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● A set may lack an identity element.

For example, the set N = {1, 2, 3, . . .} of natural numbers (positive integers)
does not include an additive identity: 0 is missing.

● Not every element in a set is necessarily invertible.

For example, 0 has no multiplicative inverse in the set of real numbers R .
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Many sets with an operation share the same three key properties:
associativity, an identity element, and inverses.

Example 1. Consider the set GL(n,R) of invertible n × n matrices with real
entries, under matrix multiplication.

● Associativity: Matrix multiplication is associative:
(AB)C = A(BC) for all A,B,C ∈ GL(n,R) .

● Identity element: The identity matrix I acts as the neutral element:
AI = IA = A for any A ∈ GL(n,R) .

● Inverses: Every matrix A ∈ GL(n,R) has an inverse A−1 ∈ GL(n,R) such
that AA−1 = A−1A = I .

Notice how this example is very different from the previous ones:
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Here we are working with matrices under multiplication,
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Many sets with an operation share the same three key properties:
associativity, an identity element, and inverses.

Example 1. Consider the set GL(n,R) of invertible n × n matrices with real
entries, under matrix multiplication.

● Associativity: Matrix multiplication is associative:
(AB)C = A(BC) for all A,B,C ∈ GL(n,R) .

● Identity element: The identity matrix I acts as the neutral element:
AI = IA = A for any A ∈ GL(n,R) .

● Inverses: Every matrix A ∈ GL(n,R) has an inverse A−1 ∈ GL(n,R) such
that AA−1 = A−1A = I .

Notice how this example is very different from the previous ones:
Here we are working with matrices under multiplication,
not numbers under addition or multiplication. Yet, the same three properties hold.
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The composition of any two of these symmetries is again a symmetry (you can verify
this).
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The fact that every symmetry of the triangle is one of these six or a composition of them
requires proof.
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functions.
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○ ) acts as a neutral

element.
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Example 2. Consider an equilateral triangle and all of its symmetries.
There are exactly six symmetries:
– three clockwise rotations by 120

○ , 240○ , 360○ (which is the identity
transformation, or rotation by 0

○ ),
– and three reflections, each across a line of symmetry through a
vertex and the midpoint of the opposite side.

The composition of any two of these symmetries is again a symmetry (you can verify
this). We say that the set of symmetries is closed under composition.

The fact that every symmetry of the triangle is one of these six or a composition of them
requires proof.

Now observe the familiar structure:

● Associativity: Composition of symmetries is associative, just like any composition of
functions.

● Identity element: The identity transformation (rotation by 0
○ ) acts as a neutral

element.

● Inverses: Every symmetry has an inverse that undoes its effect.
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The properties we’ve seen in various sets with operations – namely:

● Associativity

● Existence of an identity element (a neutral element for the operation)

● Existence of inverses for all elements

– are surprisingly common.

It’s natural, then, to group all such sets under a single mathematical concept.

This leads to the definition of a group.
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Definition. A group (G,∗) is a set G equipped with an operation ∗ ,
satisfying the following properties:

● Closure: G is closed with respect to ∗ . That is,
for all a, b ∈ G , the result a ∗ b ∈ G .

● Associativity: ∗ is associative: (a ∗ b) ∗ c = a ∗ (b ∗ c) for any a, b, c ∈ G .

● Identity element: There exists an element e ∈ G such that
a ∗ e = e ∗ a = a for any a ∈ G . It is called the identity element.

● Inverses: For any a ∈ G , there exists its inverse a−1 such that
a ∗ a−1 = a−1 ∗ a = e .

These four conditions are known as the group axioms.

● Commutativity (optional): If, additionally, ∗ satisfies
a∗ b = b∗a for any a, b ∈ G , then G is called a commutative (or abelian) group.
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1. (Z,+) , (Q,+) , (R,+) , (C,+) are all abelian groups. In each case:
● the group operation ∗ is + (addition),
● the identity element e is 0 ,
● the inverse of an element a is its opposite, −a .
The inverse element axiom, ∀a ∈ G ∃ a−1 such that a ∗ a−1 = a−1 ∗ a = e ,
takes the form: ∀a ∃(−a) such that a + (−a) = (−a) + a = 0 .

2. (Q ∖ {0}, ⋅) , (R ∖ {0}, ⋅) , (C ∖ {0}, ⋅) are also abelian groups but with
multiplication as the operation. Here, the identity element is 1 ,

and the inverse of a is
1

a
.

3. The general linear group GL(n,R) . This is the set of all invertible n × n matrices
with real entries, using matrix multiplication as the operation.

4. The symmetry group of an equilateral triangle, denoted by D3 , and called dihedral

group of order 6 . It consists of all rotations and reflections that map the triangle onto
itself.

5. The group (Zn,+) of integers modulo n , using using addition modulo n . We will

study this in more detail later in the course.
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Let us see how the definition of a group is used in the proof of a theorem.

Theorem. In any group G , the identity element is unique.

