivic® sl

Toy Exomple: Sugpose the T (X)) are lineor fn the Xt eg- hosw

Fl= X+ -+ o, (00X

Eo=g,,0 v+ a (X,

r

Then for fixea ¢, the i have o common solw i P coef has
% =h.

N T I (VI
T%‘ 0\2»0 (,t\ ~;" > Ron (t) \< n (X)-é
L arb(b) e an (f) )

And

Gy e Vani;hi»\g of  (wa)x(nh) Wainos ‘/‘i‘éfﬁ‘; ngw
4 ‘Uf w\‘S W AM\

E\_V_VL\E PG n CjenewaQ Wont be Constructive bV\J( the los beer work Jrrgn«; to
find explict formugas m speciol. cases,

Proef of Thw'. Geiven

£ZS PR

et
LOOE, o, ROXd
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be polys defining. Z, .

FJ;_ hovwa of d63 dy Wn XO).“)XH

g‘kep_ 1 b t, e A (ie freeze 1),  ASsuwe
() £, € A - \:QCZ),

Need 4o chow: 2 Z—oen nbd V() of t, € A
ad.

Vit) & K —'Prz(z)_\
Note -
® hods <= pi'(4) = ¢,

[CS

(<) {\FO\{;D)S— hove o comwen zerses,
w P

S sulfices Yo show: A b \ (¢) q-f t, st Cor te \/({D)

RO e no ©nmen sis n B
By Nullstelonsatz :

e (X, ,N (\T(K’%\; R (K) )
come R,77C

& A‘f\a. Mmaonowiod, Wonowmicd af dgg L con
Q¢ whitten ag C‘B?lf,v
2. G- T (X %)

—go{\ sone V\ON\L% pd35 &; of leg 2-4;
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KCH Cloam: A%S(Lmivxg_ (jk)tm) E{ R \/(tDB ;/AN et

Foo te Vb, olys of the fom

> Gi(x)- R (X)) (h,
()

($eq Gi = L-20) comsict o @ polys o€ dep £
& Qg Monomiod, of deg L can be eprossea
Sorw (1 fac suttoble Gi(X) (depending mt).

K &), hods, then Pe Fil(Xit) have no common soby ss
N C A= pr(Z),

as requirek So we need 1o prowe fey Claiw,

SJYCE 2. |let

Sp = vs of ol homog- palys of deg e W X, . K

Consider for figed +-

U L6)
S a® @ S S, (+4)

W &
(G-, G > LG&X): Tt

I we pidk bases £ ol the v m guestion, Can view:

b\Qd(ﬂ as be_\‘v%_ 6\,\5'0/\ b)l ‘018. wx  Whoge
e,V\*riCQ oe ?OLB,S iv\ -l'/

(65 e vy a5 morgent A i (S ) ) )



Then Hor any. {fixez t:

(desd apnevaled by )
-

A,QQ/ NNN10Q§ Gf ¥\(K}‘U; << 'FP(X)t)

deq R

¢

Wy (£) sury

So:
R,

(2}

and o \need to dhow g V(ﬂ st wlt) SUr) for 'te\f‘a}b)“

e uwlt) supy,

So evorgthing follovs fron,
lemma: et A, B e veder opaces of dins ax b and et
wig) - A —>B

be o family of linear tvancts glen by axb wx of polys u;j(’c),
Acstme ult) is sur). Thea 3 Z-oPev\ nbd

toe (k) = A"
SUr) for te \(4,)

P wlte) sy = % (ut))=% The 3 V(E) on whidd ult)
o.Q;;O &\Qs r& ’b)

‘R\M‘l Av\o&o%uuz o Thw in CowPlex oLom i« Remwerts POper Mapping. !

£ £:X =71 proper mopprg of anaky \ae, ey
SO ET is ancly sclcets
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Apricafth— Spaccg o Hypercurfaces

Congider S’ktxo,quV\]/
S¢= ‘M\mvw% polps deg i ¢ diw (5,

Theq “
-1
P() = {homey P"e‘ﬁ}/scc&an - P

View
&DCSJ\ as  parametiiz ng ol hypsf dga am P"

S caods on () are coof { de(’l‘znmg egn of V\Yp&f\

When n=1, PE,) = pry o
Ex mm " P Gupléon of )

P;," {Mwnc. palys}

S _ .,
?(60{3 = ﬂ? 2 ETZDO)THOITﬁo)lou,TQo;, Tw']é—) ZTJ;:\"X‘VJZ'L

Lea: pik opom 0 on bypd, st obdlier i oy sulsel of PCS)

/ Corcrciely: i« 9om cnd described by Poly eqre m cackfs
g ypsts 2 h

Ex Fuo g pelP’ let
. hr
e =4 FeRcs) | ’p-03. Vv{fs&’f v

Clam: Hp i lane 1w P(3)
P T fieed P condition F(N=D i Ginen equation m colfs
o F.

EJS n= 2: Se\a F = Z-[{']bthjgh So T)“)kCQD'aS mm)



linezw ™ ’T()L

K P-CRR LRI th /
{ z( & ) T«t k 0 %
Rmk: Note that € d 2, west hyperplares are. ndt o
his form,
Can vse Thw foom st cloe b gow Moy nafund Gnds on sk ore ol
Ex Asume w72, 472 |4
Red , = {FEPS| Fis reduciblel
Then Red; € BS, &5 olg, f d=20r2 it is ived, but for d2% i ic teducibly
P, Fee a,6>0 <t arb=4d, ld

Reda,b—‘:{‘:—l F =GH, dgy & =a, d@H-—-L}

\A}dl show Re&ab Q_Qg ReJ = ‘}b d Pedq be
Consider
‘% . {Pgﬁ x PSB — PSQ‘,

v
(G H)— &H

Claim: & is morph of vars,

e_{‘. go& eg n= 2, Witte
G= Llpxivizt, H= Tspx' ¥k
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Then

P gqiven by collect of typg (1) bihomg polys
n S,S)T)s.

o a worphicm. (t»\ ‘Fa.d} & a P va Segveb Ra

Ro\(o = lm ‘ba,b , So oy,

Resultante -

' \’\thVt n= l) CO'V\(\M
IPSJX <. 2 {(EG) l E &G ove common 3202 W P }’

Thic ic defined by @ hyperef  Ree <= P4 P° given b, specitic
Lypet (the Yresdltont’) in cels of B& LHW]

“\We can pove e of anelogue 1h ererld \euR (al’d/\wg& at
Momevk i1 won] le clear itc o l/\)epSf.)

"TA do cse m=2 Sitoatipn for W >3 similar

Co. asguue M=~2.

Foct: Expect 4uo genevall
corves i Pt to wmed
N ‘ﬁlﬂd‘el <)
y Moty B
Three grerd curves should
Vol wmeel.

Defines
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lPSdKﬂ)S&’V lPS,F 2 R= R&(J)Q)C)

"&sg

bE6 ) | {F=cen-ot2p}

Prop. R is oy subsed of PSxPS,*Pe (in fud
@ J?f\)rps\f-)

Rmk: There ic active (nerest (i ﬂwdiv\% exPh’c& rw o
Aefmm% equ: (GkzZ],

P{f o Prop. Consider

PS, < Ps.x PSix P* =2 Z={(EG1p | FCP1=6m=Hn= 0}

CTHS s (obviously!) ol sebsedt of LHS, (In fact of coin 3).
and (h partic ¢ proh Exee! )

- Now  consiaer proection
PS, x P * 5, xP° 2 Z

\ /

\FSA x E)S< X HDS

“moof Z s R which ic thefore oy

Grass monniang —

[ hese pazmelerize higher -dim  Lingar subspecss of o \ecior



g2

Space.

© Congider
n+
V=4 — (W) - diw v v fired basis
* Want 1o POz a2

s

W = & C N : (€3)-dim sul g,

" The paXaw space s cellid te Gvassmanman &= G:((—}b n+ e
- Can alse view G os pvawderzivg o @ Rinear spaces
L=P < P

Then wwile
G = G(oo) = &(P5 PV

Candruedi gn—

CTx Weg® o™ =V,

Choose bass:  wy, .o € W Wrke as v vecheas
Wo Zoo -0 o
L"LK ) Lao aznﬂ e fom ”
* Noke:
A = Ll

. /
TL)O Mqtriceg AJ /X ha\rc Same Vow- SP‘"‘ |€(

‘ _
(x) A = %‘A sowa Qe GLLgn),
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“Want 40 find "coords® ’f A (moduls cquive velation Gxy )
‘ldear vce Maximal Vwinorz of A

Chooxe index set
I: 0=, <1< L ch, £ (wH),
Let
th
JD:'E - T h’”h@(’ 0€ A\
Noke: (" Pliicker coorats 4 71
PlgA) =(deta) Rrla),

(&y-1
Plw) = ‘E_W'PI(AWNJ e P

de pends anly o~ W Get .
@ 1 b
o, {Br—F ((exvcdny )
W %

wWw —— Pw)

thw. Plucker mep s 1 ovte its tmoge, recQiiec GRS PY) os
Ned pro) Varieys

. Hw.

ltrinsic mean g

ga,a. V= wal | Tarad of  Plucker ewloeddirg HD(A?HV)
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Guwon WEV din 244 o
PoW) = AW S P V),
tiw S4

6(F5 P :g Vo Al \ el Lin ihd@f?‘} < EC/\&NV)\

Locel Description — Fax one T, Sy I- {Q _LRE Let

Ug = s\\,\ll R(w #0} €6,

I£ P—_[ (\Ul#'—g con Moesz basis gi.  L[—Minow °f Aw
& T4, ie

BeM
W 41, (={)
— sg},‘ _IA\Q'H B

(’\c W = qreR of R: @.QH—*ﬁM' Moeove, diffect B give differeit
subspaces. Sot

()2

U =M () x(ney = A

Al

a:K inZ

Pe: UIQ_,_H, (dwt m P >

e
Gr (444, na1) is b vorigy (€ di (&rd(a-0). )
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Finke Toppi nes —

+ |n th@né of Rienann ofs /aﬂ% cuwes 15 Very oseful 4o Stude
Riemann ¢ X by mprcserthvg d as branchest coreriyy

£ X H1171
- n higher dims, amoﬁoﬁous c,ovcepi is Finile wap.
. 'I1Q2 oulling clovy, rc(er'l‘ing to Chif, ChT5.3 IS¢ £y defails,

© Thic & situghitn whee ”aﬁgebm Qeads 3eom."

A&cbﬂﬂ CNSider

A S B inclusion of comm rivgs

ASS%WK Bk (% s /\“a@ebm

Prop. TFAE  (say B inlegral, o module—Afinie /A),

(i). Bveny. elt $€B is integrad /A ie b sadicfies a monic pely,
"+ a8 vt b ra, =0 acA,
. B i fq as A~ module
Voriant: ditfe for A—>B.

Finde Corphists —

Cansider
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£ —
MorPagm of oﬂiv\e,o‘% s, FiVing-
ATy ] — wd
Say £ findke il €00 integral over kLY ],

Rmb: In bok it i assumed That fis domivet; 0 8077 < bx1. Weg)
tainly. stick fo This ae.

Ex XY osad qubsel

Prefotype Example—
Corsider
A 2 K= G thaGf (= 0
6\}(\35( givea by Wmonic polg ca-@:)f) , and
§:X— K o

This is §inte smee B0 gon by Lt A s o over 1AY)

Geow weaning: for eads be A

PR —
(k) = "4 pls” Couding multipg :K

le vio s go o Yo &, (
——  \

lduibion: finte dominaid map &>
branched Dveling.




Prop. Tinte wapping ~§: X =Y is finfe—to -ome
Warning. ConveRe fadse! <E% = — \\
’  Liytlesto—
QN\AJ‘WN\&WCIP\@%@F m———{mﬁe)

ldea: tabe 1, .str € kDX gerentip 4K over 4071 A ¢
In petotype exawpk Tha for fixed b€

The Ans t; take on (mla finrkely may Valvg
o (%)

Prop.  Cowsider 45 XY dowinant finde wop of affine ay-sels:
Then € is surjective

(Shaf, Thn. | 2, ?.60

Cor. Let §:X Y be a finite mappmg of dffine oy s Thea f is

closed, e

Z CX  Zaricki closed = ftele Y z-closed

P Lo B
W= %) < ¥
Howe :
(LX) — 402
1 13
BU¥] —» kw3

£LK) is Module ~finite over ‘&C’ﬂ) dhence ‘&[ZJ is modnll— finite over b[W)
lee. Z—W & finte. By Proviouws Pop, Z— W sur), je @ =42). e



How dnoud define finteness fo an arbitrary morphisu

f:X—Y 7
ldec: Take wverig Y = \J Uy by aCine opan gél'g and agk thet
. \/og = §—1(Uu) is a‘fﬁ'nc
(2 ()
\L( > Uy §$inite.

Problem: dees thic g\ve sawe defn ih ae X, Y a.QV?ﬂ-'% affine?

Prop. Lot
X —Y
be morphism of offie Vo Cowsider opon comr X = Uy, where
Ge= D),
Dig) = ¥ - Znes(yh g b0 (9900 = (4)
Leh _ & vetak
Vo = (W) € X, ;dex’ o \e‘“méanesr
Then for erem0

h
@ £ fimte & gudh \/(X O\\CGW\% £ \&’ﬂ % finite MOTPhisiy,
E* Wil prove &, 0ssuming foc Sthplic&y of nctadion that £ is dowinav

Wirite

R = 4IXJ
I

A= bLYJ > a4

N ote
4T ]~ Ag_= bIIL%)

Qi’wo&iw: B@A \[% os A%: modul Vo WIS B s feaS A~
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let v . €8, begus f By as Ay el
- Since 1/5., € A.ax, con SUppose
(\),;)qe B 'FG" a.m X,

(Qaine. The elts iww?rw geverale B as an A-wachle

E{FAX '?DGB\ WV\'FO(‘&JJO‘J

O .

Rewl tre 9,¢ A oeverate the unt idesd @ tre sawe is Hroe for

A = 'Z@\dg: sore iy € Al

So
(=T q)8

= ; % 45 i ("o( QEDR
A \Mporfow\{ mpPZm o these idess ic

Tl (Cravalleys Thu). | of

X —Y
be o dowinant Morphism of QPV5 Then
m(£) € X

owtacns a Barshi—qgen Subset, (E{ Shef, Thw 114 pp 62_—6%)



E_K T\&P'lcaﬂ ex: A — K Coyb— Goxy)

D‘zﬁ~ A finite union of 20(&“)' closed sabs & @R cvstructible,

(So "wonstructible’ o seks by unitms, interestions & compleweits
sets gcrg Z—open édﬁ )

Cae of Cs Thu: lmage G—f morphise £: X —Y is constractible,

Noether Nocmalization—

Thw (e}

K<P
be o pryaly st Lb PEP" be & poid not ying s X. “Then pr

{\owm P defines o finite Wapping,
-P

7 X — P {
Cor. Lot

LEP" be o lineay
cpace o din L dicjoidt $rom X.

’m pw) from b defines finle g/
h-L-I

. X—FP :

P of o Pro) from L is compesition of projctions €op
point.

