Picard-Lefschetz theory
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The simplest example

The function f(z,w) = 2* + w?, (z,w) € C=.
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The function f(z,w) = 2* + w?, (z,w) € C=.
Unique critical point 2z = w = 0.

The critical level set Vy = {(2,w) | 2* + w? = 0}
is the union of complex lines {(z,w) | z £ wv/—1 = 0}.
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The simplest example

The function f(z,w) = 2* + w?, (z,w) € C?.
Unique critical point 2z = w = 0.

The critical level set Vy = {(2,w) | 2* + w? = 0}
is the union of complex lines {(z,w) | z £ wv/—1 = 0}.

All other level sets V), = {(z,w) | 22 +w? = A}, A # 0
are diffeomorphic to S? ~. S°

- complex projective circle with circular points (1 : ££4/—1) removed.
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The simplest example

The function f(z,w) = 2* + w?, (z,w) € C?.
Unique critical point 2z = w = 0.

The critical level set Vy = {(2,w) | 2* + w? = 0}
is the union of complex lines {(z,w) | z + wv/—1 = 0}.

All other level sets V), = {(z,w) | 22 +w? = A}, A # 0
are diffeomorphic to S? ~. S°

- complex projective circle with circular points (1 : ££4/—1) removed.

Another proof: '
~VA % VA [/
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Monodromy 1

Consider the path A(t) = exp(2mit)a, 0 <t <1, a >0
rdh
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Monodromy 1

Consider the path A(t) = exp(2mit)a, 0 <t <1, a >0
rdh

Trace how V(t) = {(z,w) | w = \/A(t) — 22} changes
as t goesfrom 0 to 1.
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Monodromy 1

Consider the path A(t) = exp(2mit)a, 0 <t <1, a >0

JdA
N

Trace how V(t) = {(z,w) | w = \/A(t) — 22} changes
as t goesfrom 0 to 1.

ssy/E s/l

t=1/3 t=2/J
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Monodromy 2

Trace how V; (t) = {(z,w) | w = \/A(t) — 22} changes
as t goesfrom 0 to 1.

ssy/E s/l

t=1/3 t=2/J
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Monodromy 2

Trace how V; (t) = {(z,w) | w = \/A(t) — 22} changes
as t goesfrom 0 to 1.

ssy/E s/l

t=1/3 t=2/J

Construct diffeotopy 1'; : Vo) — L' -
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Monodromy 2

Trace how V; (t) = {(z,w) | w = \/A(t) — 22} changes
as t goesfrom 0 to 1.

ssy/E s/l

t=1/3 t=2/J

Construct diffeotopy 1'; : Vo) — L' Choose a bump function
x(7) with x(7) =1 for 0 <7 < 2y/a, x(7) =0 for 7 > 34/cx.
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Monodromy 2

Trace how V; (t) = {(z,w) | w = \/A(t) — 22} changes
as t goesfrom 0 to 1.

ssy/E s/l

t=1/3 t=2/J

Construct diffeotopy 1'; : Vo) — L' Choose a bump function
x(7) with x(7) =1 for 0 <7 < 2y/a, x(7) =0 for 7 > 34/cx.

Let g:(2) = exp{mitx(|z])} - 2.

' Table of Contents 4/6



Monodromy 2

Trace how V; (t) = {(z,w) | w = \/A(t) — 22} changes

as t goesfrom 0 to 1.

ssy/E s/l

t=1/3 t=2/J

Construct diffeotopy 1'; : Vo) — L' Choose a bump function
X(7) with x(7) =1 for 0 <7 < 2/a, x(7)=0 for 7 > 3/.
Let ¢;(2) = exp{mitx(|z|)} - z. This isotopy rotates the disk

{z | |z| < 2+/a} and is identity outside {z | |z| < 3y/a}.

Let I'; covers g;.
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Vanishing cycle

In order to see how 1'; acts, draw curves:

K a7
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Vanishing cycle

In order to see how 1'; acts, draw curves:

W
(> (2

v

H,(V,;Z) = Z is generated by the the class of collar cycle A.
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H,(V,;Z) = Z is generated by the the class of collar cycle A.
As o — 0, A shrinks to a point.
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Vanishing cycle
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H,(V,;Z) = Z is generated by the the class of collar cycle A.
As o — 0, A shrinks to a point.
A is called Picard-Lefschetz vanishing cycle.
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Vanishing cycle

In order to see how 1'; acts, draw curves:

W
(> (2

v

H,(V,;Z) = Z is generated by the the class of collar cycle A.
As o — 0, A shrinks to a point.
A is called Picard-Lefschetz vanishing cycle.
H¢(V,; Z) is generated by covanishing cycle V
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Monodromy 3

[B][D][S /@]
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Monodromy 3

(B[ D] [(S][C]

¢ =2/7

W) =6+ (Aod)A

AV —V = -A,

| |
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Monodromy 3

(B} (D] (& ]/B]

t=1/3 t=2/3

W) =6+ (Aod)A

AV —V = -A,

Indimn h(a) = a+ (—1)""Y"2(g 0 A)A
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