Proof. Let us assume that there are two identity elements, e and e′ . We need
to prove that e = e′ .

Since e is an identity, we have a ∗ e = a for any a ∈ G .
Let’s take e′ as a . Then e′ ∗ e = e′ .

On the other hand, e′ is also an identity, that is e′ ∗ b = b for any b ∈ G . Let’s
take e as b . Then e′ ∗ e = e .

Therefore, e = e′ since both are equal to e′ ∗ e .

We obtained that any two identity elements are equal. Therefore, the identity
element is unique, as required.



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ ,



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:
1. ∀a, b ∈ R a + b ∈ R (R is closed with respect to + )



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:
1. ∀a, b ∈ R a + b ∈ R (R is closed with respect to + )
2. ∀a, b ∈ R a ⋅ b ∈ R (R is closed with respect to ⋅ )



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:
1. ∀a, b ∈ R a + b ∈ R (R is closed with respect to + )
2. ∀a, b ∈ R a ⋅ b ∈ R (R is closed with respect to ⋅ )
3. ∀a, b, c ∈ R (a + b) + c = a + (b + c) (+ is associative)



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:
1. ∀a, b ∈ R a + b ∈ R (R is closed with respect to + )
2. ∀a, b ∈ R a ⋅ b ∈ R (R is closed with respect to ⋅ )
3. ∀a, b, c ∈ R (a + b) + c = a + (b + c) (+ is associative)
4. ∀a, b ∈ R a + b = b + a (+ is commutative)



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:
1. ∀a, b ∈ R a + b ∈ R (R is closed with respect to + )
2. ∀a, b ∈ R a ⋅ b ∈ R (R is closed with respect to ⋅ )
3. ∀a, b, c ∈ R (a + b) + c = a + (b + c) (+ is associative)
4. ∀a, b ∈ R a + b = b + a (+ is commutative)
5. ∃0 ∈ R ∀a ∈ R a + 0 = a (there exists an additive identity in R )



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:
1. ∀a, b ∈ R a + b ∈ R (R is closed with respect to + )
2. ∀a, b ∈ R a ⋅ b ∈ R (R is closed with respect to ⋅ )
3. ∀a, b, c ∈ R (a + b) + c = a + (b + c) (+ is associative)
4. ∀a, b ∈ R a + b = b + a (+ is commutative)
5. ∃0 ∈ R ∀a ∈ R a + 0 = a (there exists an additive identity in R )
6. ∀a ∈ R ∃ − a ∈ R a + (−a) = 0 (each element in R has an additive inverse)



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:
1. ∀a, b ∈ R a + b ∈ R (R is closed with respect to + )
2. ∀a, b ∈ R a ⋅ b ∈ R (R is closed with respect to ⋅ )
3. ∀a, b, c ∈ R (a + b) + c = a + (b + c) (+ is associative)
4. ∀a, b ∈ R a + b = b + a (+ is commutative)
5. ∃0 ∈ R ∀a ∈ R a + 0 = a (there exists an additive identity in R )
6. ∀a ∈ R ∃ − a ∈ R a + (−a) = 0 (each element in R has an additive inverse)
7. ∀a, b, c ∈ R (a ⋅ b) ⋅ c = a ⋅ (b ⋅ c) ( ⋅ is associative)



MAT 250

Lecture 5

Definitions in mathematics
Definition of ring

10 / 19

Definition. A ring R is a set with two operations, addition and multiplication,
denoted by + and ⋅ , satisfying the following properties:
1. ∀a, b ∈ R a + b ∈ R (R is closed with respect to + )
2. ∀a, b ∈ R a ⋅ b ∈ R (R is closed with respect to ⋅ )
3. ∀a, b, c ∈ R (a + b) + c = a + (b + c) (+ is associative)
4. ∀a, b ∈ R a + b = b + a (+ is commutative)
5. ∃0 ∈ R ∀a ∈ R a + 0 = a (there exists an additive identity in R )
6. ∀a ∈ R ∃ − a ∈ R a + (−a) = 0 (each element in R has an additive inverse)
7. ∀a, b, c ∈ R (a ⋅ b) ⋅ c = a ⋅ (b ⋅ c) ( ⋅ is associative)
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(multiplication distributes over addition)
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denoted by + and ⋅ , satisfying the following properties:
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8. ∀a, b, c ∈ R a ⋅ (b + c) = a ⋅ b + a ⋅ c and (b + c) ⋅ a = b ⋅ a + c ⋅ a

(multiplication distributes over addition)
● If, additionally, ∀a, b ∈ R a ⋅ b = b ⋅ a ( ⋅ is commutative),

then R is called a commutative ring.
● If, additionally, ∃1 ∈ R ∀a ∈ R 1 ⋅ a = a ⋅ 1 = a
(there exists a multiplicative identity), then R is called a ring with unity.

The properties are called the axioms of a ring.
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3. Z[x] , polynomials in variable x with integer coefficients, form a ring.
(Commutative? With unity?)