Foe Thm: see Shaf Thw LIS, p64t.
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P of Thn in oy (bt iflushesive) mee.

+ Say X = 1F=0} hypsf of deg d Tabe P=To ,01),
" Hoe TMO*0 © F must cowtain now-1gn X:l term. So can wrile

F= X.:}"' Al(xa; vyn-t\x\}—.l + t Ad()q” 2 K‘")/

As howog of deg~ L
" Proy s {hen
w: X =P wllX, %) = Dx, ke,
Consder @ U= 1 X405 = A Then
Vp= ' (W) = {K:(‘*A\@)‘n )X ALK, ) = Of
and this is finde ove A by our proppicl e

Cor (Nodher notwalzw, T). Lt X < B" be ired pro) var. Thew =
finike SUM) mopphg

£ X—P"  fo cove d 20
Rumk: X coupe wndl tum odat tlet d=din X,
Pi\ Choo= Lin space L< P of Mak dim 4iS) from, X and P*’bj frm. L

Coe (Noethore novmglizn, T). Let XS N be ived affine Var, Then
3 Sinite suf) worphisu

gXﬁA&



~F2

%-; For You— O‘PPI% P“eviOus Cor o X—QP"‘

Rmk: Alg interpr of NN Sy
0xT= wodrirg of X.

Then 3
t ot e bLX]
St
& [ty V-Jﬁ] = PO(d rig d- a5
){
RTKY 2 bl 4] wodule-finde
Dimension —

. \Mam‘-t o define diwvers jon an irred \/0u> and o 1t has 60@:}
propestics. Ta gNe defs ord wam pfs, lod will vefer 1o Chaf
for some of ps

Preview

Want 4o dim(K) for any. ived .GPY K. Should haver
* din A“ = Aln IP“ =

Nete
7 A = 5P = ks, , 2.

tr a\e%h k’s(li) L) =N

and

P



This Sugests:

D L: I X is iored QP then

linX = trde, k00 (T edbe b il

Lupa

(\\'\o\x Mo of a(zg.ﬁ'\dq:“o-ﬂ fne ﬂX}

Another point of View is o oo ol chains of celvad:
I X icined, and Y & X (& imed alvar enedt fnd
Then
Aim XY < din X,
Aleo expedd Paat con find culbvoar of codim . (Move, fater)
This Su%@;(s\

De( 2. l( X € irved &PV] ﬂ’\@h Aln X ic NO\KINHNQ
Length of 1red SuBiaR:

Wi=2Z % & ¢ Z =X
Wil cee this is EGUN to Def 4. Note thal this
's gssentially the deS of dim of & Wice Lol comm
g ofe Looks & chams of prime ideds.
There are. Then two crucial thes:
The AL I X ired o{ W, sy affine, Rnd

0+ 1cb[X] aTC%’(Vb



then eveny irred cowp of Zemwes(§) has diw= n="1. (Keulls principd
tdeeR thm

=0

(This Wl inply the equiv: of the two defs)

The & Lot
- x“ — YY"
be a sy morph bet Trred VaTS W

An X =wn  dw Y =n

Tll\eﬂ\ for eren, y& \f() e\;\ere, Irred, comp o-e f—,(ﬁ'] bas dim Z N—m,
M oreover:

3 V\&'h—eulb‘]'é Z~ open UCY ¢k fop»geU:
eveny. irved (Owp or( F’(.&J hos dim = n—m.

o ()

Revfem A Transendence Deﬁm- Let
L 24

be a fq fictd edn Elts g, -, u e L are alg dep over b i 3
Py

Q O # P&y, ,x) e Rlz,, . =,

F(u]) )Uf\,-] = O,
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Tlse e Ui arc olq indepandent.

Db Tramscendence besis of L& is collchon yy, ., une L sk

W, « Un alg ndep HLJ

L 2 h(ui) yw.) IS aly. extn
So

L 2 ‘Ecuiw)‘*n.) 2 v@
T (

Linde puely frave

Thi /Defs Ang. oo transe boces have saue wo of elts: this
B2
"\‘FC{QBA&L

Eﬁ‘ X= 2 L= h(_x)\. ~% & L is Transe bas@ le,

£ 2 92(_(‘)3') 24
P2
£(y)

Dimencion:

Def. X imed &PV [ &=, Deflie

" oo
Ex Hae Jdin & = P =n

Ex € UCSX is non-enply opan set (i dense), then
din U = dim X,
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Ex Suppose K ived andt B fimte sun
XA o fiK—P

Then dim X = n,

P In ether case R 2 &A= k(P) o finte exh

BProp. Fix X, X itred Then
din (KxY) = dinX + Y,

Sketch: Say K, affing

diw K=n, AT = w,
Then 3 finke Sum

f XA 9 Y —> AL
(Neetboer notmoiz) Then (Exeel)
frg: X2 A <A =A™
ie finte (ansl o courxe ¢,

r\]l So din XY = pam. (Oreze
Qe )}

M Consider X)\f if‘rttl) X ¥ o suibvac. Then
din X & m Y,



_7P—
€ X &Y, then din X< dimX

Ohetdh: Can wssune X, T affing sy

N
X (;- Y Q AI é{im ¥=v\.
Choae coos 1, ,ty <t &, ,bp restr to franse basis for

£(¥. Then remaining o fns ac oy dep an theee: 1€ for )>n,
- ?J e blx, )Dcn,x)‘] s

%(61) )t“) '63) = O n érYl
Thic holds a fortiarr ™ BLXY, ie i X < dim X

NG@ gza_ olm)(-—» o\ww\fr—*-n I can aASsune tkd‘ tl) )ty, a,e,sa {afm
a transe basis of b(x) /4. Lo '

0+ we bhlY) e fn van an X
W oalg dep on b, A o B(X) 50 F ac ble, 2160 sf

&), alt,n) = a,1t) e 2 a Hluta ) =0 m kLD

Can suppee & ined, esp. Oy bxy, ,x0 20, Now restid ® to
X Sma wX=zo get

O\h('ti) )th) 20 & K

Ra e & # s & Lt aly wdgp & X GED
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Th. Let

X <K & X< P

{e Iypsts, 1e te o Lod of a single poly, Then eveny Ied comp of
X Aas dim n—1.

Lemma: et 03 £eblA) be pAty.. { £ is ined, then
Zeroes(f) < A ivved
Sim i P

PocX 4 of Thny Azsume
K =&re=(f)c A"
%7 {_ﬂN\W) an Suppos ‘F (- X) [hrd g@g»

{ = f0x, an) , and X, occur Non=triv {
Sihe £=0 m X, tn alg dep on Jci) St o K, 4= i 1X
Uaive: 44, b aly vnap on X

M Ele 3 4¢ "-txi;n)ij cb gty LEa)20 a0 X i
%,(x)lf(x_k +

Poof 2 of Thi: Here w2 @ do the pro) case. gq,

X = Zenez(®) < H"\/
with F G I Ned fo gnow diw X = ned,
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" Pik PeP"-X, and consider pro) ection

Tt X —p

Ba. NN this is finle) suflices 45 chow X
s cury. ____{

U nd, T aePT, &4 (X, The

Live P&Y N § F=03 = & @C/Hw—)

Rd a i’:\yps( meets every fine, #

Cor . Suppose
XTA o XCP"

froe the property that crery irmed ong Sras codow 4, Then X
s a ‘QI\YPSGJ le. et out by « Sm%,@, Fd&‘

P Can cuppore X itved, cay XS K, Let
£eblR] ke ined pofyy & X C Bena(F]

%U T}‘W) Z(&] ved 0{ dw n—1. Smee dinX = Y\*l) earher
et = X = Zewes (£),

Di‘Hos ﬁ < leX X FP“r pure codom 4 d@’ﬁhﬁd b)r §W\@(L
rulti= hovos poly



—eo—

\Marn?g,

(1), ®or arbitrary ambigt var \/) ite Ty 'Fa{se That any X—C—‘V
o din A ic ddined by o Single equation,

P

Ex \,{‘-‘ Sxy-2w=0% < A
» N,
. /S]]
V s affme cone over PP S P /// /
N Qﬂ—’—g(%%%")\x)zeh} / /,/ / /
i
R

Con shov not et odt by single egn (Ee fy=0% 2 {(7‘)9 0)15\\)} )

Rudk: Say \ inved, affing, "o, Thes

Ereg ik K GV € odut e ACV] a U
cit ok by suwg fe V)

(2)\ Ntﬂ e 4hat qubitar X ;A“ & X Q-Ph c/f Lodum < (s an
od oy &

&
Lnteredions w H}’PS(S (arund Krulls Thw)

Def. ¥ @PV, poccibly
recducible, Define diy, X =

Max of o <f cowps o’ X,
x hos purc dur h o cQwpy

A,

Consider 1Med proy var

Le Mma. LC\"

st



Then the reappirg

4: X — P, 280, RG]
Is fimite
PC: &b &g dineac proty of X pnder @nmpos

XCP'C__.pN
-l

{oon cevter thel i Ai;) fon K. Thus ¢ a cowpas. ef finmte maps, hence

’ﬂniteé

Lerma 2. g"ﬂ‘ X < p” Irred df dm=n. lat V & howc% pola =4
of deg d Then T homay polys

F=FK, . F of dg o4 <t
X (\{FOZ’ = Y:r\ :O}- = 95‘
Shetdn Let X = ived comp of F=030X o din ¥ <nq

Ched# ge,re,&.Q \r\ovv@s. PdeU Y’—i o€ cle% d doeent vanish mf

Now wnclude by induction on diw. (Can Use Veroineee to reduce to =)

Thw Ld X< P be frred of diw w, and

F = l'\omﬁ Po{y deg d not Van on X,



Then
X% =g X0EF =0f dhac dim n-1,

e evey itzd comp of Xz N din g n-1 and at least mme
ae/\ag dim = n-1

(Rw\b-‘« lw (:adJ theﬁ o0 fave dim n-1, bt T want fo avord thic o
Moment. )

Eg: %7 Lemuos, I F:'Fw o By oo deﬁ d deﬁﬂl?ﬁ finite
oy

ct‘- x — H>n) x> [ECD"))~“) Fn 63‘)] .
& surp) dse cou@ Pj fom ot of P 1o gt finile X =P,

(et
H____ P\_l = {TO:O?( < }P)\\

S, .
X\:"’ CP (HX_) and Wap X\:"_’(PYW fintle SUO\

So dw X = n-1.

Gorde X itred GPY dwemo Then 3 Y CX itved of dim m=1

(P Apply Thi to 5 closue of X.)

Cor 2. X imed @GPV Then n=ainX (s length of lamgest chaw
X=2223 252

of 1ned closed Cubvar W
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Corg Let X C PN e Ped F(‘D_) var Q( dim = N, G iven
r<n homog polys

Fi, » Fr Cpossbly o difforest degress)

have
X 0iF= =T =0} 7575\

Moreover
am (X 0df= =FK=9}) > n-n

Riub: Offen Naprens “in noture’  that
dim (XN Fe=0X) > ner
Ex Corsider tyigied abic
C <P image o
PlaP, e [sst s ]

X Y 2 W

C is et owd b}’ Che threz gquadiies

X{-2W=0, N"-XZ gr— YW
u v le
@) Gz Q&

Y

VS PP and C s realliyed os auwve o e (2,1)
™ P‘K“)]
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Nou Consider
& | (\ QZ_.'\

Thig IS a curve o{ f)rPe Cl,l)
on P\X&’]) of FO(‘N Cu Qe

e

/

[nteredion v A, "emoves' L

Thm.  Corsider
X C P

—_—

E)Txﬂ’)

rzd PPy Nar dim n, F = l(\ow\oa, Pdea. not vanishivg 1dent

on X- Them

C\n‘.’%» (rred COM(} o‘€ X H{ong‘ Yo dim = n-1.

Dite X o QPW

Pi: See Shey, pp 723,74 This is essertially & verim
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Krulls Prindpel |deal T e

R= Noeth domoun, OF §eR
Ll P = wininel prive. ideal covdainig 5.
OC (H &P
Then P Los fegit 4 1@ o prive ideal Lying inket 0 8 &
lw geom oitn, apply to R=bTQ K O winimek

Pfiws o (6 & ired comps
d\/ (J;:O)] and Yo Say they have height

One WEONS ’(he& have codim = 4 K@‘N
($=0)

A Global Appln

Th Let
X', Y C P°

be imed &N of diwe W, M

C4). E‘(\end_ treed covupcf XOY Ahas dim = ntm—r
(iC‘ @A (XAY) € codinX ~ codin X B

2) € X ad Y o Prvjedwg then

XY + & f ntm >0
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P{agmfi‘: Assertion 1« Locsd so con SUpPpose K) X /gfuas’r—j

X, Y @R (e (lesed)
Kc%\ idea ic "reduchion Yo tre diogonel’ iy
Consider the dingovol
K= N CAxA

\"\O\\VC XX\T < AYX AL and
Xaox = A& A (A2Y)  (Gn KxR).

A= A S RxK
Ul VI
Xnx  C (%D

N :
eeo%g\mi;“\;:ie ]ci, ){:f ) Si1, LS ae &3S Ow ‘(}w. ero Lonc,s

A = B ({;5—3;) - Avx/\:
e
A aeS ined br v Zq\n?\

Also, dim (X2 ) = nawm. S

A 0(x=<S)= gerees ( i~si m £UXxY])

so Ao dim > M=K
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Rubk: Came axrgument worls for inteRections tnside oy
Y\O‘v\’sincauﬂa’c Voar P

§ P is smadkh of dim 5 then
AP c PxP 46060% et ot by ¢ egng

Howeverr loger bound on dim(XNY) does not ho@ for subiags
of @ ver \[:

B V={xy-zu=0}cal \

Tabe X, X = cones oer two lines w /

Sove, \‘Mlih% af ®' % B. Then

dinV=2, dinX = din 1=2,

Bt din XOY = o

PL of €20 Now wart to dhow that H
X“,\fm < P oare S

thee XY #F &6 dinktan¥ >0 lde poss to affine cons
e  Congider

Cx), CON S A™ affine cones over X,

Tkevy
Adim C(O) = h+ L dwm COF) = wad

Co by (A), every Comp o COX) NCLY) hots ik >
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() F(mt) = CC+1) = (rw=r)+ 1 > 4
B CINCCOF ¢, e 0€ CUANY), So
dim CX) N CCX) > 4

R cIncld= cxny) so KNY %= & QER

Thm ow dimension of fibres -

Tho. Let

§. X — YT

be sury morphh bet [rred Vars of dine h) M (so Npw)

(1) Foe Ty '3‘6\5 a0 Jrved Compe of f-](g) have duu
7 N—.
(. = hOh‘C)MP‘}B_ . de,y\sg,) Op2n \JQY s
dim rl(ﬁ] =n-m Y yel

(i evey ved owp of £y has din = )

Rimb: Anoﬂ%aus ctalemeil holds 0SS Wuivg M& that F 15 dowmant:
ove replaces X by open Vim() <Y, (CUernllgy thu)

Pmdf o( T'r\m;

(1°). Tho LoccR X € T) S0 can SUPpOSe XJ\( affine. C(J/\ecﬁl)‘

‘Take finite wop  m: X —A"  (Noefper normaﬂ?gh)j



_ga—
and, dnsider
L= nof: X —4"
Eveny fibre of W is union of finitdy many fibes of £ So
Thn foe e = Thwn for £

So (X My asSsume ¥ s sur

§1 X —A

(2’)‘ Ei,x. ’é=~ (-foi, ‘..,‘fah) € AM, T‘\en
= Cema (trb@ o t““b.,].

