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Problem 1. Let a1, a2, ..., an be real numbers such that a1`¨ ¨ ¨`an ě n2 and a21`¨ ¨ ¨`a
2
n ď

n3 ` 1. Prove that n´ 1 ď ak ď n` 1 for all k.

Problem 2. Let a1, a2, ..., an be distinct real numbers. Find the maximum of

a1aσp1q ` a2aσp2q ` ¨ ¨ ¨ ` anaσpnq

over all permutations σ of t1, 2, ..., nu.

Problem 3. Prove that the finite sequence a0, a1, ..., an is a geometric progression if and
only if

pa0a1 ` a1a2 ` ¨ ¨ ¨ ` an´1anq
2
“ pa20 ` ¨ ¨ ¨ ` a

2
n´1qpa

2
1 ` ¨ ¨ ¨ ` a

2
nq.

Problem 4. Consider the positive real numbers x1, ..., xn with x1x2 ¨ ¨ ¨ xn “ 1. Prove that

1

n´ 1` x1
`

1

n´ 1` x2
` ¨ ¨ ¨ `

1

n´ 1` xn
ď 1.

Problem 5. Let x1, x2, ..., xn, n ě 2 be positive numbers such that x1 ` ¨ ¨ ¨ ` xn “ 1.
Prove that

ˆ

1`
1

x1

˙

¨ ¨ ¨

ˆ

1`
1

xn

˙

ě pn` 1qn.

Problem 6. Let x1, x2, ..., xn be n real numbers such that 0 ă xj ď
1
2
, for 1 ď j ď n.

Prove the inequality
śn

j“1 xj
´

ř

j xj

¯n ď

śn
j“1p1´ xjq

´

ř

jp1´ xjq
¯n .

Problem 7. Let n ą 2 be an integer, and let x1, x2, ..., xn be positive numbers with the
sum equal to 1. Prove that

n
ź

i“1

ˆ

1`
1

xi

˙

ě

n
ź

i“1

ˆ

n´ xi
1´ xi

˙

.

Problem 8. Show that for non-negative ak, bk, 1 ď k ď n, one has
˜

n
ź

k“1

ak

¸
1
n

`

˜

n
ź

k“1

bk

¸
1
n

ď

˜

n
ź

k“1

pak ` bkq

¸
1
n

.

Problem 9. Show that if f : ra, bs Ñ R is convex and a ă x ă b, then one has

fpxq ´ fpaq

x´ a
ď
fpbq ´ fpaq

b´ a
ď
fpbq ´ fpxq

b´ x
.

Problem 10. Show that sin x “ 2 sin x
2

cos x
2

implies sinx
x
“
ś8

k“1 cos x
2k
.

Problem 11. Show that for complex numbers z1, z2, ..., zn one has

1

π

n
ÿ

j“1

|zj| ď max
IĂt1,2,...,nu

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPI

zj

ˇ

ˇ

ˇ

ˇ

ˇ

.
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