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() By pericdicty of &
A* ' =
4 (et - ) = ©
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Dog 6-(243) = Log(z) + (az+b)

le

o (z2+2) = o(=). g2

Pf o Abdls Thwe Fix

C—l) /CQC’.'@
h, sNe €Ll

<P

In=0 2ZongelA
Need to concht @ fn £ w-
ode:(F)=Ni , Vo dther zers o pole-
Replacing ¢; by tanslales, can assume:

2nic; =0 (Chekl)
Canciden

ftz) = TMolz-)"
Thic hhas right zemes & poles Noadto show { eQiphic
Fix e Then
f(z+) = W 0-(34%&\-)“



«._,gq,_

n:
a(z—c; )tb )

= T— (o*(g_ <)
= (2. 6%‘9( 'Zh a(z—q)) -Ho))

Beit
7:“1'-‘:@ So Zh;azr’—q and Zm’b:@

Also ye assume L njc =0, ¢o
Z h[(‘l'd\ =0 @ED\]

Modul: —

“Wart 1o discuss isone classes o RSt of genus 1

CGY\S‘NAEZ'"- / ‘
AN, IN S C two latti s

X'Z‘Q:IA; x,:G://\/ ¢ colresp. RS & genus 1

Ask: When is X = K/ as cx m{ds<
(NB: XY K . S'xS" )

\l\‘(‘ij(e: ) {
pe X, 0'eX’ for orgm (imoges of AN)

it enougf. o study. Jole apping
!
& X7 R o fler =0



(Arbitragy. wop diffee frow ove o Thew by transladion,)

Lemmas Given f og jn (), A a€ C si f induced by

C —7C |, zbox 2

k.

x /\ Q/\/J

(Pr s o HW) Hink: § corered by map F € — C o uniw
(ONCPing SPaces, and T Jhobo. Moveoyer

F(z+2) = Fla)+ x cone N =X(zA).

Oneck this huplies T Lingar,

I poriicwo@
/\i = o /\ Cx)

AAFRR S o e ge e
Ask: How do o’ elc bebhave under toanst zp=ue?
Ex  plazan) = « 0z N)
pl(xz a\) = <2 p(2,A)
g, (xAY = X4 (N)) g.GN = P g (A)

In pacticudar, this S how the Neierirass ag,

LA_?— =4x®_—g,x =g, Frensforus



Now |et

AN = %_,23: ~ 27 4% (clcpenc!s on f\)

Thie i< diger r-f 43‘}—%:_?(’"%1; 9o ANFO <SMvee this
1()0& distingd  voots

Next, define .
9.

T=T(A) = —2—¢ecC
(A :

Note thed both top awd lottan.
J(N) = J(o«-/\)) s by K2

w J Il Invarar o isom claswes,
T X = Xp e T(A) = g(N),

and. Moteover evel. COmpEX No pecuR os U~ InVarial,

\e.
{ lgo?vx C,(Dtsﬁej —> T

J

Olne O\PPWCQ\Z Shou that 59. /A classifies rbo"tsgf
Gx? X —Gy =O

UWp o dnanges 8¢ cools

Mo dulas ﬁmuP: Aoy Lattie G u (in alore senswe) to Lottice
geneted by

1/ T /‘CGIH(_UHP
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(et "
N, = Z * 25 )
4
However there s come ambigw'{;)z ih the choice
0£ —C/ &CCLUSQ— \-’Q
it 1
7= (% 2 esi(z) (=0 )
Then
Z+2v — C{acb) + Z(ctd )
le. <ot 1
VT = gﬂ:& ¢ H
Then

~J

q:/(\'c = G‘//\'H‘-‘z/

ond in fad this i« ﬂ‘\lB_ ﬂmbl\glfll%- Nafﬁ\ﬂ That C:DI -Ol acts
triially, A=kine

=§;_(@ = L.?_ ZWOCQ("Q“‘-‘
T = Sl(@)/+1 = PsL.(2) e,

This discussion  shows® fd

Vg ome | = HIT

To wnderstand this qqu\p’rim’p chould ook for fund Aomain for
r- Tl{\is i€ famoys P‘C"U\Kﬂ

unit cincle

—




"Can Vitl G2, 8a as Ths of T

Ex g,(7%) = (ot ) 500
%;(‘b’t) = ((I-I-GL )végsc—c_)

Then <et

Jt) = N

T(l\"m: J defines % isom d furd dowain ode C.,



L. Riemann S urfaces— Basics

Congider
K = compact connected Riepam of

Cor X 1¢ closed oriented 2~mf(d Wikt boan&afa_

N _
Becaieer bihoto maps are orientation presenily,

Thm. (Classification of sfsd):

X is diflcomorphic fo @  w. 23>0 hondles atfached
3=0 %_-—'(
§ 2

q 1s 9enus of X) oand 1t classifie X up to difééowa?hio\,
Topslegicld inVariavite: if ¢(X )= g then
L(O=~L b=2%, b =1
/’t?q,(?(]z 2= 29

Rmbh: As we're sean in axe g=1, itc ot trwe thal a® Rse
o ognen genw Qe lsom as RSk
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PrDEz If X ic a compact conneded RS, then any holo £
on X is ¢onstan.

ﬂ. B7 Compad'ncs") (ﬂ rxHainS & WMAXiMUm at some P} :cex

By woximum moduwuc Pﬂncipk_’, f st in nbd e,{ x- By connectednee,
'§ s global\y conzt

Sotoos ih anse of €I e gdrowd focus on wep Fos.

* What alod regidves?

Q @Y\ﬂdef\ fh Z O G:) Viewed ac< werp ‘ W=0
fn on B
[21=]
L)~ L Lo
mso(gl = j 2 L v
121=) =0
O
K w=d, tha Bl=0 & ~(he1=1)  Goriengdion revered)
033%\
I
gl

~si=)

What’s happening ¥

Crucied Yodz  Cannct Integrade fits on & manifold, and
' mero fne o & RS don't bawe recidues!

To do fh%cgrz.@ cou\racua_) need. To ih’rcﬂrac}e Oz

_2 Ay




o J=z = 1
\2l=)
- —d
Z:‘—-l—w) SO dz = ‘.-(;J-(-’;—'_) So
oz _ _duw
2 oS
oond
[ _ [ -da ~ 4
=z W

Or\ o RS one—forme  ore fhe things that con be. inkegrted
ond Jate residuss

Onc- Forme ™

Def. A s L-form on RS X is * C-valod

A-forwm which in locel coo@s can be €><Pr(‘:§5cd
as

.
£ andy, dz = dx x1dy-
“Say you fawe other locel aomk
w=ge  z=ba)  (h=q7)

Then (
de =9z,  de= (] dw



—2—

{(2)d= = T N () dyg

(NB: §G) andgy e F(h)-610) analy)
Hem 1 form:

N = §(z)dz, £(2) meom.

Ex  1-form d2 o~ €, is invarjant under 7\, descends fo
nowhere yan form | on X = C/N\

On CI Ex Ingonend,
WED fin s Me® L~forn f a mero fn o X)
£Ce2) fe) " fhon defr
‘ o = d (fcey
Thie (s gjpec\‘do, To genas 1, = f{(e)dz
Thig < wed)~ et

Def € 7 a mer 4w on RS X, Localy

wera 1“3‘:&‘%.

n = {la)de,

thew PeX a zem o pole F v according To whether
Wis . ZEXD or Pole, ot ‘_\CC"Z‘)\ Define



— o~
Nele: pole £ zene dl‘fcch
=

— Jo Le X co o
oBp(n) = oy (f) finttely v;/\i ’

( Exees Show that Thic 16 thdep of Loc<l expression),

A ctudal point s that hobo forne are closed

© be 0 folo L-form m X Then & clowd, ie

dn = O
/ V] )
I\./‘ this is the C°~wfil ol Vimr‘mﬂ A
as O 1=~Corn-

P Write
W = f(2)dz
(mﬁ%5)+b\l‘(&w))(c{x + i&HJ

—
—

= (udx—dy) +4 (\rdx+ U\"(gJ

kﬂqen
dy = d( U\dx__\rol:) ‘?‘id’(\rd)e at Olaly)

= (-Qu _ [ On D
C& %}—’;)ciw\c”g +1 | 2 f-»g;i) dxndly,

=0 by (R eqve



— Y

Woarnings Gan d€ine dhod forne on higrer dim ¢ ~flds:
Not teve thal any hoo Torn Is closed, eg

@ = zdz o C

Ano.Qogue of PTb:(—; 15 thad M din ", "I (n,0)-Tforu
is clogzdy Te

W= :FCEIJ Jz-hj &a‘/\ /\day. N GIOQ@ b}’ CE\

Hewever + Ve a non-triviad thm that a globol holo form m
© 00 S pE Var (o coruPad Kéhter mfid) s closed for peaSdus

O'E \7{0&9& 'l,'lf\O(}w‘e~

RML ¢ Rﬂ'am ‘[‘ha‘f CJOSCA {walf oN CON\PCLC‘r V\{U, O[Q‘}epij‘e
de Rhaw cobe claeszs [ will be veny interesting o understand the
ol classes Qe hofo forws on Compact RS

Wtegrals and Res) dves:
1)
¥ TS X isa caurvg and
M s dholo i nbl of T

{\en
1 ec
T

€ defined

Del. et 'rLlocokNavl-F’c)TMm\ RS XJ and et
PGK b&axpo@zo(’r[a Define
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1 &2
ress(n) = 3 Ff 5

Wheee U 3¢ SMI.OQ pec D]“}C\‘ﬂ&’ LOOP avound U

C@g, 1-C\5 ths is [‘nde? ol cheice of _ﬂoepl

-_ . - E(_z_. = —dw

13

re,( V=1, reso(m)=~1

Thm- ( Residue Thw). Let X be a compact RS,

oA

N = wew L—forn o X,

Thew
2 rCCP(TU =D

(E\ﬂ\er SUm ower gl Polc,f) o over aQQ PGX L. The C(M\rfn‘ffmj
- that reey(n ) =0 i M Lol of ».

Preof  Clhooe suwadl Cap@\\ﬁ dish aung
each pole, aunct |d

M= XK — U (dics) O,
So 1 i {4 w boundapp & Unian o, @)
of  circlex

Then:



Choker T
Y {

Sihe c:Qq_ =0

Rwmb: Tor these of gou Who have bezn read(nda. aboit cheaves ard
cohhom, hetes a colom interpr of Thm. | ef

Q) = canm burdle, o T(X Q) = hobs 1= forus

Pick
P, Jpae K, and Consides
{
‘O“x ( Pt (:u) 3 .,Qa: whose, (Cobel Sectipns can
e tdentified W we» 1 fory
w PO(QS a—% Poe
Then

4
QY — Qy (P R,

and Ther is caron identificadion Cvia residue)

—Q}(ﬂ- + )é
&K he Cp @ &G, (S%c&py

Stacting w exact seg.

.4[
0— 2% — Vi (ZH) —= 6@ -9 G, —> o,

Toke colow:



— Y6 7%

G
Il
WL (zr)) e 0yl g @,
xZhl) — @0 Hx, Q) —
y .
: Nector 6f
Mt C"Cgﬂcm )

(_O\H ‘/g\é) — ZQ;
Exadnecs shoue Zres = O Sur*)cgﬂ\/ﬁf)» of las? ot
wmeans that i€ re pick
0‘1) )Q&G Q__;) 20\1' :9

3 ME (0 YL J. WSP]‘CWL]: q\-J (qcrgo Q,]seuhereu l/\)c‘ﬂg (ee
later how this follows “acsiay” fr RR

Cor: et £ be & noraomgd mer fiy on X Thes £ has
Cawe wuwber of 2es os poles (courtig wultiplicifie;)

P Consider

Check (ol
{

s, (n) = onllp ()

32 Apply vesidue Tha

e



CoTrec:“(\,\,\.‘ D}‘}’ ‘3"2“@ 0%
forn Clowed? (€ o is hos
P-foru, tiax & is.T—harmen
_ {.{-? — 56 c{—ha?mom’% f& C('O'ied_

Thm:  Let N, R ke pon-y¢w morp 1- forme ow compact RS
K Then

Lody(n) =~ 2o pln)

|
(:‘LL Zehes — # PdeZs) The same for all were L ~forms,

. (). Man Claim:
= wcr«vfé P o X sd

(L_& "N’ a we@deﬁm&)

= ¢ 2 wew o
Grant claim. Then for cadh peX
Odpﬁﬂ = ovdy () tordp()
Zod,(n) = Toa,(¢4) + Top(e).
R by Thm from lasl closs,
Lodo(¢) = O
(2). P{ of Moin Claim:

Weite locally:
n= 0\(_2)(;2/ W= bCZ) d2

Co

Locally defme &= f’;% (wer §1)



g
ksve: kb & olebally wedd- defined as \erz 5 ?
Consider new Oooefs Wt
z = fle) (4 \ocal] analy isom,)
ce = () dw

M= albl] f Tydw , o= btia)-p)d
\ |

ALY dw B(w)dw

sl _ alhw))
Hz) NEARD

(w) \ . S0 & ﬂo—@a@

R Me v i,

+ =

Ex On P, #zemes —#pss = -2

o G N\ W Zeres “tps = O

Branched Coverings & Riewoni— Hucwitz Thu

Let X, T be compact connected RSs, and
ac: X — Y



o non- const Inko wapping, Tix pie
f‘
C R
v v
P 93

(1), Claim: we can choose foccl coords

z o N centered ot p o W o Y centered at 9

NS
w =5 = 2" for some integer > 1

L. Choose Local coods 2, )W Centercd af P4,
w = _.S:‘CE ‘] / 'El(O) = Q.

Can write .
§(2) =(z) W) , ulo]*a

Then d analy v(z) v (040 st

v (2)° = (@),
Then set
z= 2 V() (bihdo dharge ok wworts)
Then .

W= &

DOel: Define

Csome’ciws ey omQPG') OJ‘-"\)

e = %(‘p] t local O‘ﬁ@l& of f ol P
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(2°). Locol geometmy: ook of Lowld wodel:
A —r A i
z2— 2%
-
<

e=2 gCl\EMC((TC recd prI'\

We see:
K e (p) = then f i locelly e=to-one neac p
- gra’e i auff close fo g, then

# ( f—l(i’) N (Swall nbd, of p) ) = e

. £ loco;l(y an ([SOMm year p — ef(P)": 1.

Def: Soy § ramifies at p i €(p) > 1. Ramification index is

?(P) :(ej;C\ﬂ"'l) e n

( Ram e we isoladed hernce i nite.)
R > ramif. ows = {ag&m“‘} C X 2

B = banch pls = fCrRY C Y

o
@
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P\'UEr Gicen §: X 7Y, considen 'E'
£ (X=1®) — (y-g)
—_——

(RQMO\J& b]faﬂc,h P'{'S) anr:[
Theiv full pretmasgs tn X

Then £° s a (onnedes covecting,
Space.
Pf. For you, or see Miranda

(s clear that £ a Locc® isom at each pt M Cource, there i
o Little agument US T comportness 1o check @uen Cowermg Ccmo{.)