So () cut oul b w equs hewe evewy cowp of £7(8) has dw > n—w,
Renmaning To chow ﬁg'Va.QA‘)q/ bolde dw open (et

(1°)~ Al,(b <vation i€ as {ollawg)

«Ux] C 4K
Ul
#IA =&l 0T C k(KD

By ocléitivi':g of fr degg In “l'owetrs_)

{Q [:X} = & EAWJ Ie‘i) “)%‘Nj

C/‘ﬂOUQO 6\/1 . 36\‘\[ 6‘&]:)(3 Vl
LA = fli:fi) ‘th\j
that qemernte RUKJ as RUAT- alqcbra

Ka& Suppaxe that



__9,0,\

By, A e a0 basis £ RO /4B
So for 5> 0w, 3 pows B ERTE, bz, stam,y] S

Pt , o &) =0 &)

)

Now §ix e K. The (‘\wwxﬁcs of ) e {\ " Cﬁc\/\emke J"‘tfd“’ﬂ , Gnd ()
5\“65 G PO*QV\"\\GQ. V’QLO\\’ I\U\I\ b’( O-Qﬁ— A(QPCV\dﬂm °€ e{) C}>V‘—N\) oW L\l) )}\n—-h,\
&Qow& L), lssoe is fo ghovw T U S A¥ ok Lo be U:

5 (&; 6, o G\J\ is Non-trivicdl 1’/\3\
The wdl ¢how thed eccd: Cowp af £ hae Lim & Nn= v,

() We View ead F; (é/x)%) as poly in x % 4 whose ok arx
tPOC&E ivé t. gl'_he Vorio@le ¢ waust appear nan-trivially in B sice
L J7tm, ™, ) m AT O\Qa_ “’\&L{)s Lﬁ*}

Z; S A

e the proper closed st defimeds o7 the ¢-coefG qf tlf)c tdf‘(-eacln/?—,
form o B (&, 90 and sel

Uz/ﬁ\w_< UZJZ

T\/\evx foc LHe U, \)j C{o ) 2\1) ,em—u)ﬁ’)) =0 Guves a nov—frv relpb
of e depardence of 4 (5760 upon bl Flet, b, 1$7(0),
QED



Cors et
£ X —Y"
B CUTy map rzf itred var a( us v, w. [hen
Yo =w§ &e‘fl S ly) > & F
s Z-clmed e the fn
Y+ Rin 1 Cy]

s A- wpper semicontinuods,

ng B‘/ Thw, Tn~k= \{) and 3 closed Z%\f cd {N ‘6;>m~&
g C Z,
Proceea o M on m of tovgd

‘G;N LQ* gi K_’Y be MOVPC st Y WA awel S 'FI])VCS 1 vedk,
o same dine The X irred (e SCop p 1)

L.ilr\zs m™m HYPSGS A

Censider

X 4 QPHI : e\?f?s(deﬂi)&c\vukq
Age: 1fon dos X (Ovdaun o Riira, ie. @ H'\eo«\/‘% ewbedoles!,
P-n< X%

RQCOQ‘» have

_  Gyassmanmad  Davaweln
G(4r) = o Lincar P‘Fg P\ 6
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W sauws

&Ol)v‘) /\ilw‘} A

(b)) (r—w)
/
<)

G (b Voved, of dim = (pat) (n-n).

v padic. sa

G = G&Lnd),
Then
We also  Shave

.PNé _ H,(}/\ome podiss 5‘6&) s N&—“f (OH-V\H) _

M (w2) =R nh
We view P@ as paremadneing a0 bypsts deg &
We ot 1o Stud,v:

\Pwa 2 R L= { [X]& X cotouns o L’M}
KCH 1dea ~ sf(,{a()z CorrcsPcncLence

P 6 2 2 ={ (0, 1a) leex
By debn,
Rd = P\rl (Z)\
To undemdand 2, we corsider the seond. projection:

- Z2 6 ()= Ty



Sy
Claim: Fac any £,

q (T3) = ph gw p™
(ge: Z & ined, with

dim Z = N4+ (2n— (A‘H))‘

Plof Prop: Tax & say
K= ( Ka= '”"N'Xn-l-l:O)
Given Ty= F (0%, o Xﬂﬂ)j

L c$F=0¢ ©F(x.X,0-,0)=0 &

e A
SV =

‘HGW\DG— Pab& O:f ) P S (How\o% polys o:f)
cle;ao\ a\n[Fh‘h deﬁdaw\]_?l
(V)

F I F(XD)Xi)O) N 70)

New consider map:

Q i Suny, and SO

din borf = dt1 [

CCW\éiclef:
1 A r— H’N&
A [
ed, A Ao N 5



Coct If d>2n1, then gon Gypef of deg & m P
does At (ot o ding 16

R, S P

s & proper cloted sutlbvan

Ex Suppose d=2n-1 Then both Soure & taeyet of
g('\ Z — ﬂ’Na

bove came dime S edper:

© 9 Sury hence gea finde,
© g not surective: then qen hypst of deg d = 2w dess ot
oo fise and any hypsf thal dess contann line cordais

Dal‘d Wﬂ&l

B mez 4=2: X < P’ a el
CNJM Frmed o containe 'ﬁv\d'e,b Many Qres,

So nthis cocg qun alie S andains finilely many Lines

Do Guen hypsd X SP™ ke
F(x) =4'(ta) ¢ 6(Lw:

TOR) = § Ques g = Xt
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Gress : 9 is Surjecte wheverer  d S 2m1, and hence

oqt‘h FOQ = 2V\—c}c“’ﬂ-

Sor gereal Yyps Xy < P

Tﬁ (Al Mam—}(\e\‘m\v\]‘ Gess is trve
Con: (DeSoarrre —dedowg, char 0). For vz smosh X
Ao F(x) = 2n—d-14

(.Knmm\ G‘Q-@w O‘ﬁ%)

Chow Tomue

Ask: Is Chere a Nay af parmetrizing. J curves i PP 2

Congider:

C CP jred curve, not in Pz
Nele: § LSP & %z,wmﬁ Live, the,
AINC = zﬁ
\d;ﬂ}? QOO& a s pecial Ures" that do meet C-
%~ Defime Chow form of C to be
&) 2. = (1| gnc#d]
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@- ZC Is ﬂypg{ n GJ and one can recover C {om 2.

of suta
Then E.C cor’tspd’v\ds to « point L3 1€ JF ( %fa—msd W)

go:

{Ecl I C curve of 3} c_ { Hypsfs o m.lmue}___ PN

%and% m P AeﬁreaMG

dea of Bop: Corcider

CrG 2 Z.= {(P)[u)l peJ&nC}

Toow  {pves "f pry: ZQAC, e ol IPl; So dnZ=2 Mas
1o L\y\»{ m &,

Sinqularities

GEY\CIZLQ Rmbk.- Geiven, Poﬁd_

‘§ < ‘Ktxi) ) :r_.\’l

7

on compule derv B/ formally and osval properties ( 25, Taylor
@XPmV\Sfoﬂ Ihold

k( CQM" ‘&3@ noJ(hi\ng ‘ﬁkvmy hQFPQY)S. Ir\ (ﬂgr 1:-}6 main hon—
classicall pheromenon is  exist of non-const polys whose denvs
Nanidh ideniti Call}n

e Pt
30(1—)=zu5 )C(z,) =P =4



H}/Persuf’faces —

Let
X =508 C A, {ebla «] redusd
b
o, so =&

% X is nev—sivg (or swooth) af a Y
o |
55:-1,(0\) £ sone
Ele X smg at a.
Ex F == 60y, L x) non-sirg. <l oll pls.

EX Say {a— X=%¢= ot S " non—sihg & ar The,
in Celassica) wbd of o K is cx Ml of ¢x Qe L.

(g IMPIicﬁ o haw teve for Bobe fins)

Sing pis ave Mot nlerest ing,

xy =0 %?“:.xl(x—%i)

+ o

S\'Na o ovigw



2l
X "'g"—ﬁf?‘:—O

Sing a O

X" -2y =0 (" Whithey'’s umbredl)
S\'\\g\uﬁw 0»\6\/\%, Jnole z2—axic 5&

NB: Con realize this as

A® L pos & weg u-AXiS
identificd

le-

h It iY\VO\ridV\l ‘ﬁ\g:
| g
( u,’o] ~ (~u,o) I N ur
0 1
| e

Ex Concider simpled svg-
X= Gy=0) € @ |

Topdogy- qﬂrc’,ad?@ ey in’cercgh‘na) B N
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> Cowsider sp}\evc S = g(&) af radius £>0 a.Qolﬂ O:

S = S(g) = (]‘J!‘-l?'—k l\al =iz)t

Se ¢ is 3—-51>]nafc = R> v {~]}

ovgider ("lmk“loze . )
’ ! Shngulavity
- Le = X 0 SG) € SG
€

* For 0<z<sA, ‘tbPalegd oe le iV\d@p o-f €,
L = compact - momifely

(ie union o:f circles )

nked circies Cj
“Foo x4=10, get 1o linked

n S

Ex Nou considen cusp

X = fqt-x*=0¢
Moy

2_63
G ﬁ)() t— (t) )

ik homeow, So X & top wild, bl nat
PR
o e mfld :»Q (Wl

f we do same comstr as befove dind thad

L= X NsE) € SE)

ic trefoil knot) @
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E,/X; Take

fk—1 5
4 Se<s
X:{xf‘-&-xi-&xi’-\—xqr\—ﬁs —;O%QC) 1sk=28

> b,
L=XNn<C) € ®=S

a F-wnfld
Briekorm For k=1, 28 gel all enotic 7- sphews]

Clagtual, Ref: Milnoe, Sing pis of complex hypercuriace<

Sihguﬁm Docus of HyPS{s

>4 X= $¢=0f <A™,
Then

T SO0 =fr- 2 K-}
Cee

Sg(X) X & Z-closal.
B@]} i £ is reduced, then Sng () is Proper closed Subeets

. gaﬁ X-1£=07 ) 1 ro repeated factor. TL\@\ \((T) = (F\
Qow Suppese VoY an * Sﬂ% .P{x Thew for 6000\ L3

o —
6—):1‘-0 d\x)

Al \
X F=6) i §l8% Ya

?x;
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Thie is iM?OCSiMe for teagons o{ c\eg}-ez- unless
¥ _
X =0.

So Ko =0 Vi This is impossie in dhor O:
Char 0 t weoans thalt @acd mowemial is a Pu PoweED ©o-f
telf s a P& powen

Hu\%'\plioity of & hypgcr

Given X = §F=O‘§( - f\h/ ond aC:X) define,

leadt €21 st A patics
Wb, (X) = mult,(§) = < o § of oreer 42 N ot o, - }

come &%= portial nov—\n fsluinge

Ex mul,(K) =1 & X novrsig of e,

E)& X = ilq(jm -Zld’—: g %’ comullt =2 eveny ¢ 0:{
thﬁ-he(d M,V\Abﬂﬂﬂ) Z= axis.

‘Constder
K=4€=07 C A} § redued dagd

Prop: (i) A gerent e

R=t <Sm jgé%?’
meets K ot 4 diding pls.
() B o, (X) =¢ thon & geresl Rine e

o meetkk X ot (a-8 pis gther than &
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Projective hypersurfoces

Say "
X:-[F-——O}c;:ﬂ)) F‘\om&}c(dcsm&

Lewma (Euler formuda)
v
T gy = de(f)F. O
oY _oF _
% \n char =0, SfrgCX)’; {@’x;’ “‘-971\“’03'\

[@E‘ Assume T hee 1o l‘CPz:adﬁd Fo\c:b@) and $ix

a < X = g? ::O}a
Then TFALE:

B B aeXNU < Ui=A, the a is a au gt of KNU

(4) Cond i (A) hoMds for evey. Uja Q.
<Ji)ﬂ ?)72@\] 2O for sore olx=n

BoEBree S we vswally reduce questions o uoolives 1o affine

—

se’dim&

Zarishi Tonaedt spoce

Gxiven
n
X =4f=0t ¢ A
embedded targ space to K ot a ic:
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p(
z Szica\ (1"1_%\ = O.

”Abs’(mc’tp 'l‘a,ﬂ% space ¥

zgé,m-si=0 T‘IA'\ = N-din \/ec,’(.SPace U (oo S

(= 10 =o'

Note: € ae X & noa-sing pt, these are Gin spaces of din =1 = diu X,

I"

1€ X sing &t o, then  dim 1,X 7 din X

Higher Codimencion:

' \’\ou o Poceed  wWhen K ot & Q\WCQ?

- Start by wo&(rg ot G whee we hare o priore Notion whad The
def should be.

. oy
K €€ i offine v of dimn, codim €= -
§,, - §P = gune o idead of X

" Fix ae K.

A_%Q“-: WL\@/\ ic X Q@P &R CX gmkwﬂ& near a?



lr\nphci‘l {'n thm =
X a cx w2 near a  (in gaica? T@p&&) f 3

ok

WA

0>

o,

—

ox,

N

0N

~

o,

o[
s = <
.
<2 )
£, %€l

NE. This ic aquiv 1o askily that <
(o poly-Lon conde o tle £ ol &0 ol

Nso, ) < 4o

L

04
L

f
Q—é?l ()

Provisimad Def: X C A

*
%C)

o,
é-i(oo

T {5 Ty o quneteda’, than

|

';ci ) o {e € (B‘meg{i) ‘«J‘F?}

—

r-n= ¢

(e

nom-~sing at a€ X [ fGwr) holds _
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Problens s not clepr thet it depends intrinsically o X, and ot
the, P(m"c icnlar  enedding .