4.Q[x] , R[x] , Z[x, y] , etc. are rings of polynomials.

5. Mn(R) , square n × n matrices with coefficients from a ring R form a ring.
(Commutative? With unity?)

6. Z/m , residues modulo m (to be discussed later in the course) form a ring.

7. F = {f ∣f ∶ R → R} , real valued functions with the operations of
addition (f + g)(x) = f(x) + g(x) and multiplication (f ⋅ g)(x) = f(x) ⋅ g(x)
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1. Z, Q, R, C are commutative rings with unity.

2. 2Z = {2n ∣ n ∈ Z} is a ring of even integers (Commutative? With unity?)

3. Z[x] , polynomials in variable x with integer coefficients, form a ring.
(Commutative? With unity?)

4.Q[x] , R[x] , Z[x, y] , etc. are rings of polynomials.

5. Mn(R) , square n × n matrices with coefficients from a ring R form a ring.
(Commutative? With unity?)

6. Z/m , residues modulo m (to be discussed later in the course) form a ring.

7. F = {f ∣f ∶ R → R} , real valued functions with the operations of
addition (f + g)(x) = f(x) + g(x) and multiplication (f ⋅ g)(x) = f(x) ⋅ g(x)
form a ring.

Important: To prove that each of the listed above objects is a ring,
we have to verify all ring axioms.
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Proof.
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= a ⋅ 0 + (a + (−a)) ⋅ 0) by axiom 6 (a + (−a) = 0)
= a ⋅ 0 + a ⋅ 0 + (−a) ⋅ 0 by axiom 8 distributiivity

= (a ⋅ 0 + a ⋅ 0) + (−a ⋅ 0) by axiom 3
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∀ ε > 0 ∃ δ > 0 ∀x 0 < ∣x − a∣ < δ Ô⇒ ∣f(x) −L∣ < ε .
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For any ε > 0 , there exists δ , namely δ =

ε

2
, such that if ∣x − 3∣ < δ ,

then ∣(2x + 1) − 7∣ = ∣2x − 6∣ = 2∣x − 3∣ < 2δ = 2 ε

2
= ε .

In symbols only, this is written as follows:

∀ ε > 0 ∃ δ =
ε

2
∀x ∣x − 3∣ < δ Ô⇒ ∣(2x + 1) − 7∣ < ε .

Therefore, by definition of limit, lim
x→3

(2x + 1) = 7 .
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3
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Choose any ε > 0 .
∀x x ∈ (3 − δ, 3 + δ) Ô⇒ f(x) ∈ (7 − ε, 7 + ε)
Observe that
x ∈ (3 − δ, 3 + δ) ⇐⇒ 3 − δ < x < 3 + δ
⇐⇒ −δ < x − 3 < δ ⇐⇒ ∣x − 3∣ < δ .
Similarly, f(x) ∈ (7−ε, 7+ε) ⇐⇒ ∣f(x)−7∣ < ε .
Therefore,
∀ ε > 0 ∃ δ > 0 ∀x ∣x − 3∣ < δ Ô⇒ ∣f(x) − 7∣ < ε.
It means, by definition of limit,
7 = lim

x→3

f(x), where f(x) = 2x + 1 .
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In words:

A number L is not a limit of a function f(x) at a point a , if there exists a
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that 0 < ∣x − a∣ < δ , but ∣f(x) −L∣ ≥ ε .
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What does it mean that L ≠ lim
x→a

f(x) ?
L = lim

x→a
f(x) ∶= ∀ ε > 0 ∃ δ > 0 ∀x 0 < ∣x − a∣ < δ Ô⇒ ∣f(x) −L∣ < ε .

L ≠ lim
x→a

f(x) ⇐⇒ ∃ ε > 0 ∀ δ > 0 ∃x 0 < ∣x − a∣ < δ ∧ ∣f(x) −L∣ ≥ ε .
In words:

A number L is not a limit of a function f(x) at a point a , if there exists a
positive number ε , such that for any positive number δ one can find x , such
that 0 < ∣x − a∣ < δ , but ∣f(x) −L∣ ≥ ε .

Exercise. Use the definition of limit to prove that lim
x→0

(sin 1

x
) does not exist.
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Yes, at some cost. At the cost of an extra definition.

Let a ∈ R , ε ∈ R and ε > 0 . Then the interval (a − ε, a + ε) is called the
ε -neighborhood of a .

L is called a limit of f as x approaches a if
for any ε -neighborhood V of L there exists a δ -neighborhood U of a such
that f(U ∖ {a}) ⊂ V .
Not easy enough? Then take one more definition:

Let a ∈ R . A set U is a neighborhood of a iff
there exists ε > 0 such that U contains the ε -neighborhood of a . Now

L is a limit of f as x approaches a iff for each neighborhood V of L
f−1(V ) ∪ {a} is a neighborhood of a .

The notion of limit can be replaced by the notion of continuity:

A function f is said to be continuous at a if
the preimage f−1(U) of any neighborhood U of f(a) is a neighborhood of a .
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