E: c\e%({] = deg of this covering,

Prop: Consider
(. X— 7

as before. (‘A branche Gouef\m&-") Fix ony ye X. They
2. & = eg(€)

xef(y)

gh&tdﬂ: lwc o€ Y"‘% this follows since Fﬁ a cc>\r1€rrv~a.7
Spoc Nom Soy-

ye B x, e K The distinet preivege of g,
Choose smalll nbd- V34 in Suck a woy that
1
f '<\f) = le-k] ug) U; = smell npd of X,

Bg_ our Locel plciue, W —V roall)z like 7 — 2%,



Thim (Remonn-Huycwitz) | Let
fox Y

be non-const anel wap bet compad connected RS
Thew

C2300-2) — (dey®) ) (25(T)~2) = Ran(¥]

Whewe
Run(f) = T (@ = Toha rani.
pex

E)j_ X=C/N, Y= B)]\ View pe) as mer>n, cleqmnq&

foX—F
T hen dqﬂ(ﬂ-—-z/ £ ramifies oger © gd at The Ol <
three Lol Perio&s So [

Ranlf) = 4,

Clheck:
(200-2)-2(C2)=4 V_

Ex §e Clel poly of degy d, defing
f P — P deg 4

-E'I(OD\'; DO so totl @, over @, je %(‘*ﬂ =3d~1 Fnte

M
" 2eme of £(2):  totel finte yam = d4—L
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So Ran(f) = 24-2.

Chede: (~2)—d(=2) = 24-2

Proet o Riemann~ Hurwitz:

Wil prove by triangalating X, X and compuing-
Euler dae

' Reccld + suppese W triongalade Y ik Such & woy Thet
the Ar1angulation has
N, terties, W oedges;, . Triangle
Then
Vo=V N\, = XigCY) = 2-25(¥)

© Geiven £ - X —, chooce o triarg of X

That (ncludes ol bmnch Powﬁr as vertices, anal

Lhich ¢ wuff fine so that if iflsto o )ﬁ‘lo\f\%mlaﬁom
UQ X) \e.

f (‘{&;‘E‘oﬁ) (3 < x)

e e

Ex- lodk ot chfcuhe of Swup[e ow, PJ(

-3 -



Sat. (S
" Li’k
Vo, V¢, Voo  of Siwmplices n
Wo) l“J“ll Na B " x
~\Write
d = deg(§)
Then
ujl o, c:tu‘ \Il
v, = 4 Va.

The action otz over O simplices,

- Foc oy pb ye Y. Then

Z Z_SC:J = d
xef{( )
)
Z (ge-1) = d ~H# 1y
—.;C—-Qh[(ed]
\
> ()
XE 4”‘(5]
\e.

#5(y) =4 -Z o

xe€ly



— Lo —
Applying d each of the verties i f see
U\lo = Cl" VO — WNC{]

Co fl‘ nd

Ol(\ro,..\;l.\—\{o\ = UJD"W|+[*)2_ -i"l'?xw(f)

e

e

d(2-240%)) = (2= 2%560) + raw¥)
(8K~ 2) —d @y(1)-2) = @) OFED]

(=) L=}

We can also comect [detect mumif Vie Torms,

.P\’oEz Let fX Y

be & new-censt W\aP cf RS) ahd Sdg_, 7L = o\v\a mMerD diff on \f;

<0
'E*TL: wmere Siff o X.

Then for ang pe X
OT&P(‘FX'V]_J = Q_E(P)- ONQHP)(T)) + g CP:)
E.E’ Choosx, Qoccl coods <4
w=FCe) =&

ownd <ay-
n = ¢l dw
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Then |
53%("1) (29, (¢ == ) de

zﬂa
Statewent follows,

&: | et
§: X —>Y

be a br cover ofo\a,}O\) let N = mer 1-Tom o X They

totell vio 3‘2"@;) — d. totol ne ‘éefb@‘) + mm(?]_,
~pdes of ¥ ) T “ple fn

EE Ex ‘Fbr Yow
of s
Cir, Let X be compad RS thot carries a nov=viol weve $n. Then

H( zenes — Pd@s}:{ ary,-
WMEM '1_ ‘For'w\

= 'ch—Zu
B View wero fn as defining,

fox—F of dey-d
Go 3 = nofeemes= #pees). B RH

(2400-2) + 24 = total ros

APPIH‘ previous Cor to §*(§-§);
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Find
#(E@‘w’:g"%) - o (R P"k‘) — ool e f
A £(%) -
—
= —2.

Comporing.. these formulae, find

— poles
ey = -2

But we've seen expression 0a LHS same for a0 me> 1-forms. ED.

Remarks on  duice of wewm fns. et

K = any. ompact RS,

ts a Cnow—-trmvia® Thw that X odwo;zs carties nem~const mem fns,
Thee are severs® approaches to proving this:

(’L"). Study avalytic propertics Qf X.. (Secz booke of Donaldson or
Varfin )

(2. baoke [Moth 595 let s be o pos (1,0)~foria on X. Then
dw = O (h‘t\h‘o\lly))
le X is Kahler. Scale @ <t ){CJ € Q. Then Kodou‘m Q\Mbe&&m—g,,
fhw impliccs 3 oo 2umbeddmgs
X < P"

Bul for pry mflds T nce of wem s (s Trivie: Use vadios ZC/E)- of



'F\C?\M,Oa. coods,

(3. Deol w. algchG/IQ curves: (& limit attention to RSL K Thad
ave assuued to admit Qw_bec&dm%
X < P"
(whichy as weve just said, i€ actually ol RE's.)

We'ld 3c,mcrv~l\y follow (3°): but Jus’r keep n mind that in foct
evetgthing e say holds for o cowpoct RSs,

L. Examples & Constructione

Hypere@iptic Curves

Fiee poly £,) e cl=] & deg d w distind roots-
";A = (Z—'ﬂl)~ _\_‘C.z-ad)
Now constder curve K, S € defined by

Xo= 1 gt =@ =2}

: l‘M.F“C]“} fa thn, = %Ko @ Cnon-compad) RS, Haw deg=2
happing-
n'a: Xa 9‘&

(zy)b—— 2 N L
s BN R,

T hos Stmple vamit sts ot (ag, 0).



~ 59~
So hen d=3, we've essenbially back to our ellipfic curves,
ool: Compoctify picture:
X, &

[+]
™, |,

X
L"f bg ao\d.fhe e o Tio P*S over .
c C ¢

Have 1o convince oneself one can do 1 his, and decide whether
4o add ove p)( or Two.

Fix R>™o0 st la| < Ry set

AR =5 le] »RY

X (R) = b De) F

So lhove "

(R)

10

X X,
| ’ A*CR)
KR C e

1N

ind X'(R) —> N(R) s qn unbranched covening space of
dgra 2.

Now ook at Whatt huppﬁm‘r\ﬁ over m, Skt w= 2, They

Af& — A*U::\\ — { 0< lwl<l/f{} is QPoan‘l'uYfaL b

o£cb:

>*
A



and by topology-, & has only tuo cleqfﬂz‘lldoo coverine-
gpaceql’

(£) TrivieQ Covering.
x
Yaw= A LA K&

(M) Conneded cove rl\,&

_X

Yam={ 0Cllc 5 = &
U u*

Co
X' (R)— &K(R)

5 lsom as a covering 1o (L) o (4). and then ve can Compochfy
to & deg 2 (Poss}blg\ br‘amdnqd) coverive.

X(RY —> £ Il <3 §

by m&&ilﬁ- fwo P’O\'V\J« over & (“-gz thew 2, %d’z) I~ case f!i)/
mmd A Btoover @ in case (). $oowe oeh

X, < X

l | dg2

c < p

W remains to dlistinguish betesaen Gses (0 4 (i) in oae setting,

C(aihn: Cose (W) pcurz = 4 (¢ even
Coe (W) occur &= d ik ol
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(lassical eP\PlO\Y\aJ[kOY\: T ZE A*(R?/ and aha{cuﬁrtafly covitinve
branch of

s=4 8@ (L AR)
awound circle of vadius R Afder one rewlution, either:

(al "fou ether rcturn o some byvandh

(L). YOM ~ave C\f\qwagol St'gb\.

Then
(6) & cce (X) & 4 cven

(L) & case () & A odd

Sketcl o wore formal ek planatm:

‘Lt S S P be o finik set,
o { — P-s
o 4wo sheded covering,  (Foe use =59, a,@) ).
- Fix we PLS et
{9093 = 7'(w,).
* Haxe canonica? Wap
o M-S 0) — Redy g < 52 (Hovedony repr)
defined as Follows: goven foop Ty, 1t T %o 0, T, bawd ot g g,

Thew N 9
P[‘?J’5 = pow (o(lo)) D",(NJ



" Now sagp aeS, Yabe T, & small foop arvund

Q.

o
When we testeid X o sma@
punctured disk K aound = L 0,
-Q'ow 3

T — & ks
v e SN — A e o) = ik
-~ nen-Niad, Ve AI—-?A)’) => P(m;nm_ﬁu -
Now go backto hypeed wne X, C, apply w.
S=fo, .y, w0 & P!

Toke T.= lage circle . WTS~

teind (f d erey
?((6;5) = ) agn~triv if d odd

*Buk maonodromy aound eack br gt s now %Ngo(; and
§ e order the as (Uitoblg, thea

KW‘:%“ 'rb:kd in WI(PLSJ“bl

o ?(Tﬂ) = e(r?ra.) Lo P(O‘d)

= )% gER
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HW: I d= 2921, 2942, they
onus(Ky) = &, (Kc;: conpchl € X, )

Differentiale—
(ro back to
%o=) - fw=of & a*
- Conee Ax
%= T\ %

fe. Wy is werp I-form gn C* FEsiv fs X
Claim: w, hefo an X,
Pl . dearly holo away fram (=)0 X,. Now let
$Cx,y) = @?"* FICHE
be The defining egqn of Ko Then 44l ¥ =0,
2ydy = §la)da on %o

S
B AP

Ruk {/C‘J +£0 %n 8‘:0—
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'i& Go badkto ose A= 2, So Ko = @ cune Rec@

A Xo, pG2< (9.9
Co

o) = .G-LQ plelse  _
P( o) e Ag,

e 0 1s plane icarnation & our ek frien da.
(ons\d=r neat :

x|
%

This extenas to merm dife on Ky . When is it hols?

_HW: :Lth/H. holo o X X, = DSkl

gt 0 g4z
Hint: Sy g=29t2 let ®u, @, be the tio pis over ©. The

g (2) = 0o () = -
oy (y) =00 (g) = —fgtl),

o

2 0B (x) = -

(FCN‘ e formumla: mevo $n ¥ has 29+2 208 ow X.:,/ so Mmust havwe 2942

total poles o &® . B ()y)—Carg) extends to invela Xo—2 X, that tabes
ml 1o ﬁz-w)

P( ane Curves:

COV\S'\&ef‘ a,Q% cuprTe

K= {H(ZO) ey z) O} = IP:; a[aa_sz.
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(Hhomag of deyd ). We assume:

“The three Par“HaQS g-g—» have no common ZEE
(Ex. Then mplicit fn e = K s RS)

We, wartt 1o wrike dsum holo X wero 1= forms o X Wi Malyse
What happens in Locel, coois

Consder U= C =1 B *0F Rocell «coids

Z 2

x= é';) g_‘: FZ_:_ )

X, = (Xnv,) defined by
$(xy) = Hx g L),

Congider

dx _ — dy
Of (9 \Xl K(Dx

Ac adoove, thic s hoe 1-{orm an K. Mme %EI:QRQ%,) Tfor ana.

e

Xe

P=pley ¢ Clxg]

dx

= — C
= M = P atfy

is Wolo Jorm ow XK.
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As&z When does TIP extend to holo form on all c:f X?

Lets see what ha.PPem ow C= up—:{%:(:qf
LOCAQ Coods

u‘i’.
:::é =
Z, = 7
Z -
4= 2 t= Z=
= Z
Transttions:
'h‘ 1/2'-‘ g_:-_ S/-t

Sy 9(st)= H(158) ic lomd egn of K= (XnU,],
Thea
QCCI)&]'-* H(%) ?g,‘) 1)
1
= ‘:':'_:Z H(bs)'&]—; ?%‘(S’{D
e
5Cx)n) ﬂ‘,c[:g 3Gt) = x* 9’(%.) )

&
%-(SJ'U = "L:F('EL’%)Q
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X
/3 =t @({?"g)—_{l

09 TR
o
A | 7
%TS,(TE E‘E} - _tT;Q'_; —OSCS/{'/)

Now lgbs go back 4o

o Oy
and. vewrite In ¢ Rt coorls
@) e
i/td-r %_S&(E)@
= 7 B I

le. 1 extends 1o hoo Lform on A, provided that
Az
t p( ) et
Now for pdy  pCey),

{Jh‘? P(T{]’%) is poly 5 P deg- P < d-2
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A simlor omputation holds 0 W= §B140¢ and ore finds:
Thm. Let !

X P
Ve, <mosth corve of degre & Ther have

OLQU(&, —
&Lz_ S | {%1 forug

S yars. ow X
W . W )
PO"’%J : ” P@jij) ‘;();a» c{acoiv\; \dr\}:&fo
@ :éj J%mfa&ga@f

/‘RW\hS- (1) Wl ¢ee ldder this is isom
(2)- Th is special case of "adJundfa\a formul,’

What about singubar cutees ?
’ Hos‘} R‘\@mqnn s do not arise as sn p]qhe CUrves,

Hovever wll see” thal o8 curver can be reoliged as
plane chrves w nodes. So e want o C’tuolg 1 —fotns
own Jdnesc-

Cet- UE: Considesr
X/ = C,OIMPOLQ‘} RS

S )&/ E— LPL holg MP) @en \-1 oven
Wage
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<t

X =1 /\L(K'] lc Curve of deg d W
mly simple neder s <ings

o s lsom anay from

Sinvtely magy parts o P s

, 1 %
PLEy , Y F‘bﬁg QX /™M
it —
whidh are NaFFeA b?, o fo ] r
Sirg- P‘\S of K w ol
amnoly egn  ZO=O. X’ A

Ex M C — CLZ /u.({,} = (t)'zlj tlut)

i
; : O< F=atGen)

G

"Wont 4o wndertand what forms o P? PmQQ bock ta hob Torws
on X,

. G?UQ%'\iOY\ looaQ/ SO Caw —\-m}g hh'ﬂs 0( P])ﬂ] as 'Fal(ow‘}

—_—
ool € M /HCS5-’- (ss
N > o= G-y
SR D —
woat

X! X ={xz*1ér2"= © } : oo = 4™



2 ple ~4) ‘if " oa,
See
/\f{ (‘TL\ holo T nbd af P9,
?Lo)o) = O,
This "shows' :
M: L@J(
x X] — AN < [PL

be 05 1n the Selr—bq)) and et
Y'l; ‘-\)ﬂ& € K
be the dovble P}s o—f A Thew
\(\’DW\O@ peo o Rj\oto 1“'(01\\;\‘
{A@G\*S\?ﬁ\d}%{m}\ ’
i, --2%

Remarks o C,:W\g Cyryes:

et F =F(z,2,8) ke an arbitrany 10red hom@@



Po\g of Seg a, le

X={F=0¢ < p*
Thie Is plae cntve of deg d that may have
conplicoded swvigs.
Fack: 3! Riewam of K and
wk s x o P” (w! ffﬁ;fﬂv;‘:"“&

s.k N 5 \sow awa, from sw\& pts of X

Conctrndiove 2

(11 Gniffiths, Chepler T
(2). Riemann surface of fl=y)y=0 (Ahlors, Choph. 8)

(%) Algebrancally: norwalizod
&), "Enkedded saln’ of curves on <f.