S0v want to devddop alterndive Inerpr
’Za‘f‘iéfzi Tong Cpexen

Considar K A as coves 0 T gen oy polys f, € kLA

%" Zaﬂshi ‘(‘arg__gPa(_e, to X o a i

) subspace cual ol by
T.A 2 T,X Toe | = ,v:c\ﬁ’@ =a}

=16, 50| LaErg =0 45 <t}

So.  aeX Non—singulr €« diw T.X = n=duX (E(?i“>“ )

Tha, Assume X affing e

Cor: dimTaK
deponds whrnsic.
on X ot o, hence
oLt of sing-[ Sw,
P\ mbronste,

= w, © R be Mox ideal of aeX,
TL\CY\ \
(s = (TGX) = M(’EK&)‘

% wmianE s RUxXD) /= £ — modild,,
&3

E.,Z‘: K= S;.'chﬁ-O} < AL
ARAIES &&,ﬂ/ (),
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a=0 w:(i)‘r.&.) ) ’x}%é htx:) 77\&08& of ogapes %Y.

wme = (i)_) Xy ,{d’_z) NI ) d/lwh- W = 2.
[
0

O(f\ ‘t\he Ot‘\ev\ hand,) Consider {% A= (L’D)‘ ‘T((\(vx
= Ci,-l) g)
w= (((R-1S (R-Dg, §)

B\ﬂ (X-'l)g,: ‘5/ S6 Mmt= ('&-])?:‘5')/ &i\;‘ W/WL =1,

Specidl Case of Thm: Considgr

X = ,A“J = (e ay, x-ap), feklxs, 2]
“Whatever T: K s, bt shoud v=celve ”&a{" Nee

a 2
{GA = 5@+ z a’éi & (xi—a;) + (&’ruﬂ M WA}

so
S— 1
§¢x) —fC) = qu (ﬂ} (x — 0\53 Crwod 1/\3')
Let
§i = (1\'~0!{) od 12 € ’U-\/’IM?'\,
Then

6%
o) ~f@ = Lz & € W™

This suggeste thet LE  deines
df = fG-f@) € Wu
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Then vclation

(f~£a) (900 ~g) =0 (uod )
yields
A (g) = flVdag t+ ¢ 4,(6),

So fren X =0, 0p "right' defn € T.K.

Prost of Thm: (onsider X Q/fl\p s n, 1(1‘7« a\e)() el
T = TK: Cgi) ‘~“)(p )'

Write
n z(ll‘ﬂ‘l/ __,)pr’olﬁ\ C’_ &[‘LL) /1(‘]
W= (F-ay, -, Fe—ar) ¢ RLX
Net:.
o & K = T g H
Al
Ddines.

?
M — (T3
(WKETK)
F(9)— @) | TX

- X
(Qaiv: 2 gives ison n/vwerT = T,IX,

H‘ C.(earl‘g\ & Sw')‘/ SiNce T:(K —> ‘T:x\
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() Wotw: WA T < &an(B)

PL Sy geT They d g=0€TA) so Tl

Now s g9ely 50 g=2hS  (FeT o). The
b g.= 2 K)ok + 2 5@dt,

New 3(;(0] = 0O Slee ac X) and by defn daﬁ. =< m T, X Se

E[}Q"—O
(). Nou sy ge I i £ st '?(%):@ @

O\q%‘ l T“X =\

Then
Au%\ = Z’)‘\'CL«I;)‘ in T;A:

. (a-2XE) =0 € TA

Bt Jf}\is Means 5
G ZA](\ S M ) se

ge M+ T GED
@* ae)< a Smooth p-t & dﬁwh(w/mz): diw X.
—U\_M\ S"‘fj(x) ; X A P\"'opar* closesy Sulvar,

Shetdh (i drar=0) ENldently Suing(X) & X closed. lssve to
show I gm P\S‘ WL dnou ﬂ\e& exist m eueny ved  cowp, Can
Soppoe X wed,  dw X =N, Bywacm prun el, =



- |(j%.:

L Ci71) S )Ckn, ‘%’v\-\-\ € “&OO

‘%1, b a b basis fo R0 (4 ],

ROy = R(4, | 54w,
494 Se\;aua.@te / @_(':P(, <, R

The & define a bro map

N
K== S A i

X ic bizdions o « hypel A

Esb’:l
X2U — v &Y

Bt ceve sen fhat ow hypst, s pls arc dens@ WED
L’DCQQ Rl‘r\ﬁs S

Cansider
)\ = a{{!}\e_ % cet

W
x - /w,xgﬁ[)(]i Max fde of x.

f
ol € 3 heblQ-n L

(3¢ - fg') =0 (x)
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NB:  (x Wweaus, X
(£57~ 987) vanides i Z-rbd of

%; ‘k‘:X:\m = 0;)( = 0;()2 : f?;&:’?

B, is a Lol vy, ie €ing o wgee
M ax ided.) N2 ’W.dxx ———Sd’l ?(1)50}

Alternative View poivt .

O, K = germs of Ygulac $ns o 2
={(U )] Uex, ¢ehlud} [o

(w,&) ~ (W ¢) i 3

ce\ < UNY st v’
I\ = ¢ |\

(Exem\‘se: prove the eqmvu,eewcz]

NOW Say
X =ad QP ol s, ze X

Toke affine \/93:) put
KN =04V

(Check: indep of Vaox )



=~

N_Ei f m< O, X Is the max idea, and if wm ShLX] is
coresp mox ideald of x m X the

s = w /" as Ofw= b~ modulg
[0: f X has purc dim =1, thew

X non—sing ad x

§

Qg MW = p,

(1

Assume () holds (oo
6:1) -'»/Fr\ € m S O;K

<k

—_—
—

¢,, f. a basis of wlui

NaMyaw\a’s Lepma: Sop (A & Noetih focud g, avd Vo &g
A—module, ¢

v, oo W €V

one elts that qenewﬂi "/ w V) ton the Vi gerente T
o tn owr Situstvadion. the £ q\—e,v\evaie, m. e

H X s pure diw W, avd xe K g o
'PO(V\'L) tl’\@’l

X Now-shg of

¢

N can be %—Chefaxfﬁéq. b?’ n= Oe/ﬂu X -erx
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(COMM alg.: O,X iS a“veca.kﬁw Lol m‘V%“)‘ The ﬂ are calbd
ﬂ,o(a_@, ?OJUW\S of = Ever d:) tlne% g]\"c wQ/@OfLQ B\O'QO oSS

Exer: 2 affine md xe VEX cl the §; e vgular 0w\
andl

v, = (6 8D < RLV)

Ex  X={dz %)= 0} SA) oy

¢
ze é—f[\(“)*a v

O-

Then X Xnn Lo cands £ Dos

Umg_yc Factovization

Basic Thm n Comm Alg: A regulor Kol Nirg is o UFR
(This is gool of Ch 2.2 of Shefd S

 xeX s o Non- singee py
then
O, X « UFD
C_Qi: gcué re X 6 Swmooth B
X e Z C;_X Co&m,i Qu%rel‘
T['\en IZ & ED(] fow% pY'\V\c,iPaQ o X e

T,-OX = (3), sowe ge TX
Equi\ng_‘/frlU)
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3 affine VB4 e\ S XK and g€ eIV ¢4

Tone € LV 9o vz

(Exee: pve this usng. Keulls 'Té\w)

Bﬂowin% U.p A Poiht

n
View P™' as Lines thi O in A . Conctder

N x B2 B 2{(%E!&1)l xel |

(oo < x, T
= { Y E d}
Pidurc
y E p * A fibes of poare
/ \ opee of ﬁbé
A"‘ Ph—z
P
Lopt { x#0 (csp,
~ = o ) M bived
M) P79 v =

Cooriolly B = PTG CHAD

B= B, (A): blowing up of A ot 0
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Lok, description—
A x Pk oveca by the affine space
A X U = N xA" o W ={Tjz0}
On eg ﬁn X Ul 5 5@”,% T|=i) ’tl’t@ d@‘(iﬂﬁ'&. ths
7‘\ XZ )(3 . X ]
ﬁ [1 tz ’ts ‘t:\

%NG

X2= KI+‘1) X = Xlts e Xn= XI{)\

<o
Bn (Ahqu}% Ah v des X\)tl) /t’\)

and blpw-doun mop
B = Aﬂ — Ah \¢ (ID{-?,) )‘tl\)‘_> (X”X,t;_) _v_)1]fh\
Sim Ao other affine charls.

E_ﬁ' BJQ,, (/Az ] — pF has o Cl\dp'fs.‘

(u)-\r) — (Uvu\(’) % (H)V\)’_) (U-V) V—))

Now corsider !
X = imed xan dim W, sy affine
v
x: a nowsihg pt 0'6 X

NS

§i) -~-)‘-Fr) €m QDCO‘Q qus
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e Assume for §{M{}£j¢lf)’:

$rekCX] , and that the 4, \ani<h cmlb\ at x.

C\V\ 8}3‘”) Gan arrav\ge %Or ‘\\r\\g b& V‘CP'ac_lV\% X (@) gurfablc
offine vind of *- )

Def. Comsider

X P72 B—_{@T)\ % ’55‘) ' {fn <1}
Hawe:
B = B (X)
/N
X P™ = p1X
Seq.
"(P { nft W@~ () ] i prx
o p=x
Write

M(x) = B the “exceptimol divisor’
Can check: under our assuwp*m/ M restricts o (son
(B—F) = (X=5>})
Given A= TAy.,Ande P fibe of 0 s |
q (A = wmck—s\‘@[ﬂ' f"l<l}
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E ]

As A varies) The ‘l’o\ﬂjﬁ‘\rﬁ Spatces of These P
curves SWeep ot T.K. i\

Facl': ((:g o iS@Hb BQ—»(X) iV\deP of Cholce _//

Roccl coovds CSha() T42) ©

Exerc: B, (X) is sm ired var of oiw. n,
biwat to X

Exer. Con o View B2, (K) as closurc of gaph of rat map
X > ]Pr\-l
\\ W

pF— 5, £,

Variant / Gereradiz atiom—

‘Consida X affine of din X =n, and any ide=ll

n < H:X]

- Choose gererdoc

., . € o

Z"Z(ﬂ; '(r) = Z(m) g’—- ><.

- (onsider
b: U= X~-Z(n) — P
(V)
z\ > LG, -y @)
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B, (X) ic imed var of cin m, omel Pproy
pi B () =X

i birat  morphisk That IS jsom over X— Z(m)

Ex. a=GHy) < klxyd = kIA]
N R 2 Be (A ':-{ Fea[?z -‘F] Jé ‘}

= TS = 0§

On offine piece A x A this ir

{ T+t

~°— 8&12’20

ey nitneg’s ambre@a ! \\Z&

Zi
"

Exere” © Chowthat this constr ogras W the

one i~ Harldhornes

RZ_(X)= Py (kIGO0 @ OF -,
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Bow - ups and Desingularization

[ Cultumd enrichment )
Return to
N: B;_B(O (,A“‘)HA’\*

Recall thd B covered by affine opens Uk =K g
which pd is given Gy

/LL(ZU ~*y2y\)) - (‘Z\Zcx) Z’zzm PR - -~y Zv.zx)
On thic chart

(Zr=0) defines exceptnl divison

Ngw concider swlvar: X/ c B(A
< A l 4
xeX <A A

Def. Proper trandorm a€ X in Bl (A) is

X/ = (losurc of /['( K- tx3) C B ().

(Rme: X7 = 20, (X))

Ex X=0¢ x¢x+ty=0f CA
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Pu& back de{inir\@ C%r\ under

(U)\r) — (u)UN') <
X/

X—’au,) La_:.b{,\r'

L(’fz~><7'CrJr,4\-1) — Ur\*— wH(u+1)

= w(v*-u-1) Q( .
X' = {v—(ut) =0}

W fact, note that when we pull badk egn definmg
x} the €XC€PJQOY\00/ divised  f =(u=0) appeals  w-
I muﬁi?\ici’(‘b tuo." Ore wriks:

”/U.*(K) _ ></ + 2F p\

E_K X = q%"——xl =O§ (Cusp) Viu=D
P back undet (W)= (u)w!‘) / ,
X
@V w =0, w*(v=u)=0 x
Note in these examples, the proper X
transform of our Singular cwrve
becomes swodth, and we end Up W
=5

M X/ — X birdione?

\\ V\O‘f\"SIY\@
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Desmqalamza’ncm Problem: Given irred p2) var )S con One Find
nom ~sing prgy Vor X) and

e K —> X bit morphici,
NB: Dont really care that X P} but then should regquite that
be proper ov Fro’Jecf(.\;e.
dinX =1 : elam (normolization)
Ain X= 2,3 (Uoassicl (Zarisk)

Hironaka (1964) & n dhor O vesdhc exist m «@ dims:
Moo, an e COV\STrMC}cJ N N way.

Char p>0 : unknown (but recevtl, claimed by Yi Hu)

ECU‘(}\A{ 20005 DQJOYB—/ F\b\?uv\c)\/id:\/ BOﬁOw\oeov) Bantey:
6iw\p\6r app\ad. 1o keck thu

Wloddrcyzk et ol C\Wpler approach to fude, thm

Embedded Resofn

Thm. Consider reduced curve

X ¢ N (o X < smootd ),

Then can Fev*form sa of blowmgs up & poinks in sucl ou
Way tha proper “\qu\S‘t’ of X & nm-sing.

(E‘mh beter: 3 ,us/\’ef\ st A s Phorved (v <Siks
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\d@ﬁi At eochh S*a:a@ Proclzer‘tranSfbf‘M has mnl& ‘ﬁ‘nﬁdr p\mv\a
Sig. s, Blow up ot these

Problem: to chow pr2cess J(erm‘mcdes) need invarian! that
"improves” Upon Dlowing. L

Ex Nultiplicity ncednt decresse on blowing- up:

T
(U‘)Wﬂ <_"(l’()‘r)
><' A S — / “ 2
(mult =2) MZVZ‘ S =o (wmult =)
w(vi- u*)=o

Corvedt nvariant:

£ = diw E({KD@/%‘DQ)
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Higher dims An&-Qoaous sfodement trve ( HimV\oﬂa)J
bt situation MUk wore. Ewplicated

Ex  Hypst
x: <x7’+8f""+2q’:o) - /;A\B

s \solgted sing a 0, bt uhen you blow up DeA
propes st sirg alovg o cunrvel

—0 O o

Line Bundles, Sheayes & Colhomelogy

Question. How could we define “abstyact \/ar‘l'Cf)' v X, weo. asbihg«
tat X be vealized as doally cloced cubset of PV ?

“Given focelly closed X C ]FN ne vsed ratios of homog,
polys in onder fo Specify:

For eadh open set U< X, the rig &LUS of
egular fus on X,

: Khom\hg LU for each open U C X also let us define
morphisme of GP\s,

- we want do define "alistrzd” vars X WE Wl need 1o
specify BLOJ for ead USK as part of defp

"~ These Lill need to Sahs(y Some (,omapof(ibihty ovds. This



—_ lzg__.

leads to notion of 2 shedf.

