
dimX = dir YDegrea X
,

Y Smoot
m+ 1ds

,

OX = &Y = 0 ,
X compart,-

Y connected
-Msoctive Degree for

smooth maps,
then extend to

continuous vic Smooth approx .

f : X + Y Smooth

Fix y = Y

Define &fig) :

use homotopy transversality
to find

g : X-4 smooth,

s
.

t. Y is a regular value of
g

g'(y) . O - Dim subutid
,
spat

= finitely many pas .



Set degiti = 1g"ly
mod 2

1 deg If;y) is indep .

of

the Choice of g-f 1y is firet
↑

smoothhe motopy
-

Suppose Y is a reg .

value for go , ge,
f - go -g ,

Consider H : XXI -Y - homotory
between go and ge

By homotopy transversality applied
↓o H

,
we can assume Hhby] :

NOTE that for go = H(xx103 c d

g ,
= H)

X- y / 3 ,

we already

have gotidy) and g.tsyl ,



so we can achieve transversality
for H without daging

HI and H
X * (0) X + (1)

I see CP extension thm or p .72
, ]

also HW6 Q4
we will now apply
the Regular Preimage the for
manifolds of bory :
& (X x I) = X y(0) -X x 31]

S

and Y is a regular value

both for H and H1
G(X*])

Then E =H" (y) < X *I

is a compact I-Gim submfld

a -d 07 = zn0(XxI)
.



then Z = finite Union of
intervals a circles,

zn(X + 10)uXx(1)) = endpoints
of intervals

y#
X

go Y

Then # 9 ."(y) God 2

= # (points in In X
* (03] modd

= # hendpoints of intervals) mode
on XX)0)

:

#endpoints oa# g; '(y) I
mod 2



Now look at endpoints :

· intervals crossing from

X + 403 to X + (1) contribute

I to both deg go and degg,
· circles don't have endpoints

·
intervals from each side

to itself (x + 107 to X x 10)(
o X + 41)tx + 214

contribute 2 to degree of

one map
but not the other

,

but 2 = 0 mod 2 !

#tim2 day (f ; y) is
independent of

y.
If: we show that deg (fiy



is locally constant on
Y

,

then dey (f ; y) must be

the same for all Y since Y
is connected,

Suppose fug , a
smooth,

y a regular value of g.

then gly) : hx ....Xo] < X,
and - VE y ,

UizX: - Open
rbhds

&-u
,

1 1
-
-

!

X U : vUj = 0
,Y

X
↓ g

v sit . Glu
,

" Ui -V is a

0: feo,

[see Lee 4
.

46 or HW4Q1]

This means &(v) : WUi,

and every point has the same
preimages .



Claim 1 + Claim 2 Show

that degree of a smooth map

is well-defined, and

Claim I also implies that

deg f is a homotopy invariant
(under smooth homotopy ?

ExtensionI ciouseasy-

First we show

if go , ge are sweeth,

y regular value
for both,

and H is a continuous
-

homotopy between go, ge,

then deg go = deg g.



To see this
,

use smooth
-

aproximation for Hi

since go , ge are already

smooth
,

we can change H

into a smooth function

without changing go , g, ,

is

we get a smoth homotopy
G from go to 91 , and

apply Claim 1
. ( we 6

. 26)
* Cartion : Smooth approximation
-

the needs the hypothesis
that It is smooth on

the

Closed set X + 103vX * 31

to keep goo gixed↑
Lie smooth on open rbhd

at each point



his isstoye
Th

a
X + 40)

and g. = +(x + 11)
Smooth !

But we can extend It to

X + C - 2
,

1 + 2] by 90
,9 ,

-

-

+119
,-

-

I

I I " YiT
z-
-S S go

- E
X and then

smooth approxSet applies !
H(X

,
+) = go

- E = t = 0

n(x + ) = 9 ,

1 = t = 1+ E



Now wa can define

dog (f;g) for elivous maps :

↓Continuous homoto

Fixy ,

find get s .
t .

g is smooth
a y-reg

value for

9.

Any two such go, g ,
or

related by continuous homotopy,

then we can argue as

above to show that

deg (+ ; y) = g= (y) = =gi(y)
is indep,

of
g a of y
.



OrienteCase fix + Y

When X andY are oriented
S

we can define def =

by signed count of preimages
-

of a regular value.
As before : to define deg (f;y)
findauf, y regvalveof e

g'(y) = (x ,
- - xn)aX

g is a load differs on a
bed

of each X :

DXi Dx
= y

: Tx =
X-T
,
Y

d9 invertible

-> y Tx
:
X

,

To Y

come with orientation :



Dx = 9)
basis in Tx

:
X) is

a basis in Ty Y.

Dxi g is orientation- preserving
or oritation Resing

depending on whether a basis

in the preferred orientation

class on TxeX is sent to

a basis in the preferred class
in tyY or not.

.

[ Accordingly , we also say 7=

g is orientation - preserving
=

Or
= orientation - reversing : at xi

S

Now Count X is in gly
~ signs : A if DX : Y
is or- presening, Of it or- revers .



+
t T.. This gives

& deg(f ; y) +1.On

Proofs of Claim 1 a Claim 2

in the orientes case :

Cl : all Data comes

ul Orientations :

X + I > z

oriented Oriented
↓ endpoints of

· intervals from

X + 103 to itself

come in-

+
-

celing pas
we opposite signs !



·
intervals crossing from

X - (0) + X + (1)
contribute the same sign
+ 1 or-1 to both and

sepic
Details of the proof (omitted)

were

consist of carefully working
out all related orientations.

sea G-P Chapter 3.
works wh orientations:Caneac Vi is oriente,

then glo: is or- preserving
ur or reversing for all
X Wi : that is

S

each U : in
the "stack

of pancakes picture can
be

ass , gred a + /-sign ·