Study, € Singulas ps ey Inferssting, CF
Given too (gerwe of ) sivgr

Ko , ®o)ec M K

can upw fivd Locall bihey isow

Q(S)]O) —a(q:)J O)
Mt dates K & X2 (NoD)
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'TO PT’DW— Rl'c,mahn~ROcJ\) we wIQQ heed to Pmduce Mmero fne. The woct
doon-to- earth way. of doing. this is to rcolliz @ Riemann sf as o plane
CAPYe W Nedes,
Proving @%vgihty\g in detail & painful and notf ferribfy enliglfening,
So T occasiondly Rimt wysek o indicating, wain ideps,

Rm\lzir\% Riemann ¢fs o plare cune w nodes.

Sei-uE:
A = COMch’t RS

Accume: X adpts aumbecldl'ng,
X < pN
os Swooth alg cocve., ie. submfld  cut out by fomog- palys .

C‘RQ:,@QQJ\_” ey X fras sudh an embc&o(jwal
Thm There i holo wapping.
P X — P~

That 1o everywhere an iMmersion (le. deu 40 ), and that is
an euu\be&&mﬂ. ANy frowm fin{le_l& mony  pail of pl%t

P-\)%1) ~ =~ Ps)qs Gx

whidh o wmapped Yo ordinay- double Y
oo e e X g pCK D,
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The Wagqe Y < EZ is on alg curve of soue degrazcb with
§ ol double gs bud no efher sivgy

Pictwe (os efore)
Lo YT
/ gamSIhunor pisnff?_(h

are Qquu?z Gwn 5-‘-&1‘}@&]4

lnbuition: We think of X 2 iy coords) 20 =0
“vzalizing” X os plane cante
W Viodes

Nole: XX, but XK avel sgs of K are suff simpe
'ﬂrl\a‘ﬁ we Con use X Ho compule aw'\hwr we wat 1o pnow oboud X.
(S we've already seen Vow fo Condkr we A-forms o K interus

£ X)

ldea of Pf: Comsideo X & BY, and suppose fret N 24 We' U shoy
fivdk that we con find new mbdclw-?

X =¥ .
- For this, pick O¢€ PY pd X, Than / \ \
po) frowm 0 Sefines @ map \ Pu~1

K =T, X —>PKH :

(Q:g o o~ t0)~ 2 D.Q/ Ty Cr?m L) ] = [ZD) ‘7ZN“lj)\
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C[Glm \¢ N>Y and 0is Weva% ﬂ/\e,r\ T, & awn E,M]oecﬂ&l\a-,
X e PV

Shekch & X of Claim: 1, fails fo be an embeckding, 1€ and only if.

CG.\ TCO(P) =-—Tr¢(ﬂ_) fox P—.{:g c x
(%) thocP] =Q, O

Now P
(y & oe Bo  (Geanrt e

joinwg P44) )&i/

L

(4) = oc TX (embellad toy
.Q,NL te KCJ( &~ a lWW]fi\f\j (AR
r:f[ (C’A) UQ‘LQV ?,—ﬂ)

So (e wWark to dhow tha ¢ N?‘f We an chooe O o awid
both o them possibilities.

11:01" this consider:

(Zam‘:hi]( U T;’:ﬁ’ )

D) — 0% c
lFN = SC(.(K) o @96% P-4 K
P
Cee: (o) or (1) \nolds fop O = OC&KM.(%?#HMG

So 4o prove Clavw, % suff to don:



— 75 —
Clecdain: Sec(K) = PV is (Zorisk) closad colwn of dim < 3,

Tain gt dim Ge(R) €2

N
To see this, coveider offive piece X C €. Now canstdes

0

(KoxX—A)XE — "

v V)
(e, g1 7> o (0150
Soulre has Ain =2 avd Sec(K) s closare & w(ﬁ.m
Upslno'}i .
K XTP o NZ2% o can V*epeaieal(aw
appy Clam 1l st gt 1o

N=72,
So wow  (oreldey:

X < p¥
Claiw: i oe take apnewl Oc E}J P

T(O; Xﬁ}—() QPZ

gives the requived, nep to B
Raﬂgif\id‘@l need 1o o
o '6\(- Ay ’{al‘g (e —KFX (0“308 as Eeﬁfa\c,]

O lies only on finrely Many "nie" secant Qiver
oA (This Tabs o Lk nor work) [
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Ugg : Now we'@ be abeto use ompuiations w. Plomc Culws
to Audy Riewenn sfs.

Bezouk's Tlhm:

.\ 'g(z)é Cle) ic poly of C‘*?% CEJ then

() =0 Wes A sefns (counting mul’ﬁph‘tiﬁe&)
" Now suppose.
fEw, gtaw) € Clzwn]

o polys o degs dy @ Adk:

Houw mowy 3ofns does (or do we expeck)
for the systewm-

{=o
-SZC%)@):D g=C
F(z.) = O
Beaoud: expect
e = (dega), Ka
de = (degq) (degf) SoKas 72 50hs

. & =&
connting wanltiplicitiec ,  and Solas of A" \U/

Thwm et

[ A—

X Ye S B
e curves o deg 4, e definad Wy homogs poys R, G
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of dcras 4,e- Assuwe T, G have nho @muon fadewm. Then
#(XnX) < ®,

and KNY sk o de ps “cowsting multiplicties.”

ﬁk&mt statenen, “curve’ = a2 of hongy, poly!

Xi= (Rinear form LT’L : /
ther X has Zine =0 as "d-fLAX w\uﬁiple cowpm@.{hp

Mult; ?li citics

'CX\\NZI\ Pe (Ej lQl

d? =O;1PL= germs AL o Sus g~ P% o P.

WLO®, can dssuwme p=0 ¢ " =P, ad the

g‘, = Gl 0l = ring & conve

Powet‘ gy m 2 Va3

\fcnaoc his ritg opture o hod info £ P* h av
(0% swol) clogsiced wlod of p=0.

~ A
Jd st as 3@0&: couY yor® w. G’é:-d:[zz_,u{ﬂ }Coru;uQ power
server
o
200

O? = Cf?m]@m) : o{Q&loQ& Ping.
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“Now cay pe XNY L
§ae O be Lol equs of XY
(Thinks g€ Cizws) Gonside idee

Uiy) S Gp
Fad:
ding 0o/ () <0 o
XIS me
Dei ) 0} / ancuey {TM
R
& 'f:. Zz—-LD;J 9= 2w / f=o
C basts for ChT 0¥ (200) ! \
Lo ii- ii .

Now mod ot by 2% Then * =25 ad
>z zq* =0, W= WES =
go G~ basis 'fCN‘ @%Z)CAS’/CEZ-_, LJ?‘; 2@) s

1227 o
Wb

Vv




— 79—
Dd: Say AT weet tomsversoly af gy
X ard ¥ non—sing od py and
TpX+TY = TP

E_?‘_- K XRY meet trancy at P then
L) =1

Cdr\d o h\reme.la-.) -

ARyt

B Suppoe  £4 are Local egrs of thetwo curies @t p<0 € T Gy,
§u[>]:vse

£=2 + not (z)»s)

g= w + HOT (zw)

Clatm: con fond biholo change of wods fo hew cosdds u, v st
‘S; -__—_U) %.—- Y.

CPf: By nrerze thw, map  (z0)— (F(zu), W) = (W) invertal origu),
Co

Con\re@e foe »aou.

Definitive verzion of R thm v

Thin: Assume X3 Yo hore no commn Coups, Then

(%) ). £Ke(RY) = de

peXnY
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Rmb: EssenticQ cowtert of Thi is that LHS of (X only depends on o, e
Once You know this You con reduce 1o special case, <.

A

[ <o—

X=d Lines
X=e Line Y=< Lines

We'd prove Thu in Special case when X is non-sing. (HW: when
X \has o5l dps)

Lemma: |h ot of Thm, oScume X non-sug (e an emb. Rs), Let

& = homog- poly defming- Y

_ Lol atfime egn defining-
ST Yl Y

X
\iew
@U( as Ma fn oon X
Then
LG = ok (g1X),

f_)fc let § ke Local egn for X, Since Xis rlonasmg)
3 Local G\V\.c-Q)/ Pa»mmdrl‘?n fy X nea F- le

X onc.‘E (=, 47(8))}86 A Goy)
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:E(EJCPCﬂ)E 0.

Then
0, (6) Ts ofet

6 /()2 €I/ (e den)),

ond The divwe of this s o«’&PCg.l X).

and

P‘f' of Bezoud ufan X smosth. gt

Y Y ¢F

ke two curves of dey e defined by howog pols G, G hoving 1o
CONps In ComMOM X, 9} Ruwk abore Sufficer to show

L) = Z45(8Y),

Foo this, owsider &= G/a” This is wmep fn o P Ccke&\]/ ond we.
wowsidet X, Then by Lemma

Lo (@00 = orag (41X) — oty (5 (X) Eiéo&é%af

= LOXY) — 4 (XX

(2 wmra

Bt wero i has sawe no & & as poks, so

):iPOP\X] =0O. GER



Genue Formula:

Thm: et X< P° be O NS c,w"\reoqud Theu

A—1
5(x) = (%)
Equiy:

29 —2= a(&-3)
Ex

—_—

4 S &

&‘2 < ele.
%‘0 A 2 & o

Rw\h'\ ~f\\,\ ciArves of &=i are Plane cvlics
ol MDSJ(H A IVES ﬁg genus 2 arc PlaV\{. qruqrhg
« For 425, planc curveg of deg d are “Incransingly, specid
aworg crves  of  geius (=N,

Sketdn of 1% ¥ -

Reca®: ¥ » is any. Wer A~forw on X, then
(24-2) = 2, 0% (.
xeX
Reall ko guven

P: Pczb)z?) Zz) L‘IONO& PO(H— 0{@ a~3 CJ;;)

Ax
P e o) oF (O

howe
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CRaim:
od, (Lop) =4 ( X, (P;O))\
ldea: 1
x .
«e-—{—/gar\)( s holo and non—van in @j

S“b

g [b ) m‘&LC p X,
98_ l_emm) this s Uy (KJ P:,Ol

o by Bep,
2= & @2, as requed

- Shatdh of Altermsive A pproud

. Say X={F=0} F(oL0)=*a
: Pl‘ojed from, [:O/lJO] {039*
X — P, wltxyz1)= [x 2

" Have
des (73’-)=‘-d) <o

(29-2) +24d = vam(n),

< e R:{g}?cuww cfd%d‘-i_
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Laiw.

., () = L&(K)R)‘
G\'th‘w-@ clamm, Rezout oywes

C?g“z) + 2d = d(d~1) , as requived.
\dea: ‘Pa;s to afline coorts 3¢=§§ ) '3~=Y/2‘ Then 7T
S

Coyl>z

T ramifis & (ahe X

0 a

tTang. vortied at (@h) \"“‘“ {‘(é’sm:O}
'38_% (”‘/l’) =0

%\'Cfo\rer by ‘l'a]iila- Rocel paraw, see MmHiPh'ciT‘res g

R wk: Suppose we use
e K —X < P”

1 rea_Q'rte X as a plane cucve of o\ea.al w. § orolimrg double pts.
Then

g g(X) = (d:) -5
Q-2 = d(d~2) ~2¢




T0 . Riemann—Roch 4 AppLications

Recall: when we stndied el fns ne nsidercd the veclor Spatees

£ hos pole of order <k an A
Vg = dz““‘g‘ fhoeocfe@/\ }

We showed:
Jdim VP- =& Cwhen %)])

This q\rea&% wp hed that 2 o7 st g:dchs%_a aifr &Gn ve,@r}r‘né
CONR"

/\naﬂoeﬁow; ctodement on ok RS i Rigwam- Roch Thu,
which compudes fhe dim of the Vectar spaces of me fns w.
bounded. pes.

Divisors - Divises provide o langusge. foe disssibg the
O\mG-QOCOUQS Of ﬂ‘& V{a

X = mppdt RS

Def: A divisoe on X is a finde formod Z-linear cond of
ptoof X

D= Zn P (nFGZ aQEbm)fﬁmM)

pex many =

D=nR+t -7 H%P#‘
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Div(X) = additive growp of o such
(So DL\lCK)='Y\[®_ o.DDQQme:ﬂY‘DWP on pts of Xl

Degrea o diviser ic
dgg(D) = 2Ln, €&

D is effective § a® ny >0 * wrile D=

Def: Let € be o non-consd wewfn on X Define the divicor
of £ 1o e
( _ DN(S&@ n‘e
— Fl T Ao T L oomde (6P %ﬁsmﬁﬁ
dl\hs‘auz

Stum, fo¢ 0 A mer i"\(om.) its divicor G
div(w) = Yoo, (2)P

Ex Hawe
deg ( AYH)) = O

deg.(div(ay) = 2g-2

The generadization of the Spaces \/b, for 4R frs aiey
Def. Fin divisse D on X Define

£(D) =lmen §| PHV() 2 0}
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B}f mevﬁiém we fndude O“fn < fCD)) Sa iCD) o
oo Uses ord (Ftg) = win (0d (1, ordp(q) )

UhEmchimg,x gay\
D=nPx +ndi , & n>o

fetty) <= du@) » ~n R~ —nfi

&> § hos pdes of onder SNy gt Py
and no cther poles

NOL.) Qaa—\
D: n\P\+ ']"nh{zb_—” M]Q\—‘ ‘—m,QQQ

nbuj 7 0
Then

e

'E(: K(D) &> d\\f(f) ? -’V\IP\_. *\—nki-\-m]gﬁ“ %W\JQQ‘Q

£ has Po(eg £ Order at moct N
ol By no sther P"l&%

and_
{ o 2elpes of onder = MD al QJ
(nQ- Sheces of mevo 'FVIQ s boa:fb@zd PO]g

L(O) = Jnd requied zeres
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R D>0 = aul n 1€ L (D)

D= %.0 then &(D) RV

Ex. XK= Qow= [Pi D= koo

L) = Vpdyc pG) o deg S RE

R'lew\am\— Rodn Priblewm: GDV\«PM’E (ov eS'HMMg)

L2(D) =,;,€ . L (D),

Prop. £(®) = duD+4,
PY. HW.

Lineor Eauivalene:

Def: Teo divicols Dy, D, are ﬂz‘neaﬂb. equ)‘uu{evﬂ o
O,—D.= dv(f) <one werofn 4.
Nolation: D = D,

NB: D=D, =% dg(d)=dg(D,)



_ﬁg_ﬁ

Def.
o Q(X) = P«x) = Div(X)(=

Cie . « dwiserg of dey &,
\'(,0()() = DN(X) /«f_

Ex. Say fe CW) von-cond oo fu, \iew £ oc defining

e oy deg &

Weite *;:D

du(f)= b, — Dy W
\ ; o Do Ccvo
ANjisov diNisor ; e divisoB
6£ 0% O'_E Fz{g te des A,
SQ DOE bm\

More gen, given aky ae C, let

D, = fla)= 2. e(mP:
Pef ()

ﬂ\em
DGE Do A0 ae C,

(Rms&hr dv(f—a) = D, — Dd)
COV\WPS&L\&: Suppo@ D bl eff diing w d(gjai‘ml Cdﬂ}oﬁt
sk

D=4 sy D-D'= diq)



\iew.
D= £, D= fl=)
Def: Cowcider Ao

& X—> PL‘ P(x) net in hn;ew]b)qmg,

igif; ANy, Kf\){\v@p\u\m WE E.); can
F(W) S Krgtl o eff divioan X /
(Exe\‘cz g(al sudPporied m ‘?_'(Hi} Mnlﬂplicilies\)

o

T\"‘e’“ % -«
Tla) = (H,)

al. G\)(p:rplancs\ ( PR, ) - PCH,) = div (H‘/Hz,l X .))