Tevitative P(av‘ {or next fen clocsss

1. A [iftle ¢heof theory
2. Abdr Jar

32, Line bundle

4. Move S‘I\Za{ 'W\EG%

Predheoves X Sheowes

X a “Yop space:

Conciss Defn. A ph:sheog 0( (acldiffl/c) abelian roups Oh X s

a coptravariant functoe

( NS o{)?Fe > Jroups

Ih wmore detallh A Prcgec,? T & a rule thel asSigns:

- Yo eneh open V<K A group F(Ww

- Yo each VC U o homon (OL\}(TIT(U()ﬂf(V)

1N SVYch & Lay Fhoit o
B et(j‘____ O elb\/‘
\')
. F(W—7T)
enty = py STVt

T(w)
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Agree that F(o)= (o)

glmilor‘lgéz P‘md\eee U( W‘W\g,g \hecj}. Spacss, ele,

Examples: (1) € preshesf of cont s m X, Ie

€X(u}= {COY\"} fne f U—R}

?—-—— V‘CS‘"V‘i&Lﬂ;;
(2 X o read wif 1, CK‘;——’ el p—forne o X.
(2. X oGPV, &= vegfu  (fU)=rgieoll

cm,sk

(4 Ry = cond preshesp © Rg" (W= R

Nowd: F(W = seions £ ¥ o U,
A M S o PTCSL‘“{ Whoge sections are defermined )eoca“)/ )

Oof. T« preshesf on X. T is a sheef followirg condition-
Q\o\ds;

let UCX = open, and let

V= 5t

be o covering of U by opan subsels we U
Supl:ose we are gtven sections

g% e T\



that "agree on o the infersections \/ 0\ *
the <ense {nat
N
Q\Z(NP (&) = Qva"‘[zs CSP)

Y, g
Then 2 ceT(W) st %

L6 =5 Ve

Exs. (0.Exs (@) chow oz shemec

(b) RX i< not & shef : &% fabe X = R-foz: U=R”® U= R ) av

&=16 R™(0), s.=-1<¢R™(U)

Ca) \Wha E a S'Nﬁf K RX;(WCMT% ie
\InLC is usucldy Qb
R, (1) = { ol ot ‘Q% )

v—=R

Del. § = shef or preseag on X, VS X open. Then define F1V 1o ke
sheef o prisheed @ivea by -

FEN)W) = F(VnuU),

Rm_gcci S poes (see Gathmann , ca4)

(oeQ: infoduce formalism for feeping tack o “nice” fus O Space K.
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Def: A ringed spae I atopspace X equipred with @ sheaf
of ving & on X (callet He "structue shep” £ X):

Convention: We will always agstwe thed K& K a shea
(pg k—Vveloed fns for some il R, so
Not The Cose \Cc;j

@'K(U) 9% =%8 ;U —k A% schewec
(@ will hae petun? notion of Pelbact. )

Bk () K=C® wflh G)=fsmbs o X}

() X=ar\: Ox= sheal of 1 s on X

Def. (X)Cfx) ,(\f) 57) Cingd Spaces Ly
& O e & k-valved fos
Horphicm  £: X — of ringed spacss is @iven by ol wep
frome XY w the {DVD’P?)’{@\
V U g: \B ﬂ\a\\fc

7 00 (U) — (V)

(%)
> TS

_V< —

(le s <ir <head @@ X pu loch o s in str shesp of X))
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Execs (onvince yoursell that his recover corlior dek of
worphism in std examples, g

smoc melds, RPVs

Then hoawe notion of Tsom

@@ FL)(, on chg closed field k. A PY‘\:\MF iety (Ovef k) Ls a rl'hgeo( space,
(%,8) st X hos o finile open cover

K= N e
st
C \/C) 0-\'/(/ :My)(\\/" )
s st~ to affne ollg set.

Ex. Any @P\V.
Main Quetion (foc us): \/\JhU. bother 7

Arsiec: can gfuc!

- Theve are many styalions whee you want to congtruct
New varicties by glving processes

" n practice ore doesht usuolly leave the workd of quosi—
projective Variete bat (b wowldd be Paiul (and rot Jrerr}b%
lpslrudive) to have 1o prodce qaaSIQPV‘o\'? ehloﬁo&e\)\gs‘

- S0 useful to beable to bypass these guestions,
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Cx\u'\ﬂ% (32 Gathinamn , ChS, for detals)

- et XU Xz be two PTVets, Suppa gwen apen Sefs

X 2V, U, € X,

£ .
UD— £ Uz )

ond om

Define gminé a( X5 X, an,% f as folows

oPg 5
o =VUK) s

so hove

Yy 2
X, € X 2K,
cUCX opgn & i((VVSX, G (WESX, een,
* Struclure sheap %
s =frust] drequon, ot k
Clheck: The vesalting (X,6) & a Pre~\aricty
Rl\zl SiMl\ar(a Gewn glve 3 0r wmofc PRVGR: Need CGWpihbi‘lJty cm'fri?'(
overlops. See Gathmonn, Grstrucion 5.6,
Ex X=X,=A  U=0,=A-oy

Gheva U ——=> VU, © w=f@)= 1"
2 W

Re.guﬂ’lv\a vor & X = IPl
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Ex X=X,=A U=0,=A-}
- Bt now gfie by (dentity
. 3
A2U — U, <N , fo=t,

n 1 o [}
-Rcsu\‘hn& ver s« AW or\gin Q]ouUGJ)!

.’O K
i~

(/C: ot a non- Havsdorff space Locallly isom 1o C.)

Wil want To exclude this sort of ﬂl'l\r\gx will Lnveéee cond on
the produd @ K with sl

TLM*‘ Given two prevaz X, T can coneruct product
Poxony,
Together w projections

ExiPﬁx /WY:PHY

£y
P ¢ chaaderized by the Prbpexfy T P
k\’WO\J‘ %—lW@n ana P'c\/&f T:J and erl,s \\\
o
fx:T%X/{Y:Tfﬂ\f {K lﬂ?‘\f
{
+ e X

as shown,
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(So faking T= §plh, see P = X*Y as sek)

“EL” Tahe affine coveringe
G @ X, ad SV X
and gl the prduds Ui x Ny, (Sez G, Pop 5.16).

SCP amted ness —

Execc: A *Dp Space K s Hauwsdo® iff diagoneQ
A S XRY
s a closed subsd (in the produd Topstogy),

Dc;%. A ‘)vz;va('(c{y i< %WZ&CA if the diagonal
AX C X x X

s a cloed cef. (NB:ac uswol, XxX deesnt have ‘\Dl/bd?\‘bpaeogb_)
A Nariety s o separaled prevariety

Exe. ) Any QP ¢ cepamed,
(@ A o origin doBlad s not sepored;

Exerc. let X e a prevar X s epasied, the. thfeﬁedlm\q( +s affine
opent cubeels @ X & dffine. Statemert anteul i K pol gePam'ec)\.



L’me Bundles and Divisors

- Cections c—f Line bupdles pla& some % in o,%\ gean, Thed swath
fins do n ol ndla ‘H'\eow/ou

We l, gtart w o qcanelric defn. We'at arre at a more usefald
formulation  Leden

Let X be a vavriety (oc PreVaf‘)k (k=%

\buaitively: b L
‘)‘. [LQX
i« "Locally trivid fam of 1-div ety P X
spaces /%" Par‘aw*rlzea by X,
Move \CowW\allyx
Def: A Line bundle on X s a Var (ov p\’c\,w) L'faﬂzn\ef
U a  Morphiga
;s L7 X
P 4
2t the {allomina o4 _
N Iad
. ° (U
(1) 3 open coxcring §UE R X o )
wWhidk one Yac icons l
kil \
B (U)) = UA= Uit "

PN /P
U;
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commuting o projediensto Ui,

Q@o Lic Lowly a produdt of X w /ﬁ\ﬁj bmﬁ)

we. havent yet built in condition to quaraniee
That the fipres have dr £ vedor spaces

Uy =0, 0Ly

P(Cm: have ‘\'(A')O idchﬂ{iCd\‘(d\'\S Qe (Sl(U{(‘\U)‘)

W UQ" ﬁ) ove COMiVB fom ¢ and ove COMING-

o @ This gives rise to comparicon maps

Whidh we requite to be Lincar on eadd fibre,
Define

=

Ta - Ui x4 > Uy Kk

o e ,
CF{) — ?‘ qu (08 fhdlm@)

Fi —
ULxk =2 Uk = 7 Upxk = Uixd

?\.
Ns {\\\CP) % S

Flu) 2Rt o gl

—

| | |

L 2 U & U
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Raquih: that
T (o) = (=, gseo-v)

Uherc
gy - (Uing) — £ = GLie)

& owhere vanishing vy T oon Uia it (The 9i) dc J(rzmﬂh'd\)

unctions.

le on ead fibg Py s gnen &r isom of 1 dim vedor cpac
Novymg regularly w .

Rimbs . (v), h@ \'ndc,x\‘\r\@ convention i thet 9 = "t &\fﬂ)m\jb

(2). Anclogove defn in other geom settings: define rec or ¢ s on
top spaw, sw wfld, ek.

Ex L = x»A
- \ /ij © This is Trivied 28 weiter
X Ay o« 0%
Ex Toke
‘ A —din vectsr SMQQSP*QI
X =b = '{ ACHE

Wc avsider (once agazv‘) the naturd incidence cobTsp
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P'x& 2 1L = {([M)\r)\ve/\}
o/ N
&P
(So = Vot ue of orgn w K= b ). So
\;]<U\j\= N <t

le  eveny fibre of p IS Capy of $=A CA"=R?

&3’ % ‘ // { 0—section}

lP\
Let's show L a 2, and €ind its trans fns. Work w <id open Cover of
P
L=l U ={Y%/i]}
= O R, +0RY pu= (e s(x))
AU k‘h 21]{?1
U, x A U, x Al
P (T, %, (4 1&)) 9 (], (529}
I\ I
(Gipxd, t9 (T, 5)
2T,

(Txxd ) — (Crord (640 = (9%, (t3)) — (Cox), (X))

| 10 (EXD/XJB = (%\
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S\Mi\m«h&;

P x ™ o L=l rent
S o
P
Transtion fns  (wrl Usul covering)
35 = (%)

Voceb: This is olled How £8 o Cpr(1)

Ex. Toke
L = va\-t-],.{[a)_vp)lJ}/ [o, .o,4J
and define pr L —> P to be prjection
“m [o,,0,1):
p(Dor o d) = LHor 2 %0 B
Then '
B (pt)= P- [o.94]
= A

Ched: This is L, o« trans fus 9y = %

\ooh: Thic is hyperplahe bundle, o O/ﬂ:n (1),

Ex Lot
L= Mobivs band
b (L——>S( pYD) onte cent@l circle
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You can think of fibres a copics
€ R, and can colize L as
st space of 28 o S,

Trons fns:

Up = S —inba £ ©F
U, = S'=inbd f Of

Up U has 2 conmn compsi L & R Theh can “abe
4 s L
IrL =g_i A
\ariant: Ved Bundle of vk ¢ on X

&iven Q)y
?; E — X/
‘,J\
=\ . /_g—; U &F
pr Ul g ek
Now trarsitions given by

e
P, o ?;' (=)= G 956 ),
(Exez: wok thic outl)

Ex X sm mfld of dim n Tang. bundle TK is ved bundle of
@ h. Exer: whdat axc Transitio mairices 7
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Linear Aloebr of Qs and W -

Sag \::u_%)( a b o q:E—>X avh f r

\;l(x,) camies Canon (Upto isom) <tr of 41— cim vs
q.-‘(,x') I t ' . 0 r—'ah‘w )

2 Use |ocd triviekien
FUUY — Uk q(w) — U4

Forcaliyg fibrecos ys and note that we've reguaved tup
sudh fo dikler by linear aufororphisn. Jf;%[b ‘

Metathm: An& na‘tu&g defined (indep of bosis) oPeraLJn‘an o

vector Spacgs catries over to vedter bundles & s,

Ex &t LM ke 4dimvs /& Then
Hom (L) = 4-div s [k,
Sk L—=K M—X ae Qs expect
How (L, 1) — A
to be another Bbe Nete 4 p
LBl H=p
O isoms guen by wmult by o8 64.: Then we gt indured ison
Row (L, ™) L How (L, M)

o

glven by mMult by ﬂ":\‘ gg i L 1 ae describad by Prans fiv

9uj , Aiy  wrt guen °°"°"1‘/‘\'?J



—i
.,El \F L i§ i*’ &\Y\' (VA ‘(ZM

HOMA(L)L\ = “Q»_ T -dim VS W canon basis.
'
How (1L L) = 1.

Ex & .—X i« & and d€Z then
U_®OK ic also o LB on X.
f L hos tans s gg , thea %% hos +rans fns 933 ‘

Line & Vectss Bundles Via Tewms Fas:

let T —=X 4e o L& o 7&/ and write
gq Vi aU; —> & @
b the trans s wrt 'h‘iviaﬂiz,wg open cover {U,}, Thev;

Ric = és_:, (en)
Also:  On triple open coves Ve = 000N UL/ the 9j saiz‘s@
94y 9jr = 9k (FK%),

ng: et {Uf be an open cover off X, ancl suppose grey

Ve’ﬂ' '{V\C 84\, : Ul(\U) s ﬁvx
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SG-th)/i'ha (XXL Gerr). Theh 3 «QJ’ PLﬂx Ww- ‘t(‘l'\//'a.@isv\
over the Ui giving e 4o trans s gg. Sim for s

Sb&’(oh: Start L the Varleties U'LX/N‘ Then glue vid

\Jj A 2 U rA o Uy A < UorA
Y
(x,b) —— (% 9469-1)

Howows o s

Coveides Vs |
PzE') X J %KF—QX

q”r@s e, f on X. Howom is reg. Mmap
E-— F
P\ /g
X

thet is |inear on each fibre.

Nove concrctely: say $U; 7 open cover on which both E and
trivialise. say w Arne metrica g5, &5 Consider

Py — qwy
0 |9, _ 11 Vi
l ¢ v { lZ{

M})(é( Jw\% u)xk
Then & given ﬂocaue on U} by

(x, %) — (5 3(-v)

W her
6 Uy —> Hon 65K = Ty
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On Ly = W0y we have cowmpalibilty cond
a5
\)('J xS —— U(,:)x{{

%\‘ -_(E,D(‘Zl k/ L\P{oqﬂ-' = “C\U
LN ;
Updt > Uik

Q(“%gi = &(JC\J

le

4
a; = 4 a; Q)

= hy ;- gi

Special . Suppose e=§ =

€3 o: T — T IS [Som

Then a; (nrertible and

E%PQQ(“QQ&'

l( L —=X i given by data {Ui,aﬁfj
War,

~ -
a; U /xR

K L= %i) = &i"g‘; for nowhore, \Vaw. b; >
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( isom clacees of s )

’fri‘{iaﬂxgw\s on V=543

|
X 95 € 0 (unuyy | 999795 }

& 945 | 94j= b5, @:Wi(u'.)}

We wll Later cee this os HA( W, O{‘) Sine not ol L% TY‘I\II‘O—@B}L on one
open coves to describe a Qe Would need to discuss passig to refivenerk

Globad se.ctions

Cmnsideu‘ \-% p: E —X. W\

N Q
grept
Def. Globel section of E s { - 4 ‘ N

s X__ﬁE_ <t Fos=—idx. J/‘P

le., for eadk xe X, s(x) e E& = f;](l)\

Local do_scv*ipl\'w: Say E < {u\') 9«5}

Sce that
. p€
(?\."g)(x):— (x) S‘-Cx))/ u‘ %
nl e

S U K e [ aveder f 1y fas an U



—|¥2—

Chede: compatibility and s

S0= 9G4S

le.

VCX)E) — {90 sechons £ Es-
0

= { (u'\)‘%ﬁ \ %&Sg)=3(§

2
T 3 5= e (%) ra(R) o

T(U))ﬁ_} D S‘ = bo’th()%)""bz, 2)%';\ +.,\

ST = (Kfj\%
2
b+ kw(,—]—* Lz(;% z*k' - = (Xf])(%"l'a\ (X)m’ YD)NLV)
b= a0, bom&  bE.=G as =G

TPLL) = { anran) = {Qvear forms} ]

Stmilarly: § L byperplane 28 o P (g = %), th
r((P‘S 0}\(,\)) /-’:‘- {Q\V\Qaw\ '(OWW}
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ed x5 \2
EXCFC" L= 5&7" @ = (X/\y‘x:\r?qam \m) : 3,_) = (5:'%)

The TP, Gz 1507 pfr o+ L

On +the other hand.

