
SEQUENCES AND SERIES
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Problem 1. Define the sequence panqně0 by a0 “ 0, a1 “ 1, a2 “ 2, a3 “ 6 and

an`4 “ 2an`3 ` an`2 ´ 2an`1 ´ an, n ě 0.

Prove that n divides an for all n ě 1.

Problem 2. The sequence a0, a1, a2, ... satisfies

am`n ` am´n “
1

2
pa2m ` a2nq

for all non-negative m,n with m ě n. If a1 “ 1 find an.

Problem 3. Find the general term of the sequence defined by x0 “ 3, x1 “ 4 and, for
n ě 2,

pn` 1qpn` 2qxn “ 4pn` 1qpn` 3qxn´1 ´ 4pn` 2qpn` 3qxn´2.

Problem 4. Let pxnqně0 be a sequence defined by xn`1 “ axn` bxn´1, with x0 “ 0. Show
that the expression x2n ´ xn´1xn`1 depends only on b and x1, not on a.

Problem 5. Compute

lim
nÑ8

ˇ

ˇ

ˇ
sin

´

π
?
n2 ` n` 1

¯
ˇ

ˇ

ˇ
.

Problem 6. Let k be a positive integer and µ a positive real number. Prove that

lim
nÑ8

ˆ

n

k

˙

´µ

n

¯k ´

1´
µ

n

¯n´k

“
µk

eµk!
.

Problem 7. Show that if the series
ř

an converges, where panqn is decreasing, then
limn nan “ 0.

Problem 8. Prove that for n ě 2, the equation xn`x´1 has a unique root in the interval
r0, 1s. If xn denotes this root, prove the sequence pxnqn is convergent and find its limit.

Problem 9. Let f : ra, bs Ñ ra, bs be an increasing function. Show there is ξ P ra, bs with
fpξq “ ξ.

Problem 10. Let a1, a2, a3, ... be non-negative numbers. Prove that
ř8

n“1 an ă 8 implies
ř8

n“1

?
an`1an ă 8.

Problem 11. Does the series
ř

sin π
?
n2 ` 1 converge?

Problem 12. For a non-negative integer k, define Skpnq “ 1k ` 2k ` ¨ ¨ ¨ ` nk. Prove that

1`
r´1
ÿ

k“0

ˆ

r

k

˙

Skpnq “ pn` 1qr.

Problem 13. Prove the identity
n
ÿ

k“1

pk2 ` 1qk! “ npn` 1q!.
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