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Picard-Lefschetz theory
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The function f(z, w) = z2 + w2, (z, w) ∈ C2 .

Unique critical point z = w = 0 .

The critical level set V0 = {(z, w) | z2 + w2 = 0}
is the union of complex lines {(z, w) | z ± w

√
−1 = 0} .

All other level sets Vλ = {(z, w) | z2 + w2 = λ} , λ 6= 0
are diffeomorphic to S2 r S0

- complex projective circle with circular points (1 : ±
√
−1) removed.

Another proof:
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Trace how Vλ(t) = {(z, w) | w =
√

λ(t)− z2} changes

as t goes from 0 to 1 .

Construct diffeotopy Γt : Vλ(0) → Γλ(t) . Choose a bump function

χ(τ) with χ(τ) = 1 for 0 ≤ τ ≤ 2
√
α , χ(τ) = 0 for τ ≥ 3

√
α .

Let gt(z) = exp{πitχ(|z|)} · z . This isotopy rotates the disk

{z | |z| ≤ 2
√
α} and is identity outside {z | |z| ≤ 3

√
α} .

Let Γt covers gt .
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In order to see how Γ1 acts, draw curves:

H1(Vα;Z) = Z is generated by the the class of collar cycle ∆ .

As α → 0 , ∆ shrinks to a point.

∆ is called Picard-Lefschetz vanishing cycle.

Hcl
1 (Vα;Z) is generated by covanishing cycle ∇
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h∇−∇ = −∆ ,

h(δ) = δ + (∆ ◦ δ)∆

In dim n h(a) = a+ (−1)(n−1)n/2(a ◦∆)∆
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