Ex  Suppese X =B Then

=
.. D=D" & YD = dy)’
Q(®) =2,

E_)_i; gupposc X= C/i/ is &R curve, \USMj 3(‘25@
law m X, have & canonicel wap



w DV (R) — X

N) N
S LP) > Ty
7 4
SN ANTUNY StAm M
ds divrsor goup |

Ab's Thwm:  ker(u) = PrinC X)),

So:

W(x) = X | a glups;

(E\nchﬁ‘ually ne' Q0 gxtend This fo ad comp. RS )

Ex &t w, w be mew L~forme Thea
div(e) = diy (),
K K=div(®, then
1K) 22 { hobo \~forus
06 W saw that o) = ¢ 0. for com PE CX), <o

div () = div(P)+ & (w,)

Now soppese Fe (diu@), Then
die () = div () +dao(s) >0,

>° £ hoty 1- form Comerse gimilgn
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Prop. Suppese D= DY Then
L) = L(dY)
o Sy D-p=div(9), Te CL), Then

dv(§)+D Zo & div (B) +div(D* D =0
> (D) AD! 20,

g@ 6d isOw:

I —— k(D) §+—f¢

Lunear cevies

Def: L&t D e any diviger an X, Deéfine

D1 = {etdmweD| V=D}
Cov\hple,‘}f’_ [hnear ceties
= e {d{\:(’{)-l-b\ fe l’(b)} & o cysiem asoc to b

Ex K=div@): Kl :{O\Q.Q ivisos sd ko :L_{D,Mg?

]

Exerc (add to HWL  "Qay, D %o, choose besis
4 L4, Lfe e £Q0

Ascuwe That the pos of 1, ,$r dont hove o common gl Consided
K. X — F: > fiﬁi(x)) e ]:

Then De Dl e
= Ko W sore rperplane H'C P‘r
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Aside ~ sheofy point A yiew.

Divicor D sn X e— 2 O§<(D) o X W meR Sectipn
¢f ot div(s) =D.

(o) = (K gm)
b=v e 0,(D) 2 o)
Dl =1 48@] seT(K,8000) §

Map €2 K — B comesp o bacte 45, € L)

{

¢ X —s ]P: CFC:):E%C&))WJS{(:L)UJ Sp, \)SPET_O() @Cb))
a lbasis-

Our nex 30& — Whidh will tabe a While — is o prove

Riemants Thn:  (oneider

X = cowmpedt RS (pm)aly cune)
% = getus ()
O = diVisor sn X, d= deg (D)

—

\ (en
dim L(D) 7 9+1 « I

Rwb: Will e laler o thot equaliy holds when d>2~2,
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Ex X=F, D=d@ Th
L(D)= polys dey €4 + din d+1
Ex X= QA p=alol The
LY 2= [0 dind wlon d 21

\clﬁq will e o Use SQ'OMYU of P]awe cuptes. (o me start w 'h"))(
Q((LW\F\Q * explain idea.

Lo
E_& Considel
C =P plae cibic
(so %r-ll Toke D= P+q@, \|els
‘\‘rg tn  wonsicuct geome}m‘ cauy 1o wer
’EY\S LI L

%, % e LiP).

Plah: Lou@ fur CFJC = ..[”E“‘:.lC/ |_,‘ ﬂmeaw forus
?

T % RovdFo o poles P/GZ/

o fdbe
Lo= Linear form CKQ\C}m‘Y\g hine
then P

Boblen: Lo weets ¢ af third pt R, and P: hot alfowed to
have ps of R.

gJMi Tabe Lo, L, equs of R possing thre R.
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Then
oy (("./(,a\ C ) =0

(i L; ot tangts C at R), < qa:cla We use

Lew\mm

X _Zihwp faf‘m \lamlc]ms 0&'
dlmq, L ow P> ﬁxeo\ n e = 2.

Cox e Ly, L b e a s,

Plan: Geiven ar ity X) reclize X as Plane CuUrve W nodes,
proceed similarly ,

(Tain differenceg: (1) . Look for ¥ that are vodios of howag poly
& foe degz (ot deg 1)

(i) Heavier book-keeping.

To %j going: Need to wundertard SOW\thm obodt the vechr
cpuces € hongg pale Vanishivg o guven [ffr

Lihcav gg,dcmg czf Plane Curves

Cownsider

J {aﬂ@ !/mwgﬂ polys } (:got\/l)

dag. a in 3 VaR
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ding \J; = d;—zl

Can View |P<\l'cl) as space o M0 PI"”""- CATVES Cfclea d
Ex Al plane conies form a P>
) GO\CY&Q (onic s

Q = aX tbX T+ +a¥erel X7
)
lab .. £JcP’

Lemma: Tax pe P sod ol
\(p) =4 F I¥(p=03
Then \[(P) ic o acdiu L Linesr culbspace in V),
T <ay p=lab<l
F= Lig Xyt
(s TAg) ar cost of T in B ) Then
F(P=0 & Lty 6dd) =0

am X s lnear ond in ﬁ;\L

CClm\\euge, questior, Desctive S&t of ol hypRrplaves \/.J(TP) Q\Q




Cﬂ: Given auny, PJS

R
The «&

\L\(P_‘L) ~~JP0\ 7585&" { Fl FCPA.): O a0 (%

i libeoC cubepace o \; ol codim &1

Mﬁ The actiol codim can dcpené on the mﬁg of Hhe.
Po

E% tabe 322 (conics) =0 (thru ¢ pid Check:

-T€ the & J())YS oYt on <cﬂim€aD Thew

* I the four pte are collinear, thea
dn\yC 3= 2 codin = 3

Raason: i 17O s linethrn ﬁ:)
Then

XLo, Y lo, ZC, e \L(R, LB) Co

gt\yes‘k'\ o is whether

Fancy viewpoinh if Z=4k, R} )
R dere®)=0 o F 0
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Now rcca® Riewmanws Thw

Thm:  Consider

K = sm pg) curve 9genwe g
D= divicor on K, dg-=4a
Then
dinL(D) > d +1l-g

Simplikring, assetmphion:
D effective, D= PR+.-tF (distinet)

(ASSuwﬂg. ei‘(cdl'v&y Just redyces | of notation. Deali
repeated Prs invelves looking ot po%{at\fp given derns, de,es»;?\r:ally
change a\h'frh‘nfa‘)

C&o) Reals 2e X @ o Plcme curve w nodss .

b X —=X<c P

’X = plame. curve of deg £ . F=0
U[ W. ma]& ovd hods:

A:ﬂ ]ﬂﬂdes UFT( 2
Assuine ho Pj ogcoure

A =5 In A
A:’Eri) /'7;}
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Recoll

(.'F" 0 ({" 2) _ 5
2

%;.::’.

Re), we'Q Leokirg
for wer Tns tha
are aQlaned 16 have
PD\@d FJE) No whew
else. P

qrael)
(2). Choose homog_\ [pab& B=TR,.
of deg-

6776
possing, theu
Pl) ) E’« & A) CX)"

(ho]z @r&aimva. ’)Z’: as comp), This Wl e denowm of sur
WMeT™ fhes

O lseve:

(r=0) meate X ih olher pls as wed), besides G,
Ce {hee R .

How many pts R ¢

Note : J;ﬂodt(i) BY 22 (=2 9@"‘90“0}
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Se by Bezah
fo = d t2s & #R
D& A
S

\"H‘R = {e ~2¢ —d

(3. Wew \ooking- 1 constr ells n P(D) via

B
TR, Audeige

&0 @ veed 1o Toree A Yo vanish on R & A

Let
V-V (3 ) =1 o el -
o
\]P% J?(D)
P\H ‘?( =N
Nk

B a3 ()~ e 2621 s

>

# R H 2\

= (Q:Z_) ~ fe +$ 4
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Howerer — £ is ot jn)edive!!

In fad:
Cl’*(%)-;o = A\Xa =0

& yvlA.

lo-

‘&ef-e:jzfé\& A"‘FI&J d%;&_—;e"{}
= \(e~-$"~
Upshat: hae exad s

0
0 Vo T e(RA) T L),
co

diw LCD) 32> dim LR — din Ve

e~f+p
7/ ((eiz)v§c+0{+g>h( 2 )
—_ J
Cudl This M

(7). Now stuphé. Find:
M= aeset — (5) =dat-g.
Oone!
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Riemann — Rodk

Thm. Consider:

X=sm proy curve CCOMPa\ci RS)
q= tae,nu\s(?() |

K= 8&x = diy(@): a caroniel diisar
(S0 degkk = 25-2)

D= any divisor on X ef deg.d.
Thew

din 2(D) = cl+i~—c3_+ diwm A (K-D)

Rub: § D 20 tha

L(e~-py &= {!Z@lo it vanishing o D}
Notodion: LCD) = diw L),

Ruk/(enmos  A(K) = cinf hoto A6} 2 g

/
Ps. Reclize X 08 plane carve of deggf w § podes
Then

LU BT et

) RR il say fhat |

. =1y _ L

AiM 2(,} ) S ( 2(k) = I J
= g‘
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RCCQ@-“ wx Qh‘wc‘& Rinow CRigmnn’g ‘n\m)
L(D) 2> d+1-q

Main Lemnay Let D be an effective divisor of dcg, d. The

LCd) « cl-l—l"—; + X(K—Dl

\dea: Vta vesidie thu, holo difs give chetructions o emstence
of fns m (D) U

becf ot Lemmt. Acsuwe

D= Pr P (Ais‘infj 33 {ox SW‘NPha%?’)ﬁ

(A’l Fx:r_ bosis
Op, Lo 1 € { ol A3

(P\g L€ ve Seen : S>/%,)\ Led

so k= 2(D)
S, % L(P+ -+ P) be a basis.:

Then Jf,xw-) a wew I-forn, W poks ot mod &t BB e

AN

(<) Pez?& s (fw) =0 M, 3

We want o anwind What thic Y,
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(2°) For vest of +his prck, Lix Local coods

4, , 8, centerd at i, , P

Write Locally

. = d’x,j (3) 4z (heat FS)/
Cs
' Cog (Pj} = C(’Q ©)
0
E,x = 2 T %C?j) (near z)')
J -
{for <one @; € C.
Sor

)
WSP‘ (fmqﬁ) = ‘l’i*](d‘ Bu
j

— j
= Wilpy)-

(3*). Now consider the Sxd matrix:

i w (R ... m\(Pd) ‘
B - wz(Pi] v o~ "\)z (Pd) <
(AS(PJ - - vy (%) \J

| &—4 > 1
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Niew B as defining.
B (E.Gl N @s

Now for eacr 1o unsh, let
B
o = = "vector of polar pork o £’

As noted,
Res, (for )= 01(RL )

S0 vesidve Thw says:
GQ() B_\_];:O ‘fo\r 1€ Qs $,

NA& i[; =0 &3 T(o( 'I\OLC o Polg
= ’fD(- is COY\S‘I\

gcy -

D) < 4 (B)
(conets) We davt ot the m™oment

phow thet volety bholds
sinee fhere :3 be vecoy &

if'* ﬂy& catisy B F=2 withoot
LD) & 4L+ Jdiw kgp(g)\ ¥ bavg acteed vectdr of

pKar port of feXCD)




(). Se now we need to Sl‘udg_r&Of =

dim er®Y = 4 —8 4+ Ji*{'g:‘iﬂ‘;{meg(bﬁr am&}

of
R

N_ﬂ*e* Dinear redation anorg owe of B
I

folo Aif¢ van ot P, P, U

Rechoose basts of helo dific so that fiet g vanish ot Py, ,&)
tnd vo I ©wb of vemaining s-g o

e

diw ka B = d —s + L&Dy,

Co
2(D) < | + dwpaB

= d+1 ¢ +£&-D)

< d +A —g 5 QD) (s = > -

QED!

Rubs Once e hnow BB it will follows frow thie argunent

that ¥V is vectar of pr parts of some fe£(D) &

B.v =0,
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Coo £ P& s=9, ic

din § oo 4f f = 4.
PO Sy D=P+-—+R. \We knaw

A+1-q. ? L2®) & dad —s +L(k-D),
Riew-
Thw

Tabe d >29-2, 0 L(K-D) =0 Then
d4+1 ~g. € dxl-g
5 < 9.
Rul e o.l\todé. bnou §2q. @RED

Lemma 27 Let D %e effectve divisor of ey o
Then

L(D) = & +1 ~g + L C(R~-D)

. Gsel: p(r-P)=O: 0K by Rs Thw & Main Lemre

CaSﬂ 2: Q(K_Dj¢OJ
Then T(k-0)2 0, k& K-D=E effchva

dg(E)= 29~2 —d.
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New APP]H_ Main [emma to B
L(E) = LEK-D) & (2g~2~3)+1-g+ L(KE)
= g-1-d +L(p)

LD » d+1-¢ 4 k(k-D),

c6 eq_ua(i‘b/ ho(&: b7 I_],am ‘—QVMMQ*

Proof f RR— Need to chow:

L™ = d+1 +UL(k-D).
* Say L(D) >0 Then D= Df%g so done &y provious (2tmba.

- Sog- QD) >0 Thee K-D=E >0, and KR follows 0s <bowe
oy applying previous Lemwg to E.

¢ So reduced to the cose:
DY =e-D)=0O

APPI&' Riemanns Thw ta D/ -D:
02dx1-% jo 4 <91
0 2 (2g-2-d)+4~g 1o d 291
So lQ (D= -Q(K-—D):g then d=g-1 and RR troe by |‘ns,p€c‘ho>q_]

QED,
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Shesdy Interpridction. D ~= L8 05 (D)
LOV = Jim V(K o (D)) = b (K, (o)

Serre doollity:  H'( X, 03 (1) dod to H(x, 0% (K-D)), 7e.

L(k-DY = 4 (X 0% (@)
So RR says:

W (X,0%(0)) = b (%, 00(>) = d+d-g.
The iMPor‘('qnce_ o RR cowmes from i &Pplws To:

Linear <eries

Def: Lt D e awy divier an X, Define

D1 = {ddwe D\ D=D} |
e CONple,ch_ inear celies b
= e {d\\rC{HD\ fel(m} o Cystem assoc o b

Ex. Say D offectivg L(D)=2. Chosse buss

ofe
1,5 <%, N/ that
view f b"< (o]
\ os “U.l? ] $
: 1 :
K5 F 2 Fe (D) (up to
; l SCG\Qav)
—— ,
Acsame that  (£)g= D. The v (0 = pdaiy )
x Gwe D1 ctr c/f
D = £C) PP spacr
and. the divisox D/ € ID| are precisely. the prefmagec of Dl = lPCf-CD?)
e on P (div(§-<)= 5§~ D) Wrle  dm. ID1=dm BC

= LCpr-L



“io—  @Shealy IDl=fdivza|

"Q’ K= canonicc divisas Sér()(/ afra)))}

WK1 = Ldu@ | o=hot 1-FomF - so) |KI= P Lo 2-Gopuc)
& — —
Eg- X=X C P deg T w 1 hode.

