INEQUALITIES

ROBERT HOUGH

Problem 1. Let ay, as, ..., a, be real numbers such that a; +- - - +a,, = n? and a%—I—- . -+ai <
n3 + 1. Prove that n — 1 < a; <n + 1 for all .

Problem 2. Let ay,as, ..., a, be distinct real numbers. Find the maximum of
A105(1) T A205(2) + -+ + Aplo(n)
over all permutations o of {1,2,...,n}.

Problem 3. Prove that the finite sequence ag, aq, ..., a, is a geometric progression if and
only if
(apay + arag + -+ + ap_1a,)* = (a3 + -+~ +a2_)(ad + - +a2).
Problem 4. Consider the positive real numbers x4, ..., z,, with 122 ---z, = 1. Prove that
1 1 1

n—14x1 n—1+4+ 29 n—1+x,

Problem 5. Let x1,xo,...,x,, n = 2 be positive numbers such that =; +--- + z, = 1.

Prove that ) .
(1+—> (1+—) > (n+1)".
T Tn

Problem 6. Let x4y, 9, ...,2, be n real numbers such that 0 < z; < %, for 1 < j < n.

Prove the inequality
Hj:l L < Hj:l(l — ;)

<Zj %)n - <Z]~(1 —%')>n

Problem 7. Let n > 2 be an integer, and let xq, xs, ..., x, be positive numbers with the

sum equal to 1. Prove that
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| | 1+— | = | | :
i=1 ( 131) <1 - ‘Tl)

i=1

Problem 8. Show that for non-negative ag, by, 1 < k < n, one has

(ﬁ ak> ’ + (ﬁ bk) ’ < (ﬁ(ak + bk)) ’ .
k=1 k=1 k=1

Problem 9. Show that if f : [a,b] — R is convex and a < x < b, then one has

[@) = fl@) _ JO) = Fa) _ J0) ~ f(@)

~ ~
T —a b—a b—=z
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Problem 10. Show that sinx = 2sin § cos § implies =22 = [,”, cos 5.

Problem 11. Show that for complex numbers 21, 2o, ..., 2, one has
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= Z |2;] <  max
T 1e{1,2,....n}
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