Ex L=t e m P =GpCl): gyo=

2 X

_ X =S o
sl—gxgo - ovly K = S =520

A
\& r(,P ) O/‘P'C‘i]) =Q R—w@ i se {—CX)MJ thew

Siwm. r(R’l) 6&,1(—4)) =0 (4>O) . Zenes(s) < X (AJCQQ_OQQF,M
Y—Q[PB &u(-2)) =0 v

g i :
@ \]arlcmjc; Woenr X 1ped, aan
&) dene 2 owel cechin :{ﬁa\
Pull-bocks of Qb \ot IL—>Xx e £ and et

£ —X
be motphicw. Then get pull-back By
L —Y,

€ L Aeivicliges over SU S (cover of X), dher L TYI‘\/I'a)Bg
over N[ =£7 (W) Via pullivg back

Too u) — Uk

GIG é‘?u:ﬁ are trwns s € L Chee  fig = 96 an trus for
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Linear Series and Maps to Projective Space:

leh L be a Zb o vor X, and concider | (X, L)'= a
seclione a( L over X, Thists a v /& Tor prievitation, Ue'll
,Q.a]tcr P‘(’ows,\

Thv: € X ¢ projective, then
d\WﬁTCX)l) < ®.

However €or how we'® use this only- poschg.

Let
V < T(xL)

be a finite dimencpre Subspace, Say diw V=nrt+tl Svuck o V is called
o Wnear series.

Def- Vs basepomt—free C"bpf*) i foe cach xeX 4 seV
o <) =+ 0.

(\e wedims tn \ dowd simuhterconsly. vanish at any pt:)
Ltk X=P, L=0p@) =(typerplne @)% | Recull
T(PYL) = o cubicforps.
V=<x% g > base-pt fres
V= &2 KUZ>‘ not bpt bath vanish at £011

Rak: Can happen tht V(X L) #2 bat V=T x L) nst
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opf. But this deesnt occur wlon X = P,

PT(P/ Def: et \ C_.——TCX)L) be o bF( Linear series, With
dim \/ = r+1. Choxe o pacis

Sp, +-,Sr € V.
Then N givec rie o a wmorphicm:
T=% X —F
by the rule
Pe)= [0 -] e P ¥

Explanation: Sectiore of Lbs dovt have ts@2-defined vehes
0 &) not an elt of & Meaning o ) is ar followr. ~

" Choos= open cover UL =4 (4;3 on which I Ariviaizes.
S0 on UJ) Sa 'QOOaQQd@ww by reg tn ’fj,oeé Ox (W),
Then for ey, PEI= By, {J)r(-,jl

Ga WAV, S Indep L«

ija = ﬂi“)“{jou

¢
0 E{,;)b()‘)) ""/{j,rcl)] = Es)awz 'J{)’,ré‘]]
as p{g Q( P

© See that @ i mophism sinee Locally glver by \ector of regubar
£ un ckions.
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Addendum: |n the situation of the Pop/DY
L= F gt

4

Llet L fe o L6 4 XJ O £se TAXL) a non—zeww section.

) TL\OA «QOmU)» Acfined, oy one 'una’ﬂoﬂ) So
Z = G=o)= X

«Q/\ag puc coduwm = A
- B s may- vanich to ovder >1 a&wvaa some subvar. By

1f X = /fA\L/ thew
s= ¢ & C(A0) vanishes Simply ooy x- g

but
¢ = ¢* Vaniches to olor 2,

) \(\/aﬂjt sone device to keep trach of udh mlAlJriph'c,it',a;

M let X = itred var of dimersion W, A (Wedl ) divisar ow X s afinte

fomald Z-linear combmation ¢f ifred coum 1 subseks S
Di\I(X) 2 D= ZT\,‘Ei y E" - X Irred codia 1

Eg‘ulvu&n‘ﬂb, @ wnte D = ZHEEJ sum over ol codyu { Subvarg,
ol bol finiy may g ce @ D & effective Y o ng >0

Thee foama gmoup (the free e grp on the imed codi 4 SLRvar )
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Given  ¢e r(szBJ want to define

div(s) = (dl\;%sf a gem) e Div(x).

(ccve is to attach muttiphaties fo ived comps £ S=0
If X has singWartties m codyn 1, this is vather sublle.

. The naurz® setting- in WhichTo de this ¢ when X is normel (so
wdin 1 Rocel Civgs ae T De),

~ However 1 will ascuwme o simplicity that X i non~singalas whore
W on Sihuktaneousy Wake o the cmstructions we X disausg

S ageume V' non—singelar, ¢t

0+ S be,o\\‘eguga"‘(hdv\\/a
gaa. E QN ke an itved cowp of (£=0L £

Chooe o poitt xe E that doesnt lic om
ang (pred comp of (£=0), and Covsider

G'l?( = Rocol WL@,/
W
§ : (imag ) £ M Lol vy,
GXX s UFD and @=O) ic irred [n nbd f x, So

{ = (unit)° come VInved Tféo;)(a

Define
e=orlg(¥) > O.

Chede: indep of choice of .
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Now covsider
O+seV(X L),

ond let ESX be ircd cov\«paf (s=0), Then s Koaally given
by« W@“Qa‘\ ™ and we can Ose pruwious discussiom To define

e= O(ZQEc{)J
Check: indep o Loco trivialdizotion. ( Regtson: &ij € OEK)

UP_gho‘m When X nemsing (or nomel) and o= Sc—T_CX)lL)/
W2 have defined

AN (s) = ZVWE EJ WE>OJ Ce)

Elz L= ®}Pw 4, so < is hosvoa» poly ofc&ea& Then
dv D just refleds prive fadtoriyn of <

S= 'TT{? o A irved hongg
dv(s) = Je - ({i =0),

Its a remadell fad thal when X is nm—singuﬁmp (bt nat in geneel
when X is 0\(\\6r v]orMpQ/) @n alsa Fo other way around .

Thw: ot X bea non—stng. ived var of diw v, and let D %e an
effective divisee an X, Then:

34 w2 T on X, and O*Sér()()'ﬁ/)
Sk

_ avGi) =D,
Varian; ¥ s a yzdione seckm f o LG cun Sefire d\v{d\tl;vD

O ol efed e
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Nofo}fiw\? L = @(D)

We will prove by intreducing |

Cartier Divicor ~ Let

X = ifred variety.

Def. A Cartier divisse on X comeigs of:

(<) Open cover {U,g o-€ )(
(A) Rationa@ €ns f; defined on Uy, fi#o, <t
Si/5 € 0L (Linyy

Two suck {Up 5t {ui, he} determine same C-divjsor
5i /f«', € O))‘((Ui) Q0 (¥

Ex X=F, Ug= P49, Up= Pl Uo-Psoer
Concider

1
CU‘D\) %)/ (um/ 2_))) Cuvoozi)
- Thic s equi to teiyial C—dive
A Cc_xrﬁer dive § W, f.f determines in evident Way o C-div on o Ifimemedt
IV, T o8 LU We concider {463 and V&3 eqnivaledt
they satisfy 690 o & common vefinement,

Def. Soy LU 6 8 effective 1f 1 veqular o (4

Def. Set of a® such a goup CDN urder pylt of bhe £,
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Prep (Def. Assume X non—sing. (or normal). Then There
s & naduald Showon

. - Cowv(X) — Dw ()
W NT)
{U.‘){;S‘ — D)

where D s the unigue diviser on X sk

DUy = dv)
(Cond (i) in the def quovaistess that div (f,)l(ﬁ” =chv[1§)){,10.) . This howon,
{akes off divisors 4o o djvisoa

Aiv.
Rk: On normed. but sing. vo& W%?j might not be sury -

Ru\\iu\& of Cone over PN

onic Is nat Cartien

!

Ct. By linearily, can assume D= E Is irred & effechin
Now {ix any XeX. Sme X a UFD 3

Thm. AsSume X M‘H‘S\V\a.\.—w\en map £ an [sone

§.€ OGX ideal of E tn &KX
Then 3 Updx nbd st £ vegular in U, and

(£,) = idesQ o2 (ENU, Y,

K covered, by finitely mony sucd nods, soget (1, 4] st
CLNGU = Enu,~\



Soime AUt proves vesult stated earlier

Thw: D an e divisor on non—sing X, Thes 3 28 L on X,
ond

S¢ r( % L.)/
st
div(s) = D

ﬂ\ By previous wau) com find C=dive (IA,'J f) whos
dises is D Tabke
. X,
L = L% definerly ﬁg:% GO):(Ul(\(Gl

Then
he 5 = NI {0

o the fi potch together to depine « cection of L. TU

Next Qoestion: Wren s 64 (D) 2 oL (D) 2

Lemma - Consider twe sections
9\) = € \—( X/ n'f)

afg'medﬁg:m«)() w. 5,6, Then I rat In & € R(X) <k

93 = <:‘> Sz./
e cawn View Q;uojn‘cv\‘k

,g_\asamﬁ'.[ﬂ'

S2

P{ Sa L= I w, 94 - Then
ga, — 4‘\X\J {K)i}

Where T o ey oo Uy sk



Yollows tha

So

Now e

D] =dw(s), D.= duls)
“Then
D, = D+ dw(S%) = D+ dv(4)

%\ gab( ’\'(A')O dwVisocz Dl y DZ agre wgl}'\ea\{‘{d\ Cqu1Uq£€wj
D, =D,

€ Dy=Drdiv(f), Jeb0d" (Divion d rd foc are
calid, prdwcbbog Wiews )

rDQQS /El(ﬁ f‘Cl‘SKS: /\ssuwe X NoN-Cirg P@
(L. € D,D, ae effective, Y
(002 G5(1) # D=b,

(2). Defing
Re() = lsom classee of Qs o X

Thew
‘ PG 22 LW Y Bein Cx)



@) Bic(P = Z~C2/\y\:er\>\mvc & e ane b o P is isom s
Opn(d) sOhe 6 Z

( Hirts we Rnow ANy eff dWisor o P" s &ID(SGZ)/ E l’\OV\-\OQf)
(4) Given D define

L) = {feb(X)’| Drdw® >0f v}

Then
o) = T(x g(m) B

Sheave & Prcheaves, contd,

Twe wotivationod Questions~

(Y Lt X be a yaricty (o wfld, on,.)/ and et
p: E—X
be & vb on X. Then we can define heel (€] vid

G B W=Y(YE): etion o E o U,
Question: Hov do we recoginize sheaves That are of this fory?
Q. la ”hE—F be o fomom of tfs on X
Quection: |s there some, way Yo Make sense of fer(6), cober(B)?
Conl expect thece 1o e vbs. By o X =A w0 coodd £, consider

4
e Ay —> 1 wmult by t
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e 4 is

Xxk — )§x'€<
(g, r) — (&, )

On A-9t & s an isoy bt hi0) is zem So “cober(6) " should be
sepported Al 0 € AL

Wedd start W some defintions:

Def. (X,0) a ringed SPace A (pe)-sheef) of O%-modules
5 o (,PVCJ —~<heef F s

W o module gver Op (W - AW US)

" DY FLW —>F(V) is Modul fovam, i the sone fha
Y mef(w, decK(u),
o (dwm)= (V) pv(m
Ex pBE=X ad fo G(E) an O module

( Can mattiply sections of ElU by fis on )
M :§U ?L CP'&)"SV\GQ\ESmf Ox —madules, A hovow
el\l “}El "—’% \S cal\reu- Vy
Ox (W—howmas (U1 F (U —F, (1) Fhat

COMMMWe (0 regtms

EX’\ @}Q‘W\’Cﬁu\é§ is %(E) Lo ’Qr;i‘i'f% ‘FVQQ, q€ "ﬁm}d
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Eﬁ ME—=Y forow agxr@s s 4 0;([{5)—’0;(@-_)\

D 5 4 shef A glshed BT ic ached §
T MW C W v

(,wmpo‘\t)bla_ w vestrictions)

Ex. hEFE T ¢ then define ke ST, by
fer(0) (W) = o ( E( ——%(W),
Ex X=va, YSK cloed sublan ldeeQ shesp £ ¥ K i
Iy SOk auen by By (W)= 3feqer [ €100 =0}
Ade: What abait auctients ?
"~ Corsider shef § and subshes§ BHC ¥

" Define
* This is preshed, but ngt In genewl a sheef!

E,X.' ?&z: “>‘) Y = S;O/fb§ < [Pi C(Wls\(dep »1( c O/ﬂ>| .

o7 (U )/él‘(u§= < 1 0}1((1.)/&‘(@‘ =C 1o
P >

Op (W00} /&y (U,AW0) = ©



So the dota

4 j’o ) 0- .'l.m Sa+l‘5f‘8,‘ Pod‘c(nl‘l/\g

andd.

Bat this 4oz ndk ift to a ek o
. _ st (L, +1x

(Ruk: From o fancier Pt of vie, €'t running. i an obsie in H(P X\,).)

To Aefine @/:’?/55) we Nneed to heofdy .

Thw (Def. Lé F bg o preshest on o space X. Then there is a sheog £
o X togdlher w o homon, a( presheoves

R :f — ?T
chaacteriyd by the folloving property. oo any shegf) G, andt (gt
Ihowmom
I\ f"’%-/ +
ER + o~ ¥ /’f
& N’;'—’%’ C\\ v b
S

sk B0 =6 TV i led the
heoSificaion of ) o the slr\ea\O assoc. o the p*e,skeof oy

Corstr of € proceeds \Ha. & dISWSSIon Qe

SHalks. (onsider preshe) Foonspace K and fix xe X, Stall
O.ﬁ § & x

P =ogerms of sectiony = K F(u).
(Ie fc&'?ﬁ- U DX

LQ, elt (()(: f,._ Is l‘ercse\A’(@Q by Pcu'r (U, ‘#M)J U=x

/
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b, € TU.
Define (WLl v (L) € T xewsS U0V o
o (%) =0 ().