My
BN
s
X
& o) = (2)-1-2 | X

and \K‘ = {d\\li&&% ™ X residuld to _X_-"ng‘{'lﬂm nadsz

Llhear Sefies and MmPs to ?WZ

Def. D adivicor on X. gq,a'_ (D] i %&Ei“:ﬂ Copf) if Jca”owm%
s

For oveny PEX, 3 Di=plelDl o
[/
p & Supp D

’

V PeK/ El §=fpei(o) ct.

&) odp(fp) ol D =0

Assime D >0, say P=nP+ +n B N> TThe,

) & £ <t ﬁéx(D)J d?l_piar):““f
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KC'& Congir Asgum \Dl &)Pf) ) D,b@‘ Clheesse hocis
1’) (1) ){ré f(D)

D

r 2 ‘
%: X ——= P, vie %= UG, @)

Then ,
Ve (Dl &> I hypeplae H S Pk

/ ) /
D= X:H

l@ DiNsoZ tw fop( Rivare Sories  are h}’P@q)hwc s
of X uder @& x—F

(P( Is o le
Se. 1§ D bpi the

o hperpl
Dl = P —{ P sprz o€ hypeplans

Prog: [Dlis bpf = o N ;F(zof;;upji:?,)
L(D-2) =R(D)-1 ¥ PeX }G
Ph DU bpl & f pex 3
De Dl <l P ¢ Supp ()

7/

£ 0= DtdivCe), then feX®), £ LOD-P),
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Now Soy D) bpf. Then ge
CF[DI: X —> P

DY Say Dl vew awple it Ty an embedding,

Eﬁz?: AE%&W@ (DI bpﬁ I?HM an embgﬁb%}

I

Y pxeX (induding. PZGZ))

2(p-p-g) = A0 -2

E_{z CP\DI an e,wbeﬂ&%g_

Gy g KR is b
() 4q, # O ol evey p&

SKLPI)OEL e()\bl(?j = CFI >) (’Q‘): r
s

—_
| - / T
Y HSP" hyperpee p &

theo P

PH) voniches ot P2 @
\e 0\!\(5 one conditim for p’ € |bl to cormtain bsth PIR

le

(o= Pe) = 2001

g(W«) S\kppb:ée c\c{’co o E p &
Then i b posses fhn p L
Oﬂ-ﬂpcq’”ﬂ) >2 .
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P"_OE" \f d-9~
dgP 22, then D bpf defines ¥ X— P (d =49

deg © 2 2+, €hen Tp an embeddog,

P{: HW (Us RR)

Ex g(X) =1 deg D=3, Then

Un K= P as a P’ﬂne Cubie
Most important cage of This is:

Canonical Mapping.:

otatiow: Hi'o(?ﬂ = {lna@; L—forms § 1 So diwg 4 = q.
Rt HY(X) & £(x), K= comon dion
Kl = {div @l oe H(X)}
Prop: Assuse 21 Then Kl is by je ¥ peXs 3
we g¥(x) st o(P)=o,
. We need 4o chow L(k-P) < L(K)=g, Use RR:
Ak~?) = deg(k-P) +1 -9+ R(K-C)

= -2+ l~qg- +LM{)
= g9~2+L(p)

Now A2 smee P 20 F 20) 22 then I



~ ¢ —

non-covet o FEZ(P). Thie defing
fi X—>p'
Adgl; o XMP' R gx)= 0 #

Ascsuwe henceforth: %C?Q 2 2,

v ke have
-1
(th X RD? (canenic=l "““‘PP""“S—)

Thic s canonicaly defined ppto linear chage of e
m P P

Alternative inferpn
Choese. bosis: 9y, 0, € H>Tx), They
T 0= Loy, - ae0])e BT
(Hw).,
Thw Assume ¢2>2. Then B fails to be an cmbedding,

¥

X s Qyperelliphic,

P‘F‘ Need to shoes-

—

d PaeX <4 e X hypee®l
Q(k-P-3)= g~
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So say Rk~P-&\=g-L Ue RR
a1 = C?%~2~Z)+[~%+£CP+@)

e
8;.:1 = g-2 + Q(P+w)

V&

2 (Pta) = Z.
Tole nom= @nst T L(Pra)  Defines way ’

§ X B g2 —
Co £ Mypereliptic. Converze. stmilan U] i 5 &

UEQJAO{( K X f\dv\—*\(\rPOeQQ of gxywls % E cawgmcq_Q
e,wbe&&w\ﬂ

X & [[3%_ as o cw\ﬁe of dg ?'8‘2

/C Means c,ntvaf, hyp@ng
Meets }( A 2g-2 P‘LS\,

Curves of Small genus :

We can use these considerations fo Anclyze o curves of
Row genus,

320" \f g(X) =0, then X2P*

(P € g=0, LM =2 b kR get F:X—B' dept)
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p= | - %.O()=1 = XC;fPLPlathMbr'c, .
(Loden: X2 ¢/ )

a@ﬂ =2:
_@&P : E*(‘e‘la- cunrve o-f FOnus 3@2, le- admids a de5 2 covor
X — B
_P_(: [vr ‘Fo.d) ¢ = CFK is the caneniel Wapping .

. [
&QCK)= 22-2~ 2, a\\wﬁﬁsgzz/
g0
1,0
LJ‘) 0y € H G basts E)Ne.:
X —B x=luo)ac)

deg 2.

D\gltﬁ&imﬂ— (AhonicoQ Map fop hyperc& CArVES

Sa& X s h}fp@t@ cwve of genus Q- View )(. as Coudpqc’(

o
=1 =@y < C

Se e
which |5 compo‘cf oQ )(0%@) (L y)tr—==x.

= *g_—-t)(o-. This extends 4o hoto L-forue e X,

2-1
W=m ) We= XM, .., g~ )
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\Mt:\)‘e seen That

Wy, Ly extend Yo holo A~forms em X

B dim (XN =g, <o

Wy, LW, a bosis of H1'0C?\l

We See:  eade » Is of forn O = 72 poo) W .
Wl a (it ’Hnovsg(t\b this IMPlies*.

P!’DE. Canon. wapping of Sypese curve X of
Rnvs g foctor o

X
FERN
p' C— p¥

X T, =)

Cor The dowdle cover X—B' & uniguely defined, and ite
134—?_ oW PJ(S are Th"fl‘l’hsicaaﬁh defined,

SiW\i\axr[H.) the 2g+2  branch P}s of W are canm defined
O To charges of WO om P

Voge Consequence:  The set of {som clases of hypere cupves
dﬁgu/t\lf o fos U = 25-1,




gX) =3

-Pn:@B et X be a none hyper‘c@ip‘fic curve of derrus 2
en

X = {smodh plam curve of c\e'%_‘l'}

HOYC—O\FC")‘ Oy such curve is cqnomce R wmeoded of wnon-he
R% O( %@’JL!S 5

E: \1\/6 onsider cavion emb@;ﬂdﬂg‘.
X P = P
Have d\cg(ﬁx): 29—-2,:’(_(.) ”SO“ ){ Is suoeth Plfkn& QLLO’;HYQ

Con vz:rgela__‘ Suppo_«z
C <p*

IS pPlane Ruartic- Haue chC) = ( 42—1) =32, Moreorer

i)a ~ Ofd
INEER RN

) -2 =4
le
Ke=(CH)
Stace o
nean
din [KV=2 = din Ser’lbcu’ﬂou&\
by Rines J

. 2 .
See ewbadding th P is canon embedding,

4
CV&C}LE) EKQU.P\GS How wuma_ﬁ genus 3 cwrves ave thee?d

¢+

[t \{4=gh°“’\°ﬁ polys day + ¢ oﬂ.(qu’;(z J= 15
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gb
Bevy) = [Best — p

It
Singular curves param by dypst D¢ S P,

smocth plave ), 14 i
'{cuwwes deg 4 U < ( JU-P"-4)
Zariski oper,

Now
PG((?R) = SL(g’c)/Scoﬂas acts by charge o coels

™N an=2.

So expect that
\

v
lsowm clagses ﬂ:( nmah.c.} —> , / P&L(®)
cucves of genus g=3

C if thic exisk it dnould have
dim= 4-8 =6
Problem: can't willy-nilly fabe quatients
{f a‘.g_\(an a X nf lds by 9roub
actions

Nondheles: there Is & spea Wy that pacameteiass isom Classes
f RS of gEnus g, and for 972

004\*\ wg. = 'gﬂ-"?t

g =4
Congider K now~hyperel , 9=% Ny reolized as

X C P, degX =6
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Explicit deccriytion of X

Theorem: X S P* s complete inferection’ of quadtvic 4 cubte,
.

X=1{a=FR=0%

Where deg Q=2, dgt =3, (ﬁov-:oveg vy Such complet,
e Ccanon cuwrve of genus 4)

E (1) Find quaetric thra X,

> By covstr of aanon emba;un,%.
%ﬂmcarfar’ws} I(Kx)

- Tollows That
forus rest-
Pm \/“ﬁ{ 'v“" ;f@?&; P R ICme)

" Note
i \[M = (’M;'B-)\

© (onsider po. By RR: i
di LK) = 2t1—4+ 2 (5l2ke)
= 9
din \V, =10,
\ga

foe (p0 V, — ?CZM)#O
4

Aim 10 dun I
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*Note. A&er P = {Q%\fak AR vanishes %}
= e\, | X =ta=0%¢

‘Dont a priori know that Pz is sur) But her can see
dim ber Pz = —1—)
becovse by Bezout Thw, CUrve of dep 6 can't [ic an
2 gku\adricga (H)(Perplane, ection woed & 6 pts on
2 qM&PIG-)
G @Y (upto scalar)
R, € berp,.
(). Study cabice thae K. Consider

Q'; : Vg, - ‘fcgﬁ)
1

din = 20 dm=1s (by RR)

So
dim ber((a}] 2 5.

Seews liketoo wany, bt nok: € 2,... 7 ac howgy coacd on
(F’) Then automatically.

2Ry, &R < berl(p).

So 3
Fg < {EEPC'?S) / F3 q: SPdW(Zsz) ’VZZQ_;_JU
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So
X < {@="=0¢

Bud by Beeout, RHS is curve of dgy 6, and sine degX=6,
¥ Qg

CCha\\the) Q vestionst

(1°). The c*u\o\dmc f (Q:o) is umiqoe{y determined, lcaf ¥,
Now there are only o sorts of (rred quadric sk il

P -

- Nen-sing quags &< P'~ P! ﬁ

(e over plane Conic

Co cononic model of eveny nov- hypeve?
CNME C{ genns %.r_‘f lies eitles on Swoctn q::m&n
o~ a qruq&wc wne -

G How do gou distinguich bedwean thee cases
in terme of the intrinsic geowety of X 2

(7)., Can gouw deccribe explieitly Che awnon wodled
X < pt (deyg)
Qg A V\OW—-}\)(PQ“CQZ RS of genus g=5 7?
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L&rzap_ QNS g.=0 (R) >>0O

(owsidee canon wedd
of non-lyperd) RS of genus =@

Ask: G we Similarly Aéescribe X expl:'ci‘f'(b br writing down its
defining. equadiors,

Petrv One g¢>5 X is "050e® " cst ot by quodiic poly,

(Exceptiona® cosesy 3 X =k dez ?Ld,xe_iﬁv:{c_ )

Now lets do analycis as aowe

s deg 2 s
P sz{ Eff{;?ﬂee 5 I(Zﬁx)
N

{ [
= (%) R
\w fad o, sy, o
(q+1)
din oc(p,) = % — 39t3
= 9°+t9-6a+6 _ (92*_2—)
2
G 9-2) (Z) com
{ezper =™ o @ = Tikeioy

Tscue: For aQmostall W SV, of codin %3, The guadiir
\ﬂ W wont L’\O\ﬂt vy (oMMon &(,\(bgg[

le: fov q,>>0/ {_grua&{g-khm Xf« are_\evy :Pec,qu
Ssdbepace of the Space o L quadiics
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TJacopbians & Abels Thwm

@ \
)( = Covmpad RS of %e,nus 2

R&COLQ.Q:
H1<X) Z] = Z%ﬂ

H(x)= H,, (x; )

closed, C® oxad
= 4 ¢ valved Fforns { 1~ forns
(TL <d. AT;_--O)

Motivation Let K= G
be o) cune. Given X,
What (s Intrinsic wmeanng.
of ACC. K@j oseqv.
is that can Viey

7%= N = Hl(x;z%
and Cubeddng AS T ¢
A (e | oeti
¥

twc. We eeoyer /\
Vi integverting. 4ok,
\ forng over howe?

Classes. Want 12 %QN\&Q,
't'o O\U‘QJ K,

P\\SO X

(1}‘ The bilinear Wap
H(X) e Hxec) — ¢

i

" 7
(n,7 ) foj” 0
v a pm?fct Pairing.

(2). (Poincne Duality). The (alternating) mop
() @ i) —~ €

(%8 > Janp
X




s now- degpn-

(30 H(R) = {holo A-Forne ] s ©-vs of din~=g.
g

Recol also: {rokle 4-forw 1o closed, co dedermines de R ohow class.

Def. (Anti—holo forws). W e HL'D(X) is loco_lla, gNen by

N = f(z)de)
then define

Ex € o is hob, then dw = O,

Co haxe Mops -

Thw (Hodqe AecouP-) TEach of these Mmaps [ hn]J and have dived
S deconposition:

H\;o & HO)I _ H\(X)&)
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Mowe conceretely, chooe a basic

1,0
[AJ1) --~)C/O8,_€.H

Then
Wi, -+~ w’g" !
B " e H(x¢)
Wy, -7 ) Wy

Is & bosie.

Pj Ehoucgﬁ to show that The Wedoge preduct paining amory

S le non—degen
VYoo reasms of e
X

(Chece: dazndz=0, dindz=0.) L4

Claim: A= (0g), then

LA @ pos def Herw Matrix

Gyanting the c.laimJ it folloss thl wx for Cup peed i

Wi, 1 Vg, By 0y N6



ard this i now~ dﬁjem
Pf of Clain: Tox 0% 0etd”(X). Nee o

sl
J;jm\a 7 O.
X
We oompudc n Lol coods:

w = E-(_dx—tico-%]
® = z\(otl—l&y,)

WAl = \§ \9. (di-ti&b\J\ (&x—-fo\%_]

= WI* (-2¢ -dxady )
(Lc. AzndZ = \'2':'0\7"‘&%')‘ Se

ions =21 aady >0

Loc

Cor of PC Defive
<w)\'\7 = 4 v( L‘)/‘TL s
X
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Toen y
L, > o pos de Hem forn on 17X,

o 0 =2

Now define & Wap

v 1 H(X,Z) LS
W Y}
¥ r - I

Wheve

T —— €
e the Linea~ functioned o\ «(’0)( \M&q\m}im over a fixed
C)}jc\e (b’ <

T(K(m\ = 50\3 .
1)

Motation: offen wrle | € KGO instent of T

M; The dhomom Per 1S imje(jrr‘ue; oand
N = il pe) < HY007

< a J?.O-HICS e per takes o bosis Gf ‘rh(?(,z) To
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[R—~\1nemr’m, indep elts of R O™
\J

(le NZT® < € siting 0s disack ¢q.)

