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Problem 1. Let Mn be the p2n` 1q ˆ p2n` 1q for which

pMnqij “

$

&

%

0 i “ j
1 i´ j ” 1, 2, ..., n mod 2n` 1
´1 i´ j ” n` 1, ..., 2n mod 2n` 1

.

Find the rank of Mn.

Problem 2. If A and B are square matrices such that ABAB “ 0, does it follow that
BABA “ 0?

Problem 3. Let Dn denote the value of the pn´ 1q ˆ pn´ 1q determinant
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3 1 1 1 ¨ ¨ ¨ 1
1 4 1 1 ¨ ¨ ¨ 1
1 1 5 1 ¨ ¨ ¨ 1
1 1 1 6 ¨ ¨ ¨ 1
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1 1 1 1 ¨ ¨ ¨ n` 1
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.

Is the set tDn{n!uně2 bounded?

Problem 4. Let A be the nˆn matrix with Ajk “ cosp2πpj`kq{nq. Find the determinant
of I ` A.

Problem 5. Let A be a 2n ˆ 2n matrix, with entries chosen independently at random.
Every entry is chosen to be 0 or 1 with equal probability. Find the expected value of
detpA´ Atq.

Problem 6. Suppose the differentiable functions x1ptq, ..., xnptq satisfy the equation dx{dt “
Ax where A “ paijq has aij ą 0. Suppose for all i that xiptq Ñ 0 as t Ñ 8. Are the
functions necessarily linearly dependent?

Problem 7. Let G be a finite set of real nˆn matrices tMiu, 1 ď i ď r, which form a group
under matrix multplication. Suppose that

řr
i“1 trpMiq “ 0. Prove that

řr
i“1Mi “ 0.

Problem 8. Let A be a symmetric 0-1 matrix with ones on the diagonal, viewed as a
matrix over the field of 2 elements. Prove that the vector of all 1s is in its span.

Problem 9. Let p be a prime, and let A “ paijq
p´1
i,j“0 be the pˆ p matrix defined by

aij “

ˆ

i` j

i

˙

, 0 ď i, j ď p´ 1.

Show that A3 ” I mod p, where I denotes the identity matrix.

Problem 10. Let A “ Apnq be the nˆ n real matrix given by

Aij “

"

1 |j ´ i| “ 1
0 otherwise

.

Let Vnpxq “ detpxI ´Aq so V0pxq “ 1, V1pxq “ x, V2pxq “ x2´ 1, V3pxq “ x3´ 2x. Show
that Vn`1pxq “ xVnpxq ´ Vn´1pxq, n ě 1.
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