& s equi clasiess Nok tha € VS X is ay open and
S&?C\l)/ = 8\\)8’

S(a,,ef& JCor Ay ‘d’e\/'

Fi K= mbld (s clossio topogy), K" the preshesd
KW = H(WR)
Clatm. @Cj)x=@ for ertny o
(Reason: x Ihas ok swo@ contenctible pbd)
Thic il imply (}e,‘)* = 0~ sheaf

\Aeau sections o sheaf should be delermined by sl

Covste @ 7 For ay UEX, defie FT(W) o be o fig

U— I , p\—,xs(?)éﬁ
S.Jo PEM

Y ye U, 3 Pe\{ < U and se F(V <t
Sg_;—_ség) \d S \/

This Turns put to bz o shesfl



,_l‘S@/
Sot for sheef £ F=0 & T, =0 @ xcX
Now vefurn to morphish 2 thelysion of shews
hfi—x, <Xcp
DL - Im(4) is the sheed assoc to In(Few) — Bew)
s sug e b= & (&), — (£), w) x
T R/& s sheof asses to presheed) T W/ (u),

- Seg o b Corcider
Fi—=FH—8% it exact &= T/z.
( \G(lokml sechon of G
- bocb S repreentcd by dotbs
\Ma@ CUi £ fie Ty 4
£i-4, € 3,09y
Cﬁ‘)% q(&; )x — (i?q)r. (Up &)~ (U6 €
ekact Wy lc/'& ég(u)))
~Then qugl}\s.b

Ex A= C7 wfldl(u classical topokay)  Define Liwat ovec e
DW= Y(&‘Q(% )

OF - chead w ARFW =3 pforms on U
E)(J(er'\or deriy gives cawplex:

Jo &
a° . 0O — ao——> 01 ’%0{2__} - T ahﬁ'o

Claim:  her(ds) = Ry : conet sheaf

0‘0 exact oJrher‘wisev ( Foincare Le mper _}
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On the ather hand, apply 17 (X, =)+ sehting_
A(K) = T(x aF) = A= of olobal pfonis
TOX, A7) 6 the gfebl &R ox
0 = A0 PAW Te R - AR =0
Thig & far from exad b facht DeRs Thw &
HGorR) = W ( Txa))

Will 2= Hhic is consag of van. of higher cofom of the Tt

Sheaves on Al Nz

Lel V= affire vab, A=RLVI Recal: £ 0#+f€\) have

\{—{ 7@!\‘\(’ #_/()Z( - \/ . '\'h@e ave b&SIS 'f()r Z—OPQA
Cels.

RV, T= A¢ =5 & Lacat
H awe \{{ N Vg = \/{&) & have nat map
a2 ags
A Q/A\{o) e H\c%(
let ™M = A~wodule Then

M, -4 ]c%lU ! an A~ meciule:
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PVOX‘D/D@C" A“& A~ wodule T defines a umque s}\eag
Qo Oy~ moduks by the rule '

M) =M, @&
with the restrichion waps

H(\/{)—_}F‘(Vfﬁ\/ﬁ_\ Eﬁllﬁ\ P\T{—ﬂ I\{F@“
The SMQ)aog ﬁ A ptoxeV s
Moo= {5 46) 404

Y] ~
“E_ Eqm ) defines N ow basis of open el and You
can check & Salisfies sheef axiom There s then o Wnigue Ly
T extend 1o a Sheef on L (See Gottmann, Capt. 1)

~N

M Cheat of form M k @024 quos~coherent: It is cobecrent i
H i< 6%.

Exs: (v M= A=kTvI: ﬁﬁd\,
(@. WCV cloed abor TSRV ideal of W. Theu
,f = Ryy tidel sheef f W MV

Con View RCWI & wmodule over €LV via RLVT—>kCw]
i gwes surg

@/V _»0\’”) and  Ow s cohercil O, ~meduk.

Mow geredly, an, q-cok Oiy-wiod becors Oy~ moule.
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Nm«—Eme\o: V= A, A=Cl2]. Ddine sheef in E~gp on M
@:ﬁ e

R(u) = Lot on W < K}

So &r
X(A) = all ente fns on A=c,

The i a s\h:’_crg ol O,/A\“Mod“\’ff) b # s not Q““‘i‘fotf'/e"\_t/ becaoge_
restre Maps neat g’N’CV\ |97 ZDinEaTth- E%

YA 2 RUA), = {51060 wew s 1 poles ol f 0

n
b RIA-Y) alo ortomws Bebs fa o C-fof 1o, €ssertiol cig of O
¢ Qt/z.

Now cowsider: (X, dx) o2y var Sheefd ¥ af (7;; — modules (s
(quosi~) cokersat € K hos finile offine open cowr

K=V

S.b
¥ I\Ai is Quoasi-) cohevent slw.o€ on eadk U).

fie
Prop. @nd holds f one opep ove® = holds for o & offine, open cobers.

(See Gathwann)

Ex (ovsidor prE—X avan X Then G(E) coherent.
(In foct, cloose affine WS K <k
elu 1

Then  G(E®NU 2 G, and this i coheresdd. (s sheaf s b



Ex Suppor! of o skeap § Is
Upp(e)=5=| T+0% Thir

{rea modqlcae R e <peciol, case. O@Cd coherent,

Ex Given Y C K closed idesl shead By/x COK  coherent.

Exter\sim\ 'D}' zZew— Lt X ke a Val, and YCX o closed su,@wav;

Wy ite

£ \F QN X {81‘ [V\C(ugl’% X

Given a cobhevent cheaf fd\*ﬁ e
define o coheret sheaf 4(F) ‘on X Vin

L)L) = Flunx).

Thie is ol called Cextension ‘f ¥ B\/ 207" 1% howe
0 x<¥
T 8 ey
A\qebraicc\uy: SUppas X, T ot(‘ﬁnej

A=RIXJ, B=kLVJ 5o B=A/T

s @ B-madule & B=TT then 4(F) Is cheaf accoc
1o N-module

_ e Use map A—F 1o
r(f\ —M M®BA \ Vl.tw ['[ oS A—Mocﬂulel

Chedb
T F) = V(X %))

and i~ 3CV\£VR€ o0 The colom pro perfics of F
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dge o chesf on ¥ ars unchanged if we extend by 2er and
View ags o gheq€ on X. -

(\jo-fﬂ.‘ 9{*6‘\ wyite ? instead QE /{’7‘( 3:)°

EXQV\/\E\Q‘\ Gijen ¥ X as obove View
6‘( = O’x/ézsf a< & coh ShCQ(OV\ X
So have short exad seq:
of cheaves on X,
Rwk. L{,J( X C;-PN be & PYZ Va, anc F a ok SL\Qofa'\n X

As indicded oo, "WLIG" we can s’rmd&\ T Via extending oy
o N
zem and Viewing. i as @ ot chef o P So»

Study ef coh. sheacs e  study of colered
On PRy VR sheaves on PV

M(:j+ &€ main thw WL be estellished ih codeat of el shaaes on
P

Algebreic (orstructione — -

Al the Usual gperdlions ov modules wor® ccdegony
coneent hesews

Prop: Let (X b= o Varieh, and let £ G be cofe Shaawsr

(+) ?@% lsCOCJ ad mote gereally avy cxtension



— 6% -

(t€ ¥ b(y 4 Kk oKL
() ¥ wF—=>F & « morphise bt cof. shooner

dor u, W cobaru  arc coherent,

(iid) DeQme (@Qﬁ- o ke g'w ascoc 15 Flw) aoq(_(w%(o))
it £ ae oberat,Yen o ic F@g.
W fad, i in afine eitivg

TN, g=K
Then ~_
Fag = (N G,N).
Civ) Simlady for x‘”‘o;[f) G N

Maotivation foc Golrow: surjedivity of gloBel sectione i,
Cract gequence

Question. Copsider a short exact sequeuce

of (Sa”) cerent <hearss o% var X. Ak wlat Can e
Sdg abodt cufjectivity o net of

rixe)y — r(xg) 7

BC'FO(C d(soussih& AVE (xEr, et me exp[ql’h One ScHl'y\g whers ques‘f)'ay\
(s '\Nporﬁawh
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Congider iMed proy var X © P) 0 ides cheop Sequere
0 —= 8 — Opn =0 0, &
lek's tensor by Cpn(d):
DL € F s woh shed o P, Wrik
) =¥ o0l (Tostg by 0y60)

Sinee Opn(d) s VQOCaQZJ.ﬂ% DO (D) (s exad, 5o e
9@:}
O — &) —= Opla) — O3 (d) — 0 (N
Ad: whal ar the gRobol Sections of these Sheaey
TP Gpr (@) = | fromog potiys deg Af
(A = T (NIX is LB ow K avf

TPy Gm) = mCx, g ) = Sechove o€ GO

k

Hax

oo U (P)Op() —>T(X O ) &)
d

W W
F > FlX

- Co
TP, 4, () = ker (p) = (Tx ),
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It offen \'wporfavﬁ to undevzian® the deg d plee of
T In prdie ve can undeRtand cource anet 'fqraz,@
(i (ﬁd) o iSSQC \S (/3")@“’\6' Pd N \'UV“).

Ex Gonsider
W PO P, il 05t st )

| et X‘—‘— WMage e
X C PS curve Of cleg 6/ abety, icom To _ﬂ_)_l

Nole:

WO Q1) = Op(s), ie CK(N=pi(6)

W0p(d) = B, o g(d] = GlE)
Moo ven
this 15 o
o, TUP 0p01) — T(x, 05 ) " ST P

%, 28,3 > 0Lt ¢

<o) dimc@&v(\a‘_——_ 6—-—4% =2
all polys
o leg 1> w Gt

o TP, Op@) —> T (K G (2]

q&\lgir @mmi@ l ovyesy Movomicl
W Z; 2 o7
. L&) $¢ S, st t6
—
A (O A 2
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W Spanined '97
. » . . 10
e A (o) =Ty g JEKITE ST

G
P2 not sun

CPA sur) for 42K

Notke: hrec dou can worg evepthing out by hand. Bl
w o
Ade. Tor Qereel KQ[PJ IS Map
(P Gpn @) —> T(X, k()

Su(‘jc,dl\rc {for d >0 7 (No‘t c%v‘uo\/\s,'b - H

Retwop o ghort exadt Se

o0

?
O%%ﬁg — P — @/

6o
of coherent <hieowss on Vaf x) and fix se¢U(X,F)
Ad: Wha is obdrucion %o [ifting s fo SeT(K€) ?

(12).  Sinee & ex S€q Q\O c shearsg 3 affine Oven
0_(/:{\*1& £ K st
« ?

0 —glu,)) = W) — F(y) = O &,

exad Yoy Wnte si=slu e Fluw),

Morcovey on assure (K)j exod on WOV,



— 168 —
(Zb). We can Iifl S; ‘{'0
S EE(U)  w plS)=s,

IA\.C&: Ccon ¥ dWQVYae_H\dt "ﬂt?\ Po*c.‘n “+o a—N’C o 8’&)@6@
section o T2

O . vy
(). Restriat SKLS) to (X(J-:_(,{WUJ'. On uzU‘)

e (5 -5, V= 0¢e F(up)

© by exadves

g
0—)%(UU) fx—egcui\'}) -—»h:f(U,/) — 0

wn Wrike
(B8 ) uj, = % (b)) sons t; €3 (Uy)

See..
Cg=-tj, tittrtu=0 o U @

(4°). Chedh Suppoe v can write
g =@ —g) Ui for e GOU),

Then, seftig € =Se—x(t;), the 8 poich
1o g\e & section
Pe T(XE)
<t _

p(37)=5.



(5°). Now "define”

Hi( UL) %_3 o

Then

collections \ ta = —tji
ti\'] eqlujy) b+t b= ©

{tgj & baj= (be—13) | Ujs E\

Tor 1‘,9‘6 %( )

Weve cndruded o Map

T(x ¥) ——t(wg)

ad =0 & s Ak 4 el (X €).

—

Plon- Fee any She=f X T covstr cofhom- YU

e

00 (s

HDCK) £)= T(x)fj
ond chort ex & of <haaz

O —%’%—%8—)—?.’9@

QU= lovg X ceg
0= 1% 3 ) =R I—=HKS)—

—d

~—s H'(x.g) — H'(xg)— H‘(K)/a‘?)

QHZCX,QJ — .
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lntro o Sheol (hom:

Considers
K = space (esp oy var)
T = chald 0w X (esp. oo chae)
M=5U;} open cover (esp affine qpen cover)
D&(i ne.:

Ctrs)= T Flupn nuy)

. . P
("0)")"])-) QI

S Fe CMT) consisk &
WCO - Lp € f(uf» N .,OU,'PB‘

"FOP cacl (P““{)"‘FG@ Ihterzectn of tle U)\ (DOW\} al Wmonent V’(quwa
the T's 1o e alternating).

DLine o
i CTUY) —C (W)

oy
(a?f)l-om_cﬁ. - (@;ﬁ_@, R
Ex Sup € (7 s0 T=1 €T The
@5 = (-9 vy
lemue d°=5 so (PR a o

Def: HYCW, ®) = W cw, %))
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Ex dlwe) =Ty

Rk (alt cocgeles) et

_ll\ev\ C.;_QQ; a suﬁb—CoN_P[a Of ) and
P . oz
H(CAZJQ)—} HP<C’)‘

(EFAC) élEHJ o tﬁum{&v&* 04, {»22‘3{(:[‘) So one con Jud as wedy
¥e alt cycles we will gererlly do so.

{@EL@T
@—>9‘,—>8—>-}°ﬁo )

be o short ex seq of shepvesg and et M =3U§ ke an Open
covering. AsSine that the followng propedy hods:

For any finte collection of indice o, ﬂ?fé 1 the seq

6D | 0 —=a(Ui, ) — (W, ) —F(u; )0

70 LP

& exach

T}\@f‘ 4 (3\\1& Pise o o \01\& exacl e
D — H(mg) — W) — w3 — Hug$ > HUW g — .

= HTOL R — HOLg) — K o) — Hs) — H (0 g —-
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R &8 holds @ (8 ic ex seq of ol sheans o~ var X)
and U= Uik s std atfine covering

X of Prop. (ond Gl guarmnbees tha (0 ques shod ex seq
0 >C(we) — <we) = clws)— o
ol COWLP\&ZS) Whidh i Turr Q@ives \Ov\g— Cx seq »f cob Groups

Reflinemernts — Welte <o dar defined cofhom wnt « cpecific open
cover. Atthough it furns out it wont e necessay- §e+h'hg, & cob cobom,

in genel one Needs to pass to relinement:

Let
M=4ut  8=15y32

be two open cover of X, Suppoe that VY is & refinemet o B , @
for ¢ock 4T o is gven AUIET <t
U‘\ = VA(L)~

Thew
u'io" (’P ; \/26(0) .- 2(1})1

so for any cheof F hoe ~sir Matp
?(\/m,,) \ Aﬁip)) — F(U;, Cpl

Now define
v (8w, fley) — CP(W)J?}

Viw
(T'b/)\'., ho %/AUD]' A0 l Ui, iy

This gives worphich CBF) — CIOWTF), hence
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e T) — e
Lemna: Hap T on colom indep ok cheice of 0 MW T —J

\dea: Two differcnt wefinement fus ALX : T— T gve ne to
fomctopic Mo T, 7,

R_d‘ [{unifort- s, p- 2272

\V)
Now we define Cech cotom b:f £ b, bassing: to Lowit over 0
CO‘C’CN"U%;:

bef AT = Lw  Hlwr)
(el conez
N
Concretey , clos ae HI(XT) rep by
oy & H ()

whewe

a, ¢ W, ), awt H (W, £)

vepresent sonme clags (F theye both map to same (lass undepr a
0. common refinement

oBelian g\
%% Exomple: If X i any varicty bhe ' tﬁc\/\d(ml’[)ﬁic«ﬂg% ’

Pty =, LSBT & H 00
\dea:  GRiven ) repr it by data U5, g % g4 € Of(u“) Then
LogFe Z'(w, 60




—\3¢—
\/1
Clhedk: various dnoice [ involved €xad\<f determme ot class jh H (XJO; )
Now retutn o ghert exact deq

0 —>¢ & %Y —=0 ¥

of sheowes on K
Prop.  Ascume that either
(D) GJ s an ex g of qUasi-Cob shoate on =&

Var X3 o
G X s poracowmpad ond Hausdorff, ez a weid

Th@n (7‘) %\VC& IOV\a- ex iegv on ﬁ/((xj‘ ). [\q this Care WT
define | V
H'(x,8) = H'( X #)

PS. iy, Af€ine co verings <o Sy vgr covdition (x%) W pravious
Prop o ofinal amorg o2 covermgs

i\ See et 0do, b 221,

Rwk. For ard € m a2 X H is not the "m'@ATU 'afffxoww%eova__
T'W ome badk to this a [itHle lodep

De Rhame Thw Its instruchve fo see how sheef cotrom qives
fise to qu\c& P( of (weal form 065 DeRx Thm

Key- poivt ic:
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E‘\o& Let X be a0 C® m—(]é and \& € be the cheaf of sectne
KL a < w6 ow X Then

HPCX) £) =2 0 o p>C.