Oefe NS HKXT is alled the period lattice of X, Quotiedt
WO AN e Jacobian of X

Co, Nak: Jac(X) is
Jac(K) = (Y /A « cowplex Lie
~ gYOup.
So Jac(X) s complex forus of (complex) div =9,

Poef_of Tam Let T, B, € H(X,2) be a bast. Stpposc

M, )’}lge[R are. veel vios <k

= T L ower(@) = 0 e fP(X)

NEed ‘\o S\fb&u; ‘A‘lz = ‘Ah_::.q

Byddqf P@g(x) =

Z A Jw = O aoéHi)DCX)

(39,
XA

Ruk ginee N € R, con cowyugade. (9 o find

DR (R B e L )
G;



Clreck.: t = )k

(cheae fo = J5 )

le
S M = @) 24Q 'YLG HZQ(XDC)

Z?\i(rr

S TAaTi=0 < H (XR)

\h CoovyRs—

C hocee bases >

Wy, - Wy € H” &= (&Ji;,ﬁng)
:61) '“")LD’Z?qé Hi(X)Z)
; ldemh{} H>(KY o, %
per - R(GZ) —— R
o w
¥ —> jg:(gww-‘ f“a—)
) ] ¥

Do .
eriod, lattice gen by vpos o the 24 X3 period patiix,

| fo
A

R

ﬂ/ P@f'io& W.Othx

. £ X,
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Ex X=<&/&n RS of opnus 1,

T: € —> X A
2L
Let
2,0, €N be basis; - A
L’Q& \'&\;
0y, W, Pq_“”‘ fr 0 to %y,% ]
R = 7((023.-) , X, = 7'(,'(1‘?2\\.
so
Xl) a;_ é, H1CX/Z) a ]DCNS'I'E.
w = adz €& HL’O(X\ a loagl'g
Peviode
g“ = Iolz = A,
X, &’(
5@ = ’fo{g = A,
. %,
Co

Peviod Lattice = A\
Jac(?O - X.

(Cor of This discussion: Any X of q=14 s @/A.)
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Rime: Can View Perio&; Os akamja of basis dale for fuo
natul bages fov ‘H\lm‘ 38

noduvad Topdlegicl
Ty, - )v?% € H, (K)ZY\ bacis fo H(X, C)

W, A nodwzld boces veflect
. _ c H (X) C7 e owmpler structmve 3

W, 7Yy

Joacobian is of&pri?ng, of warricec bethaon These w0

(+°P°‘&%ﬂ) ’ CCdM\p(ex dmcl,wg-,)

Joc CK)
Abel- Jacobi (op

Fix a base-pt P, e X We deéfine a mMap

u: R — :]_acC)()
rs followsg.

Given PeX, et To o
& potl fom Py to P

B we H(X), consider



For {ixed P, TE’ thic oINTS a 2
b

[ e HCx Y

P

)

Note that thic ckepen&q on  choice of WP

However if %, TT; ore {two <uch

paths, then

TP -~‘0’P/ < a one~cgcle
o X,

€]

,(N _ period of o
over e H(O(JZ).
Vo Ty /

2.
f e A= im (HI(X)'@) —> Hi’o(xf)
’0;41)‘;

o qd ue“—-d@cw\@d elt

P 1,0
j S ]( )/A = Jac(X).
F

Then define



~ 3~

A X — Jac(x.)
P

2

Rubs [ ve chome 0 difl bosept B €Y Then the resulting AT
Mmap

/ _ p
o X T, e L

differs frow u by Arancl by f e Tac (X).

&v{;x w is hole map o cx mflde
P Fax poth 7 fow ¢, to P

and, et
5 = locR hoblo coond
centered ot P, T
[/JPlfC ﬂ
w = t.(2)d

Acertfion boils down to stalement that indef mk’gw@
_t
o) = ( £ (2)d=
P

are Jhofo i 'tJ which is clear. T
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Rk, Wil eventually see that U is embedding.

A

Anusing Rutk: - Can Niew  cononico wapping @ X L pt
Gralsc wmop asso< to w que‘&

* Cinee Jac(K) s forus, Trank cal\;eg Canon et
1, Jac = TOJOc-_ Yae Ul
- Co foe Pe X) hener
d'U‘P: ’TPX _?TM(P) Joc = To ‘\Tac,
" Thew

Pl + P — P(T3x)= P
I
F

: I p n
s Canon wapping LE 'C—’l'—gfﬂt”‘ o; (P) )
P b
Gy integrades’

Given any he Z, 0 wap

u, : Dt (X)—= Jac(X)
A W U

dwicog of
dey 4 Z“P'P —> Zr\?- w(P)
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Note: The Map
u, - D’ (X) T Joc(X)

1S Completely canonicad, e doesn't depend on bage- pb:
(s A
uo(P)‘uo(Q)"“ ,L ﬁj = f )
[ Po

X

Thm. (Basy bolf of Abels Thm) L

D = P1+“'+Po(
E:- @{"l'\v-"f‘@d

be two effective divisod an X of deg. oy w- D=E. The
2ul®) = Zu@) i JacX)

(\e «(b-E)= 2 )
B May. suppose pis appearig in DE are distind.
- For simpliaty, assame Po@; distin
" D=E = d wmew e CX) b
div(f)= D—E.

*Niew § as OB .
f - X— P
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S X
? e

D= {(Tel)

E = (=) o 2
Given A € IPIJ define

Da -~ () = L <(p). CP.

{(p=a

Thus
D, D Dg=E, dg(p)=d & A

J

Keg. Lemma:  (owcider the Alel~ Jacstsi \‘mct%:

u(A) = uw(bdy) € Tac(X):
(le, writing forelly Da= RAI+--+R () e
W) = Tulrm). )
Ther this defins o folomorphic Mappivg-
w P Jae (X),

C\h otier words, the Alel-Tocobi sums Lu(Ro) vary hdo-
morphically w A.)

Thea thw follous from o geed fad:
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PI@];: let A= C*/A & « omplex Forus of djmersion % Then
ary holo wmapping

A4
w P —A
is conet

W sitvadion of Thwy this inplics tha
W: IPI —>:|'G¢,(K) / A “(b',\)

is covet | porticulay,

a(D)=6(Q) = W(Dp) =u(E).

PPDO( of P@p: C(S'V\gider" dl‘agrzan

*

v € |
- unmiy. covern
N *

P— s A-CA
Since \Pl simply COYIVledco\) w ik o 3P —C*
S T o Lol isom @ i Jnofe, oo thel & hoth,

Bd then oo fne o Cc} are ?&,&:—Q holo fiic o [PIJ hence
Owst. )

Rl\kh: giMi |m“[|ﬂ,i 6«\3 Koo map

 ( ST™ply conn cowpad S
”‘( complex weld )HA‘GA

& owst



— "gg.._.

Sheloh of PC of fey Lewna. b D, E

X
" Suppose first At 2 l :

s vot a brandh gt cne
£ X—P

“Then £ & top covering oven
bl £ A S F

P'2V s seal v,
et
£ =0 We, W nbd of RO o Wi — ' an isa,

Sor Wi V2 Tac) is Jusdt sw of Wi Ta(x)
Cacdh of Which (s hoby,

' Essenttia iscve is to understand, happens of ramif ph
Co considea

PeX ower Ae P ot which Accont 2
{ fooks ROCQQZ.OL Like

{:Az%\'l\w < QX
I

Z2— 2%~

S 2=loccl ccod centeredf
a P w=2

< P!

& CONR W

k= 2% foccl ot ot A,



- 4O -
“Now et ;&' e & path (eg- & Line S@a—«) fow 0 to t €A,
' Denote by T - {'%) ite image W Dy, so

T o Paﬂr\ ’Frmv\ (@) to S=—fe.

Set §= exp(2i/e). Then the ¢ differet [ifkc of U are

~ A e—
6% N=§T, L, - Y 6
So %i A den fron O s gi-f«
- Now Hix ony- one—foru VRN X k

Then the ”n——Comg)omev\Jroﬁ\( the

AT~ imagee of the sam o the pir
£ 8, 6t €eX
< e~
() = ng "

(v we need to show that thic QXPYQSSICM is & holo
fnoin s=+°.

e wmpzﬁe Cay- 'rL :z,, $(=)dz. Let

$R) e a primitive Of P in A,
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o

Fle) = ¢, FO)-o

Then e-\ £
(%) =£Z $(st).

So osstrtian follows frmm:

Lewma; I{- §G=') I ana%_ ’ﬁn then

> > B(s't) = analy, fn of 1.

B Plug irto power @rics foe B, and wnete tha

),
e-1

Z (&L)w\ = (O s m=0O (mod e),
=0

@ED far Thhm

Relatiore Among Reriods
Let

X = R.S,%@{[US%»

Vtewl"g. X as SP\qe.rc W oa J ﬁ

lhandles «Hac\/\ed Con realize <

X ’topaeaglcqu}x as ‘53_—-3
W Sides 1dewtified In paifs:
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S

gb K rc,aﬂ_l.%c‘{_ as 4%-601\, A N—-H'\CSQ_ f‘del/\“'l{qu"'lm

(et

o, by (si<yg) %
ke the cupres on b
X determined by the. =

€does of A

These are homolo gous
to
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So Niewed, as (co) hewology. classee These satisfy the
interection Canp produd)  velddions

OKA“OLS = bi-{b\) = O a0 C;j»
(Te they form a sywplectic bosis for 1 (G2 Wrt the interedion
from G cup Posuat) )
Not also

3 (ron-ompad) Simply @nn, RS X (Nig the
WiV, cover o{’ ?QI P\U.S emh@ﬂ&ma,,

pC. ¥
st composition
AR S X
A

MDTI:O\rE_B{\) Given ’ﬁnﬁ&\}/ Man P‘k B GX) o OSSUwWe~
(by translaing A X ) thet tie T Lie v IbCA),

(le. A b Plaé} ol of periee. poralldagam in g= 1)
Now nsider:

o = cdosed € (or hoo or mf,@) {ovm on X



_ lq..q,-..

CK’ U Me, gsSuMe O poles dn &y d*bx‘)

Def. (A-periods & B~ periods’) Set

Ai(d-) ‘-Za‘fo—'J BJ;(O_J = id‘s

Note that o [l fo o o ?(,’QA/ Shich oe
agakn wl o

Fix
P, € () J

N
-

1]
o= C% clesed €otw /
on K (e o= het),

FC;C" x e Aj dQ'ﬁn&
'gb.(:r.) = f = (ihée.])a-e Po(”\?lhce o!r:@)
bo

This & siigle Vale fin on A\ Which is 2N \P o IS, Hﬂ&
df, = o

Prop Lt ot be C7 cloz=d 1-%rwe o X,

én

=
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Qﬁ =1

A T
g{a't = Z ( A () B () — A(7)B(s)

R_M’t P Wl show that stodepeyit covhinves B hold \e T M

w no poles on BN,

M. Gien xeAp ldt x"e AL e
oerezp point (et

Xy = pathin A x to xC

Thee
pd ¥
30— £,.&0= \¢ -S c
PP
r
-

NZ)W 3 Nb‘:) so Jo_' = jﬂ" = BL(O"Jj
Ry %z‘

je>

§o()~ £,(') = —~ BG) W =zeu
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Sin,  for e Bl w hPar‘frEP” (dfé B{/} have,

6)-1 (y) = B. ().

Now since T (s 1- Ewu Mmoo K it takes Same Valwes F\J\
/ / 7
49\: y ond. By ‘{— B\,‘ So

mgfﬁ - ;(iﬁi*f *5){,.1
-L

A=\

(

%—s

= Z (ta\i(c']B{("C)__f\{(C)‘Bd[G‘))\

A=\

f’f(r.] ‘r(:r. T 4 j ('fg-(y—f(y)) )
e A,

j_gi(g)t + jAA-(H‘C
A; B{‘

A

Pr'oe Suppose w is ang- now-2e0 Sel 1 foruw an X

Tlhen
8
w( }; Aco) Bi(w) ) <D
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Gnd

[ ( L Adlw)  Bi(w) ) > O
Pi. The two statements are equiy, so b focus on the  fuh
Rewd et thal il @ i any now-320 o> form, then
W (0ns <O

PT‘C,ViOULs Prop /LO‘ & v &PP%/

O":-w) —C‘.'_'a‘

Note firet that by Stokes” Thw,

Sﬁa-a = jol(ﬂ.-a)
QA A

= S(dﬁ;;\u—o ~+ {wncﬂﬁ)

>

Cl'(u-'-t.)
= »(LM @ Az =0 sime @€ N
A
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™ ( 2. Aila) Bi(B) — Ai(a) By() ) < O\,

Ailn) Bi(3) — Ac(2) B (o)
I
20 n (A8, ()
S ¥ =
w(Z AWBG)) <o

Cor: et @ e Dot A-form on Xo Then
A=0 W e« »w-0

Bi() =0 Li & w=0

Def. Choow boss ;.00 € H(X). Defre A B
{0 e the I 9 A= and B- Perioc\, mxs 6{7 X)ia.-

A= (Ade) = ,,({“J
\
Ry = (Bi(wp)) ::bj@
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(o0 of Cooi A, B are non—sirgebr

Normalized Roriod, [latrices

Cince A ic non-sirg, 2 bass

Wi~ (ﬁﬁ_ € H[)o< X)

S\

‘_gwi = Skj (‘i < Q&)
%

This i& normalzzd  basis € 1-forus:

Corresp period watnx is then

(I‘3~>) where Zz(aj_j)szt'
Z b;

So period lattice 1s
AN=7%+77% C Gg*

RlCMnn Bllmear‘ Re\o\'l';'m__—

Thwm () 27s Symmciric, e fz= =4
() w Z is pos definde Symm wark: WZ > O,

Ex Say 9=1 Then @) wys Z=(v), T€ UHR &
deseription o period, lattice @5
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N=12z% + 7 Z%
tZ==’E) Wz >0

s anallogous to descr of Latlie M g7 as Z+ 2z , T UHR

Rk (Ore o the decper weanirngs of Thu), Lek

A S c* be an b lattice.
(.G.Y\&Qow}"Schoosc,ooodss’:-
/\:/\Z=Z?’+Z-Z’?

for Some Qxg Complen wotrix  Zo Lef
T-/\ = @-/ Ne '

7

this s Yorus, bt Y 972, TI\. usvally caw't be,rca.[&'seal as a pro) a% Uan -
infast for most' Z, T A doeswt Carng any von-const merz fre.

ft tumns out: Ricmann veladions

Z:ég) W€ >0

o eKCkCﬂ\ﬂ._ conditions flwt guarantee thal Ta admric o przy embedding,
ln partic,

Thne = Jac (RS) cawm e <olized. as o PIO) VAR

We@d see one maniestaion of This when we discuse The
Riemam <G~
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Pros{ of Thme Ciooe rormalized basic of diffs w. .. w

&
<o

A (QJ) = &U‘

Apply basic penods vzLation T du 005 G

—

=)

¥
S“rwc“’”} = Z ( At(wg] B, (®i) — Au(s;) Buly)
20

= Bilw) — Bjla)
I R

Bt by Slokes?

S ’.{uf‘m} = JA(](“"'OJ’)
20 A

= S C ‘C“’id"’))

Al ! dds=D
0 0

So Ziy =7)i.

Now red to dow Im(Z) > 0, Fix

?\l) j\ta_eR\

/
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Need to Shou:

2 AxAp n( Balt)) = O

ﬂ)¥

Set
W = ZA](‘O[ \

We knowt
%

I ( &Z:] Ay (0)- Bp(u]‘) > ()

(A (Aot k) BB+ g)

&=1

I
lw ( ;i__] Q—?—\h tI; ?\f Bk(mi) ))
ﬂ A6 R
[ ( E— A Bk(wi))

\
A AL I (B(0) ). QRED
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Abt@’s ThM

X - cgupad Rs of NS o

Thu: Lt
D = th,P

be dnisex oS &gy O st u(D)=O) wher.
| x: Div' () — > JalX)
i« Aol - Jacehi map. Then I Fe C(X) <t
dwv(§) = D,

Rl\nh: W cee [oder ('Ia(o]pr e ion ‘Hhu) ﬂﬂdl AJ map U IS SUry, &mhﬁng
—UI\K)A'OGQ,S Thi =

@ =, OVOO [ Pruine(X)

= jo«c(?()A

Will pore Thw in various §Jt€{36<9< Substeps,

Step L Wrike
D =mPl+‘“4“‘(\APd ,  Lh=0

Main Claiv: 2 wem aff N w simple. poles at the Pr) oo
e\scwhere, st
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(a). TC3PL_ (’T\] = Nng

Ch} g'\l e 2T Z all re Ht()() Z)\
@

(c}\@s\ "(1:'- g-{)

G\rahjrih%., Main daiw) considen:

'EC}.) ‘:&Q exp(%jn) ) DCéX{;) ,Pd%

Where
o=
o path from
Po to =

The integng st weld-definat indep of poth bud by (8)
PD

dif( paths change g’“,l by elt o 27::12) $6 ekp({ﬁl) wed). defineg,
P, )

CKCON‘IU. { J?f\OG:) Q\Ja?/ 'ﬁ"&w ‘U(\Q R:. \M(ﬂa\ deee it '00& lle, d‘-Q
P2

Loca\ky near B, wrile

Y

T\_—:—' ’v_l; . (M) (2 {O(C-Q CO@‘(ZJZ od P‘()o

(1= nideghe) +(hhoo)
o
and.
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<O ‘S:}L
f)= e = 1" - (hon~3¢m @\0@3])

\e.
O‘&Pk({,-): Ny J ddQ

So need o prove main claiw,

SJ[CE Z: §Q3,,
D= Zn,; FA.

1s Aa_(\rison ol ctego (1 ZHJL‘: O)' Then = wero  1-form n
W Swple poles at Py,

Yeep, (n) =Ny, N hoo off $P;3

5. Concider
ai o
= {x\;ﬁt :Po{?% ;J‘nlﬁ.} d:at
at (Fit
V) \J/
N (), @)
By vesidve thim

G S o, )\ Zr= 07

Iy
\ « Lax din= 4d-1
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Nf’ed to Shoo
m(a) =V,
We court dims.
ber («) = H"'(X) + dm=g
W = Z(KerP+ +P)

din W = (2g-244 )+ 1-g+ L(-P - ~p,)
= 0(«+9”~1~

%o
dim Iu(x) = (c“ 9‘1)“% = A~
= diw Vs
g_'tCLg‘ gu{){ﬂ-’é now the Abd— Jawbi imag o D s zem

(%) 2 ng w(e,) =0 € Ja{c.O()a
Chooe M as in Step 2 se thet
resp () =

Keg pointz Show that b adding bk diff o
et g N @n Qg

fj\) ém e 2n\1 Z. (1€i<g)
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“Fax norimalized basis  wy, .. W € Hi)v(x)J S0
Co: ESS (6—4.,')"\
S

- Reca®: if

Eat = .( Wy = B& (w‘*])
{ e Zng = Eoa (Synnm of hovnalged period madrix Z)

‘Subdtep 1 Rep\o«;ih@. n by

- (L (S a)

Lo NSSUIN

[n =

Gy

= O O-Q/Q 1€Q6&

SV&bgj‘CP 2 Basic period reldion =

S gueo; = ?’Z ( A0 By (n) — AL("'L] Bi(w,,))
9N L= ' /

GE) = Boz ( 'L)

<00 A-periode
of 1 vanish
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Now opphy clasCical residve thm 1o compule |r\4e9rz=-Q M
the lefi. -

We View the poles P M as ll&l'h% A int (), S

S‘F‘&TL = (27[1:"_\ ) z.] {%Cpg_}"fgpp(?[)
74N

(ZT\FT ) Z_hé- 'RL(R)
RPithinge togetter © (k) we find

A
G (Zn-rl %nhgwu = JTL oy Lsxsg

Subelp 2. Hypothesic 2.ng ulR) =0  memns

3 ey, s, f1 )-(’%GZ st

A &
Z T\#-SPL _ Z_(e]‘g -\-{S}‘{ >
b P, L) a. &

ac fnle H]’o
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So: for eacdl A< x < g, Qe

l
o
_[_.
™
g
S
QE‘

Sw@:s’iq: 4> Sa
2 o= = () T

Then foc eadh L €« <
g'“f'z: (ch\rl)eu / S‘L"_""z"f‘l"_"%
b "
e(2nC) T QEDI!
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Recap:
(1). Define
Joc(Q) = H(XV/ Hu(x,2)
ohee B, (x,7) — H°T v (.
-
Jac(X) = CF/N = complex dorus o dim, = 3,

(2). Define dholo

P Lo, ¥
w X —Tae(x)  via w®=[ €eH /R

o U

Using gvoup strudue on Jac(X)  this ederds by linearidy ts
W Di\rh‘(?() —> Ve (X)
When &ZOJ Ve ilnde\p o{ chotee of \pas'epje.
(3, Lt
ay, by < Hx(K,Z) (151‘53)
be ”g\ympledic. bacis” Can clhoose {(V\O“‘t‘m\izeé basislf Wy Sy ¢ H"®
Sk
&Swi = $5-

Ser
2 = ( bf' o, ) 9xg norwali2ed perod n

Riemann Bilineos Refotions
() tz =% (i) W(Z) >0
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(5). Abdl's Thm Given divisor D € P (X) , b
wD)= 0 € Tuc(X)
()

b= dvlf) some fe C(x)

Structue AT [Tap

X = Rs qens g 24
\

giving.  W: X — Jac(X)
PD = };Qge P—E\J

PLDE W is an ewbedding, fe. X embeds inls e Jacobian.

E_f: Need to chow U g l-l/ and  du 0. Tirt statement 'FOHCMS
‘(me A be’s Thi:

Suppox hae B +R st W(R)= w(R) Then by Abel’s Thus
P—R = dv()  some e €X),
= x«p
For qaong, chooe oss 2, € H7(X), Then upto walo
"da(p) = (@), a®) ’

Bl this & #0D sne H:x\ bp(‘
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a_q co\)i [Y\UE@?OW\ _”\Nf

Now concide
wr DW(X) —da(X) -

group oo

Thw. Cﬂ'acdof Inesziv, T) MO\PPihg— w ic surjective

(cﬁ; L) = Jac (K) )

Will actoally, prove a sonewhat cronger Statement: Given d 2 1
Ctnsider

Kd - X 2 - x X CC{"'HWIGS)

~

Wy X& — Iac(K)
. v v
gy (P, ,P) = ulR+-4R) = Tulp)

N ote-
din Xt = A, din Jac = g,

so Mmight hope U, SUlMective for & 2 This is trve

Thw (Jacd Iverzion, TC)
X, . X¥ — TJoe(X)

%

cuty (and hence hy sury for o\?%.),
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Coo: n: DIVV(X] — Jac(X) quf).

.P_(’- G?J‘\Pel’\ G‘l,'n& i & J&L(XL '\]-aolmr\_ﬂ: % g PiJ JE;GX
s

? = L’X%(Pi) )P%_B‘

Bt thic meons thad

¢=ulPa +P, ~gR)

T‘o prove R 'Il:, we Wi we a Non-~ trivioR (Iowl hOPz;MQQU bah‘emﬁ;k)
'fad {T‘bﬁw ana@%-/oﬁg geor

Remmert Proper (Tapping Thu,

led §:X—Y b « proper Hol mapping bek

cx mE (ds, T]r\en
CISTA BINE an anelytic subeet (%Camfgf
Lek § Xo —> W,

be sur) pProper mapping czf x wflds, Thon fo en
we Wo,

dow £ln) = duw X, —dmW,,

NOLO (ﬁl'ls Okpplg 'Hne:/,e Jro
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I( % not urj , then
W= (®,) Z JaclX)

P\"‘DFEr étmla_ CLAQ)&'&JD hﬁl/’lCe
dim W &
Co- . .
Bren fibre of Uyt X7 W wbuld hawe
dim = 4.

Noo fx B, . GeX By Avds Th

U\.zj(Pj,; )P) U%CQ\/ )C\?)

{

h+ v_-+P3F = Qt ‘~~+CQ3ﬂ

Henee
di‘M G%_\(am(a) ‘“/Pg)) Z |

¢

A’;'Ub \ Pl‘f“ .- +P‘5’l 2 i\

So The follews frong,
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l—gw\mﬂ. 3 P‘L ) ) Pg’ 6 X S-é.

LB+ +R) =1 e dinlR+ "+F’}\‘°o

Rowb:  n fact this holds for “gene@’ P, P >, e <
gu‘fup[a?s ]
- (prgf%@ﬁah
P_{\ PD% RE,

G +h ) = 1 —9g + L(K=R~ =R),

S enougl to shou 3 P, o, R so thee is no hoto Fform
van ot B LB T cuffier to take R 5 B Whose TMages uinden
CON  MApPIVE:

T KB R

Tlt\is g Ament Swagz,s’kg Yhat 1t is ih’fe\cesh'ng to Cconsider wmove
3@Mmlly o MOPS

&Jd . X* —> JM(X}

U, (R, _P) = u(R+ +R)

However, i1 is un-naturd fo choese an ovdering of tie pls. So we
introdue the So-colled Ymmetric P"Cdv\ct' ﬂf )ﬁ

\’_‘:ba. o( and consider the adhion of the Sy
gqoNp B o X by permuting. the coords,



— 66—

Thwm (Def. The quotient

@A 4% syun pid
SLJWA O(\ _—;\m ><‘

_ A

has o nodwad Structure of & counplex wonifold  (of Aim=4)
Co

Ké Parameteniyes W off. divisoz of deg & m X,

There is a o Mapp g

U‘d : Xa%ja(CX)
v W
D —ulDd)

Keg \dea of 7+ The sarprising pt, which is speciol to the e
Am X =1, is todd

X(L/Cq 1 & manifoln &

(Sd_ doss Not act 1‘\@.%, oLovs dt‘oﬁov\sﬁ:). For &), the Cruciul
point is 1 wndestand what happes wlen X = ©  Here.

Spd(e) =<
and the quatient ™Map st
&

e gt —— a’
@ WY
t‘(th )’20 — (B":(J‘\; “)o;&) )J

Where s (t) ac olm symm fus of 1, A

( Geometri aally, con \tiew



= l6t—
S\SWQ (Q\ = {Am, Wonic Fclbs X«+4\K‘M+ +O\d:(
and. (up o come 5&31:53 TC & Map
(b, &) (K-b) (X ty)

Thet )‘fcxhe; dtuple of < NUmbez o Po(a, W glvean d—tmple as
roots )

E)(erc-\ gﬂmd(ﬂjij = HJJL

S now onsider

w, XQ\ — :Yokc,(xl

d

Coveider € divigar D of dey 4 ™ X - abysing.
Notodion o Iittle o' Q) wonite

D e Ay,
Then by AbeQs Thu
o, (@) = 4 o[ 4 ON=u, )}
= {0’ | p'=D}

= | DI,
.

The fibes of uy, ac The ofs of Xd

POW&\M@“@WQ CO\M.P\Q'l'c vQ“l/\ch' enes,
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Previously we obserad that there s Noturzl aoy to gue (D]
the <ituncture q€ A prey <poce
Thw: E\Iﬂnd fibre of
U\dl x&% 3aco<)

[ isowm to a pm']ec,hme, Space <ifting as a submanifold
t( XdA |e ﬂ\(’. identif

D1 = o' (uw) < X,

Is an ewbcddvg o€ DI, with s structure & prj spoce
os Sobnfld of X,

E e T‘"H to cowtinee yoursel of this o dir 1D1=1
O %; AT e S
l. o Ab—D,
ﬂ:>1

A

E—X-I d=2. Houe < N
Ve e

uy s X, — Ja(X)

Cose 1 X on- hyperdl.

T'(')@’\ W, (S 1"‘1 (]a/v AbQQ/
NN Q\Mbe&&ivg}

L and n fact U,



— 169 —

Cose 2. X ¢ Wyperel <ay Dyl ic hyper® Linear serg

Then 1D,\=P' < X,

ond 7l \DGI
u, waps (O} to o
Poivd) U
ond is icowm ovto ifs iV\mo%(_, @
oway £ \DL

Crollenge: + What is the sel—int number of (D] in X €

“Shou thet f g2, tew K, = BO (T )

Ex Swppoe 429 Then RR saye
dim ID| = d-g + R(K-D),
GC.O!M (V\J‘C«\va‘ s as 'fol(omg:

W Xcl —»Tac(x)

/ [

dine A oliw g

I‘Mos’c fibs’ have dum d~q. Raclhs terw LE-D) measures the
arvount by ohich the din of & given fibre Jump=.

Ex. Assume 2 2g—1, Then

din \Dl = d—g-  fuw quen, D
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W this s,
6 o ‘Pd\% —bundle over Nac. |n {o\cﬁ

X, = (&),
Ea A 08 of & dtl-og on Joo

Ex For d=<g,
o Ky T Joc (X)
< gen 1=l over s (Mose.
W, = ud(XJ) < Jac (X)

\ ey sulvar of dim d  porowvelrizig Linear _guy
classes of effective divizoz £ c\e% A,

Mo;f ih*@‘fg{iVB R

\U%___‘[ < U—dc (K) :

This ig [n\/_?emﬂccnce. Will ebeiq how do (ke down ils ST

Riemans Count — can e This discugsion to ”Cowpafak

_ q duiw of wmodul, space. 7/‘/‘3.. Puf&w\dn'&’(%
M T (Som classes € RSk of qens o
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ldeo: given X of genus @ consde branched covenigs

£ X —

of degree & >D>0O. We. wxll compule the Riw Cf {CK)zc]} i
+d0 C\iﬁ U\h}zsg

D_cp CD\TOY‘ng- T s g\'wplg i each mmw( Po(h’t has rom jndex cﬂ)
and o two raw pis i€ oger cawe brands pt.