S Enowgl to show that @ Vb= {U} is a Locals, Finde coves
then
H(we) = O fo pro

Cructad pt is dnce of porttn of unity Lo} slbortinate to U, e

Ins
i XK R ) <

W-

Z 6'“;_—:1 OV\X.

iel

We' 20 show Hihﬂ)‘cj =3 genendd cose berg conceptvally stmilar
bat notal l'mnolly heaver So Say>

1
T = (Ty) e Eq(,E)

Ty ECUG), = -
¢
Ty + T T =0 o Uin-
ARG VR e Ty = @ "°'\j) (UD
Define
O’L = : PD(-—C*\D( .
I U Uy Spp()

xE
\‘(eahin@ ~gLAPP (Pq -C,Q)\) - M“ n Ui) @//
extend by 0 o View as elt of €lU)
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Then

= Z Pw( Ti+ U )
= E_ P ('CL")B
= T,{J

(For gencinld cote, See Griffithe~Harrs, p42)

Now ¢ongider De-Rex A7 of sheaes

do ¢
0— 610“901 _\02—’ ”‘“‘}0]’\\30

How‘-’—
fer da = KRy, otherwise exact.
Wrile: '
A= (txa)—=>TXa)— ... )
= Guple of 2Rl sectons, o HA) = Hpe(X)
ot to concluder

OO RY 2 HY(A)
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Follows from purely formal:

Lemma (“Abstrad DeR Thw').  Consider complex of cheoes.

°. od? lo‘1

Jx
On Space X. Assume
ker (4°) = §
Wiile & stherwise BAkd), and assume olse that
H'(vaY=0 q>9 <l p.

ﬁna\\y) suppoe we knov That short exadt e of Sheaves gue loa& exact
sequences in cofhom “Then

H'(x8) = HH(A),
Whew
A = TC x,a’) is cOMp’cx o globol sechims determinedt by a’

"PL. ChOf @ into Short €Xad seguenes and chae vcs(,d‘rmal cl:‘qgraw./'

Tu proe conlusion for ﬁa-»’l,, Fovn o\t'o%mwu

o 0
\ O\ e
%

=2
N\ A /A‘ N AL

0 — 0 —— Q‘éx 01 ag
\JE e \g/
1
0/\ N
O o O

Diagonel sequenws shor exact
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0 0
\ O\ 7

kS gy
N\ o(u /Al \ A

0 — o T g L gt @

N N 7
21 gg
7N N
o O o o

Now loek o lbr\a exa<t Segc a\f\is(‘h%- ferm oh’a@_ segs:

Claim:  ber (H(0) — H'(@)) = HEa)

—_——

Pt Use: 5
O— H(E) = H(A) —> H°(E)

,
o)
!

So
H'(A) = cobar (B(8) — H(E0) ),
Bt H(&)=0 = fim ex g ow left get

Hla) —> Wie) — H(F) —lo|=i)
GED)



e
Thi¢ leads 1o “officied’ Qefn <€ H(X, ) as a dertved functer

\dea: start w o “vescln! £ ¥ Via a complex of cheag
R N S ¢

©: 60— —adsa —d—.

le

T =b(d), A ohorwise cxack

Chooe the G in uch « way that they showled have vaniching higher
oo

Then # hos 4o be e tha  HEGR) = H'(A)L ohee A =T(xa)

(rothendiedd: fakes A 1o be l'h)edlve sheaes, Thee aw oRss gthen
choices in the [dersiur

Remaine To how this Ve "goad” fheo%

\/ah'\il’\iha for Affine Varieties -

Thw. Let Y be an offine Var and et T  be a (quosi-)
coherert gheal on V. Then

(v §) =0 4« p>o

Sketeh of B Write A"h[\/]J and Say T = ﬁ far an A-module
M C‘noOSc

{1) » £ € .A gehe\’a_‘h‘ha_ the unit |A&&
and \@
m = 4 \/{; % be the conresy open cover
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W cuffices 1o chow thal
HPCUZ) ﬁ\ = O fr £>9

Since cuch open covers gre cofined among ol open coves.

Ceck complex Gy (Ut)ﬁ) hos for.

R > O Mg = D My —
=J i<jab
I I 0
C° 1 >
o C. C;@

G e need 1o show this is exael starting &l C' Argiment is parallel

fo pl of agyclicty of C® sheaves, As we did thee, T focus aw the case
p=*

SO ‘.{fx alfet‘na‘hr\g wcgde

t= (Dg) € Clp (UG, N

e

'U_Lj—l-z)’k—p-_cb[ =0 ¢ ﬁf;%{b

Wart 1o write
Ty = U—T0.

Sinee the §y genente ynd 1def o do ta 1[:“\ So 3 gue A st

> %4:‘* _ 4
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\
RN
p -
£
QL
(_E
R
<
o

Thic has Variowe consequences. To begin with

_ﬂ‘_m (Thw of Lemyq)\ let ¥ be a quaci~ coherciat Shaf on a
variely Xy and ld W=1U5 be any affine covering of X. Then

H(x,¥) = Hw 1.
le cofbom of £ con e compedad from any one affine covering.
laea: Lt B®=4V35 be another affine covering. Sufficesdo shou
ot H,E) 2 1 %)
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by an icom ompatible 1o restriction mape when UL 1S a tefingned
of &

Can form big double complex C"(W,B;¥) whose ferms ar
et = T (Wi n u;_r(\ N0 0 V)J

Then ,
H‘(\Rﬂ{} = H‘(ﬁer(c“—m"‘))

(g £) = W(ia(C"—C")

But it follows fotmolly €rom Vahishing the that both of thece VT [som 1s
cowology of totel cowplex assoc fo C*7. See Mfd- Oy, p 234 1.

As another consequencg g= find

M\ et X be a Variety of dim h and € a qutg)'~Coh€Fen‘f
sheof on K. Then

HOOE) =0 for 4> n=dinX

Pt gy prove under the additinad  assauption that X is quasi—
projective.

It cuffices o prove

Waim: X Was on affine COVEripgm Ut = Su,@ by n+l or
few open cuixets.

Then Ca;t (WE) = £ pP>n, g6 our ascertion foll o from
pr6\r'\ous Thm
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Yoo claim, say
X <P o clossd,
X cp by closure of X
X=X—F FCX clos

X — N . —
Lckmv'q« let XSSP pe Py var of din n, & C X closed get
Then if d>>0, I M+l howmog Po‘)é‘

B, OB &£ 3g 4

—

not Naniching ldenlically m X, <t
Y = K (\57‘?0-.—: = %,@Sl

P,L' \:un exencigel

Now ld
U = X —4R=0%
Then U; € X is offing and

}( = I UZ\ &ED]

Serres Thw on Glodel  Genersition

Let B = P" be proy space (ot veally cave about diu)
la
¥ = b shef ow F



— 84—
Reced] that o~ d e Z

- |t d<<0, then typiclly TCE F)=0O,

Ex Soy- XG Pa cdogd v, F= R, p. Tren
ve Saw that

homag pols of deg d
T (B &p@) = Vanic?\;v\gaf)tf

and o course this = 0 «f d< 0O (o d smeR)s

Serre proved that it 4220, thaa €M) has Many
Cy@oon secdigng. To make this precise, we Start itk

Pop/ Def+ et ¥ be a coherent sheaf m B TFAE:

Co). 2 finitely many ¢lobol sections
So, S € TCXE)

i the, “v=alves’
s e Fu

Bcneva:%e the veda cpaa § / ¥ VaeeP

(0> 4 finitely many  globol cections
So, S € TC(XE)
Sk Phe 4orms
(Q,;)xé ?ac. Cpa- the O;IP‘MOdub .y VW



() T i o qwheﬁf 0f a 1TrivieR bundle q( R r 1e -
Suf) rap /

| N
g —E—o

of shea= on P

f these hold one s thal ¥ ic globall q Jad
by its glool sed‘tmab‘ G goremia) or Soa

Sketch of X f Equivalence;

(a) = (bY: Nakoyamas Lewma,
(0) = &) Nokthd € selT (X F) tha s defin
Op —F uth TR —T(BE).
w0 7

(Exe!). G the s g\e ' 0

= X cul owt

by hypsé of”
g oA

Su.f‘j on <to@bs Chence Sut) as a wmap o('skna\cs_)

()= 6r Toke vafues ot x.

e —

Thm Gere). Let ¥ ke a <ol she o P Then 3 an ,-h+eﬂ@
A‘o = Am(?)
b P i ol gen Y S >dp.
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Lemma. Ld ¥ be a coherent sheef on B and et
U, = §%¥0 [ SP
be one of the standa open cels
() Suppoe s€TBTF) s o section whoe redndionte Uy is
ZC50

slx = 0 € T(U,, Fli).
Then

Xs =0 €V R F(m) Hor some wm>0,
(o) Let teT(U, FIU,) ke asedion Thee 3 >0 st
xat e (U FGa LUK )
extends 1o a globol ection in V(B Flw)).
Sbefeh (TG Lemma 4L pR). T, prove (O
00 U, 3 hUil-wmode M, st FIU =T S
T = (Mi) o).
Go I m=wmj
s.=x' 1 e Flwdlw &
We can chooe ove alue of m SL (K] holds far cvely &

" Nowon Uinl; ¢ & 55 ax dcﬁi«@f} and
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(g;——sJ') Uy auiay; =0¢€ (N;)(%)s(l‘f)- )Gf%‘)
Then 3 w'= M sk
/
x‘:‘(/§i"§j)::o o \7"(\\1‘)1/
and AGAN canfabe W’ Unform In £3. Se

X:\“-w{t extends to g&% sechip €) (T(maw? )J

Pt of Thm: Given ¥ b o B corsider vosk
= N
Con find finidely mavny cedious
Sxr, o Sar€ V(Un, T(U)

Thal genevate T over U By lewna, 3 Mst Xy s, extend
o0 g\ <ecliow

tar € T(R F(w))

thoat generede $Cn) ow Uy, Pulting fegether the 4 over a2 =
poves the statoment

Cohom of Line Bundles on Py Space

We wo® on V w howca erds 1o, > h and covcider
o{ine e



— |88

<o

T — B T
&[u]] - ‘%' '[4- ) 7 %1
Reed)

‘ (9'[{;" CA) = Gﬂ? @)

s cheal o Section of b w Tranc fs
N\
95 =(3).

THM. For ay deZ cotom of Opld) is as follows

v Ihomay pobs of hen & >0
( H(P g = { 2o e
0 °? 6\ <,0

G Yo Lsisnd

HCe" @) =0 fo o@ d
G (P o) = H(P, Opp (- n-1—a)
(e dim B (OCw1)=1, din ' (0(-w2)=n+y dc\)

Schewatic diag@u

™R XA
N-1

T S RN S IS Y
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Will prove n geveeld stgs, and il establish foc ol 4 o one

Step 17 Intespetoion of Ceck comple

‘Recalld ( Thw of ;Lﬁ(aas ha e on COMPquc cobrom from the.
coermng- W=4uz

e =4l . .T1

Viewed o< graded ring. Wrile § for deg d cowy.
Congrder Lo calin

S, = Slzl=¢0w Tz
Then Sn k 6lo graded, -

e V\'} 1'/_I:; A
( ST) d — E\%ﬂ F &Sy } (l:e;:u— 1 ]
Y

‘N fix geZ (4 L=G-@) S

- 1o T
L(U}\?Ai}i[’ri) )T ]J

but when e work o doulle oF higher overfope there ax
diflerent choiwes o isoms

Obcerve: Ther i a anonied [dewli€iedin
Llu)= B
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Ll i) = (S, 3),
n Such a way that the restridion
LAY — Lkav;)
are The canenicaQ maops
(&) CST T 3

P Make the usval identification
®
L) = 3Tl
¢
Wrt Lhidh trane s ‘Q inw&l) are 99_,( )

The \denwhi€ | ctipe 4

L) =40E, =) —— ),

s given by wull by Tf( . Then on double overlop, haye

T, T T
%»[7&: >, TJH(GT)J\
1 (2)* (S13),

5 T
(at%;’ /%lTD ?(S@a

ag requwea» (Y
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i'o" CGV\ ldCYT]'T(d.
C:Qﬂ ( 0, OP“ ()

With the degra 4 piece o the Cedrbype cOmMplex of graded
wmodule (G-

A A d
< . ®©S, — @ 11
—[A . T(T] Tl L,
' ? Ap< l1 v A &LL<, > My
i> @& ¢ LI —
* 1< L T'D“:Y]"‘"‘ ST T O
oS - =S et b h

Shep 2. Computition of HZ B,

* We aQ@JU landwo Hﬂ. COV do a5 exeocice fiowm Prcviouc sﬁp)
“H s coker F
N

A'a< S )

° Ih

.STD T. I8 §{>amneA by ol moromick

1 ,Tf" T:“/ a, € Z.
T T

“\What is imvage of d?  @wsider S the piece



\w\a%, s spamed by wonomicle
1_ 4 . Rt —4n
I — To Tp\-., Ilﬂ y an >i

o gy se

lm(d) spame by monomiolk

B A A
T T
With a;>1 fae sowe L
So
HY = cobord spanned by
(9 I S T v o 4 <O
T T
So

“
H'CPY GG n~1-) <pames by wovomicl
@ o -@)=4¢

S H as claimed:
Remains to show that H(CO =D fo 1si<h-1

For thic we pate prod gnd make Some vemafs on
Koy complexes.
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Kosyuld (owmplexcs

Ex Consider A=klxyl and fgeA w no commen fache

eq’ N
{:-XJ %_7-%'\,;

Claim:  Have exad sequence

(%) ) (4,9)
6 —A —> A — A — Allg)— o (¥

ﬂé)  — a(fb?.

1 — (gy-)

(Ve unigue factovieation o shov Thd

wft+by =0 & 0\=c6‘£» b= -4 some e.)

ND{C. That up fo Sigw, ®) (o lad ferm OW'FHQN Iy
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