=S S =

1
‘g a S H:) @ &

Simple net Siwple

lemma: Given diviser B & P‘J Ei Wy, ﬂ'nﬂdy mavy Siuple
coNerings 7 X — P! o de% A W

BPCK\ = BJ ('#E-—fob
Shdich: Howe 1-1 corvespondences:

Gaving d-checled coverilg space

x\Nwg T “«— xo — P'_._B
whose MOnodiomy. arsund, €ack be R
s STwple -hmmq,
And this sef I!
is finde SR G:Nlng tavspr T, ,,tb Ggg /Cmnj M'%CU\
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Note aso that i o :X—=F' has degree d, tle,
b= g CRrlm)) = (29-2)+ 2,

Moveover, Be(r) € S (P [ Ac(®)
\
P* [ Ad(P) =B

Now et

I ¢
£ = Zd,g = {(X,?C\\ %(x}:%/ r: X—F Siuple, deg oL’;l

Congide
Z (Kﬂl")
) Pe
B / \ / \
W‘} E X Br(‘k}
By Lemma, Py 9o~ ey, finite to 0g
Aw Z = Ain B ()

Now ke need {e owpnle, din of Z j1n ferns of wy = din WM, (e
Need to COwpuke

Low Pél( X) = cim" {7‘7 \7“ K—=P' siwple cmewpf
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(riven X, d o dade rguived o Sg*«‘@ﬂ
ey 17 Neg, lué
: Lihmr egfuwalemce Class Of divison Jac Cx)
D QE d:aa_&
1-dw [megp& free Lin sevies E’
A& Dl
X

(D = WK(P{']) A= { 76‘(50} )
We chooe &0 <
w'() 2 P L@ D

So for fixed X, cho of TC X =P is delermmad oy aen
choie of

ot € Tae(X) , Pl P < (e (o)

/|/
diws Gork, Lo = diw G(PYPFT)
€ pl v Ve d
2(d-g-1)
So, o 48

diw o (X) = gt 2(d-q1)
?ok‘—*%_-.z

Il

dw Z = W\g_—[—"aot—-cawz\\ G\_")
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Comparing (9 & Gexl, e Sl

(24-2) * 24~3 = wy 4 WA-g-2

Ie

= -3

E_x, What i lﬂud degrco-d <oc which ove expects ”ggnzo&k X
o genus g to acmit

T X—> P of degree &?
'€ dcayu = c:l.) 'uqe,m /g) -d%»B‘(‘((ﬂ?—‘ 29'-2.'?“2:&
<o, " a5 above
din{ (7)) G = $-3 = 2zg-5+24
‘G need :

25-5+2 > 33-2 = dmiX!

1e

\zot>%+2\

Thisdurns out to be cored; bt hot Vi b prove.
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Theta Functions & Theto. Divisoe

i Fu :
Q= F g Complex matrix

st
(. *Q=Q

W WQ >0
Will define Riemann ¥ ~$n (2 0), an edtie fn on CF

Let: Raltice, geverated by zv¥
< 2 /\&L =  and Dws of_O_

Ag = b‘/ Ag : cowplex Torus

Will see thad {4 =03} s invoriant wnder trandation by Ag
co delines diisor @\)aperg-ﬁ)

- When £ = normalized l:wzr(oa(, mx q(’ R< Xj Turns od Tha
up Yo trars\ation:

® = wﬂ"‘ C JaclX)
Wil eonclude w Torellit Thedrew:

RS X iz defermingd wpto som by (Jac(O, ®)
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Ref on F~fus: Mumford, Tata bectures an Theta, Vo€ T, Chapt 2,
esp $3.

‘Tux OO as abor.

Poop / Det. The infinite erles

B(2,Q) =

o Z., SKP(YU' tﬁ@?{ + 27z R 2 )

neZ?

(onvengzs alsoludely and uniformly- on compact subsds of G ¢
to define on eutire

P{. Sine Tw(Q) i p= del, T ol G >0 4,
[N
L\“(*’{fg?\) > C,xi;n’j

(Take €& st (@) > Ty D Now sy

C
wmax | Tu(zpls =
L 2T

Then
| ez&p( T i bR QN + 2 tﬁ.“)\ S €Kp ('—n.c\in} + c,a,?'_ln;]>
< Z, enlnertven) )

[

and this onvergec libe jéxzdx ‘
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Pop. (‘Quasi-periodicty ) For fired 2 and Wi ¢ 2%
B(2) =9(2,9) catishies
AWA(Z2xw) = L&) (pericdic wt 27)

L(Z2+9w) = exp(~niQQwm -2 bim. 2 )-3(5)

Pl mpule terw by term.
Cor L. H(Z) is net idevitically zer,
E- I i Z7- Periasb’g ard.

$6y- T (RRR) omil )

ks e Foapier expansion. Since efe #0, Y #o.

Y
Cov 2. Gien 2€CT, Ao, hawe

d(2)=0 & X z+)=0

ln other wods the zew locus

ip=0% c ¥

1§ inVorient under tvens) by Ao, and ¢o defines o divisor
=54-0% © Ag=CNs,

olled the @~divier of Asy.
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Rwk: Can use Y= and its cousine o define proj embeddings
Ag & P
\iz, for Z,0eq adive

#z |0
u

67\?( A @ QU + 2 *‘-a’*(§+ﬁ)> S(2+2 +§) Q )

Thw of Llefechetz -

ld L=3Aq < " (o€ =c¥Ag)
Then for 2, 8e 32%/7% the s
[ 321G, -
define & Py emb
c*/L < p"

Thela Divisee of RS

R@caQQ‘- %W"Cﬂ %-K%‘- Ck mMmx _Q—) W

tQ:Q) ]mQ?O
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we defire

A(z) =9 2) = nezz" exp <7u' IE*nQ:h-’r 271 thez ) ;

This is ertie §n of 26 €% and
{W=0% < ¥
ik invariont pnder Trangl by
Ag =Z%+Q 2%,
so definez diviser
® C As = C¥/Ag.

Note alser Al (2) € even n of %

Now sey..
X = RS oenus g
2 = norwalized peviod mx
B A= Jac(X),
Want to underztand geowelry. of theta divisoe

® < Joc(X),

Retarn 1o polygoral descriptim 0( X as dg-gorn A o
Sides idevihfiek
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-Cheog, -
—_ ( vector
Lo = T “)““"af) ' novwediaed it
Bue pt REA
Then define

d
S . p—a?, ue® = gp—(g

Bogic point is: A

Thw. (Riemanr), 2 vedor § ¢ CT ith the folloving-
Pmperfy:

For ang o€ @%; fhe function
b0 = 2 (s+ ,ﬁﬂ)

¢ither vanishes dentially n. A, o €lse has g- zevees

Q. > RgeA ((ouw’rw'% muttiphatics)

5
Y Ry = —a +§ (et A)

l=1

Foe B, see [Hd Toda, Chapt IL Thr 3.4 Two fngrdie»#r;



- Residve calculahion . OQ{/F on A
: Pef’fo&icdtf Pmperfhes af 9.

'\g' IS pen‘odlic, aound A~ CLJCLQSJ ond we kna)
how it transforns arbund. B- cycies.

Geometric, lm*er?rcfaf LOn

Considern:
P
W X — Jac(X) w(p) = JP
Ul
® :@{1}:0?
Let .
X¢=X+a < Jac Yrapsd cf X “fyv. o
Thm Sag;:

14 Xa N® is ’f’inﬂg then

X" ® s divisee of d uhose
AJ sum (s -}-{-8;.

lle‘ -g Q]] /Q} kf}

Bit TR - o = —at§
& ¥y atq-P ec®

Ml Foe wo ae Jac, qut ® sine W an choase on
¢\ ><0\ Fqggdg ‘Pﬁ‘f‘l}t an 0\“\% P‘} Qf :}t-

CT‘ :-EJ. -o\»-—@i,_r-e 6@)
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Rwmb. G cze Thw oc an effectie veRipn of

Jacebi TnveRion.

RewQ e hawe

U1 xa—-l — 7 'JQLO()
W
P+ B — Z J

Thw:
e up to trarddion, ® wpincdes ® W?F,,

B () Claim: W, C ©+6.

. Enough to shew genend pt o LHS & < RHS,

Chooe gprer B, B, € X st QR+ +R)=1. Appl R5
Thm hr

= 5-(R++R 4P

CTh‘v; 5 also opread P aec Ja—_.) | R]g Thm Ay
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2 Q,,.,& e st
() P-Qi-ac® fo e
() @+ 1Gy-gh = -ats
Loot a (i)
Ot *G~38 = ~(§ ~(Px B -gR)) +s
= R+ Y F - yP

So.

Gt Q5 = R+ *P (as dyisox m X)

Since  L(B+ Pﬁa\=l) this meave
&\—P -~~‘E‘@t&= P\x—-_-\-P%u
New F\usa_ this into CL)) w Q =Py
F-R-(s-(ar *R)3R) € ®
f\
ﬁ;\- "\"P“'{‘ +‘P%_—1 € @‘f‘%.

S
W%_,] c ®§. Gﬁ)

(2°). Beth sides of () are divissg
5o to prove equaldy, suffices ™

to show: L

Wﬂ'f
#(X N = 4= #040E+9)
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—Fo-r %e,r\a,ro.Q A (Sl'ncg the Xa corerJac anad have vio comman Fjrﬂ-

6'."0(,(
K, 7 -_Kq_) (*}(a = image. o Xa under Mu{»{)
by -4

ts in furn equiy to <ghow:

+ (“Xm n W&et ) = 9- for qereeld a € Jo,

Nou say.
View S € C(oOf]

g € <— Kq] N Wg—-f /
Tole o= R+ +Pa-"ﬁ“ﬂ for @én ﬂ\“n\en

S = A+(R-x) = Q= ’l'&a—l'—Cg_”ﬁ SIMR 58y, w Qg e X
Se
AS Qi + Ry +x “Fh
Pﬁ- - +.P%_E x4 Qt -t-Q%._\ Come 9:9@,'\

But then as befye

Bt AR = x+Q+ %Q%__L)

So > s one of the P, © @ sofus, AED

Often : 6he Uses b]:; 1o I'dQnJ[{Cr

Jac(X) = C£¥"(x)
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and one (dedfifies

® w Wb‘"
Co
CTac.) ® ) = (CK&—ICKL W&*i )
Under thic (dentification: mublt by =1 in Jac becomeas
(nvalut o

D%—*KX—D in CIGQI(K)\

Thw, (Rievann S Thi): Tixe ¢ e co*

S s closs of divicor of dﬁ. .
Then

Muﬂ's(wa,..) = (%),
\-Ql L( e tdev\‘l'rcr @ W wﬁ_l, Nu[}§6®)= Q(‘i), SO

ce® = YR =( &= S 5 efletve,

ID_‘_OE- .{-—0‘" Q.hd\ RS x/
%_q < diwm Smg(@) < -3

and din Sig® = g-3 2 X hypenl®

Ex g=4- Then

Singl®) = { e | () 212
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(@D X non Wpe®, so XK =QNF, &P
Sir\g(.(@} < nulivgs o Q
(=1L w2 gl= deperdivg on whether Q s Sirg o nok,)

() X yperdd.
g\‘ng@Bé X C'=- %-_‘;_—tx)

gc‘/\o'ﬂ h.y PTD\D\K.M W]m‘ch c\boﬁian Vo CA)®) arce Uaca%i'am_?

Todt: Tor rrevel (P\ J(‘DL ® i smoctl,

Thm of Andreotti - ”G\g@_ﬁ
The locus o Jacdbians is an [fred comp of

((a,®| dinSug® > 24 |

Tore@i's Thm (ref. ACGH Cn 1V, §47

\h Frtearadlbﬂ, let me stote

E‘@P (Gceomdm'c_ Rr) C(onsider
X S P canon wodd of ho~he curve of genos g,

D= Pt--tP ol diicer f dgd

6 = 3panc D) < [P%H 2l Space spanned Iy D
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Then
P(p) = oiwlIDl = d=1—dmD
3@

Ex. 4=2 Exped 2 pts o span a P2 PrDP says they cpan o Aine
= D «a T\"icﬂonaQ WWisov,

Py

—

AwD = g‘—i — i (Lriear Spacss thm D/
= g-4 — L(k-b)

B RE:
dip 1P| = ~g + Ak~

— &—'?_.4‘ g_—j_‘—atlw—ﬁ U
Eﬁ- D=P+ P _ - Fop

diwD £d-2 &= AnlD| =4

N'Dw we turn to Tor<2 . R@QQ
RS X of qpuucq. A~ (Taclxl, @)
T'I\_M: Supp:xe X, X' ax RS, st 3

&1 Jac(K) = Te(X)
FO®y = Ox  (npto traned)

Then X &X', (Lb X s defermme Up fo fson by its 'polarizag’
Jacchran.)
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Rwb: (D_acﬁ?() , @K) orise fom K Vi Ho&ca.:,‘ﬂﬂeorg— (ile Vo
deCoup:

H(x,z)e c = @ 1" )

- (=2 O ‘
Hodog ~theprelic <tudy of  moRul. 7 26

To PT'O\PQ _rh}u) e will Pm\rc;
Thn' Ove an recover X fow te data. (Tacx), @)
Reca Hhat we .

" One has the dentificalion

Toc () = Q¥ (x)
(W] V]|

@{( — wca--.l (‘Lb‘f‘a 't'D[n?e)\
Then The' wdll follow 4o
Thu™  One coan recover X £ the data
Jc(= ' (K 2 \'d(a‘_1 = ® (p totrane)

FCN‘ SiN\F\iCi‘b!) e R0 ass<ane X nen— lnyperz@, We' 20 gire

Andreotti’e avguwent: The dusl hypersurfoce of X S P™
s the brands divisor of the G mappvrg of B,
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Gawss Mapping: et

A=V// bea comples ‘tbrgs/ A\ =

& S S A be a Iypst Assune fx moment S is o= sivs,
Ther far 2och seS, hox

TSS C"':" -I‘SA ::;v\d\-“r"A.-—_\{;
e 1S a hYPevP\ahc in V. This QVES Grause map:
T S —> BV = PY) Spwe of hyperplanes m

Bofh stdes e Qi =n-1, 0 woldd Typicall, expect T to be qrvaryaill,
Tinde coverig,

What & S (s wngulas? et
Qe = § sMooth pls o S K

Then get ’
T . S,,%'_"B PV"E

At leost in oS witig. gz can wnstr a fcompackif?

Py S \?;
Ul

gvﬁg_s—*ﬂ‘?\/‘

closwe of Gragpl qf)
S= <“o"’ w < xPpV* ’

by takng
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Nov: let a.ppfa,{his {o

® =g S Jac(x)- WG/ K2
Rs Swg Tha says ®vg = TR+ R3] gCpey=1} |
So Ganss Map (R ke
T @ > PR (- PR
Con e quess whod this mop must be? Tobe

§ =R+ +R,, LR+ +p_) =1
Then
T() =PT.0 € PR7() = 18,

LR+ <R\ =1 € an(R, . B )= (hypevplae) © p3

ané ol
Wyperplane P
76 = LIBE T e dresr) € K

Llewmar et € =D be o divisa of dey g-| <.k, L(dy="4, Thcu\

V(p) = < P

PE. For you.

e =2 @ Xce
& swocth plane g‘_mﬁic, Thex

© = X, = { L™ 4}

T O©—F GO
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S hee
T X, —> P

s covenrg of deag 6.
Sl‘vw
In arfitrany. genus,

T © — ®)
X Caﬁhe\"lcaur ‘ntte Cover jvg =Y clsB = (3183_:2

Go back 1o
G: X, — P

b gen, thee & 0 cofon 4 olosd B S BT over which ¥ als fo
ke a Cb\fEl‘frg Space.

Hewe
B~ § s £ cP| #(enx1< 43

= {Lincs L l?"'\ L tangent to Kj-

/]

\_

The @ ef a® cuch Livec s calbd the dval a‘f X:

X

X < P

—_—
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Ilf\ O\T%\Jlfbma- genure % 'Hf\e, branch divicor q€
® — (p*)"
iS the <t 0( Q0 'ﬁ){PQl\P\qv\e_g ‘i‘av‘gw—t J( > )(J‘

X (P dus Wypst 4o X
(_[ec\/\n'\coQ. aside:. sS(wce CO&\\M@ Cglwa@)’—‘.?/ Smg pts Jdownt hd\’”b)

UPslntﬁ o -fw"-
- ducl Vawiet, X* < (P
(QCLC) @) "N "E o hy]xfplams tag to X P

Tovelli 'J(ivxau\/ {olloua from

Classicl Dua&‘éy Thaa (X—K )K = X




