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In Calculus many functions cannot be expressed in elementary functions,
while any Boolean function of finitely many variables

can be presented by a propositional form.
Moreover, there are two canonical ways for this:
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several conjuctions of variables and their negations.

Example. (PA-Q)V (-PAQ)V-Q.

Theorem. Any Boolean function of finitely many variable which is not identia-
cally false has a full disjunctive normal form.

Conjunction and disjunction are involved in a few simple relations,
which allow to simplify a disjunctive normal form.
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Any non-trivial Boolean function has been canonically presented as
a propositional form involving only these three connectives.

Do we need any other connectives? Do we need — and <— 7

If yes, then what is their purpose?

In order to answer, we need to study =— and <— .
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Some statements are deduced from axioms and have become theorems.

What does it mean, to prove a proposition P 7?

Say, let Ay,..., A, be the list of axioms.

To prove a proposition P means
to prove that (A1 A---AA,) = P is a tautology.
By Modus Ponence,
(Ag A ANA)A(ALA---ANA, = P) isequivalentto (A1 A---AA,)AP.
As soon as we proved P,
P can be adjoined to the set of axioms (and used in the forthcoming proofs).

This is how a math theory grows.

Conclusion. the connective == is needed for growth of theories.
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In this lecture we'll explore the following questions:

e What is a definition?

e What are definitions for?

e Where do definitions come from?

e What is the structure of a definition?

e Why is it important to remember definitions?
e How can we work with definitions?

e How should we read a mathematical text?
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All statements must be precise - to be understood in a unique way.
This precision is achieved through careful use of definitions.

Definitions introduce new terms
and ensure clarity and consistency in mathematical language.
A definition gives an exact, unambiguous meaning to a term —
a word or phrase being defined.

A definition is an agreement on how a term will be used.
It specifies what qualifies as the term - and what does not.

Let us illustrate the nature of a mathematical definition
using the definition of a rational number.
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A number is a rational number

if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.
— If a number can be written as a quotient of two integers, then it is rational.

I" It is a custom to write definitions as conditional sentences,
though they are always understood as biconditional,
because they establish an if and only if relationship
between the term and its defining characteristic:

A number is a rational number
iff it can be presented as a quotient of two integers.

Compare with another format of the same definition:
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How do we use the definition of a rational number?
e 2/3 is a rational number since it is a quotient of two integers 2 and 3.

e 1.3/2.3 is also a rational number, although is not written as a quotient of two
integers. But it can be presented as such a quotient: 1.3/2.3=13/23.

e /9 is a rational number, although it is not given as a quotient of two
integers. But it can be presented as such a quotient: /9 =3=3/1.

e /2 is not a rational number. It is not given as a quotient of two integers - but
as we seen above, some numbers can be rewritten in that form. The claim that
V/2 cannot be expressed as such a quotient is not obvious - it requires a proof.
Only after proving this can we state with certainty that /2 is not rational.
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— Then what is a rational number, really?
Give a definition, not just an example!
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Definition (chemistry). An acid is a molecule that can donate a hydrogen ion.

Definition (medicine). A diabetes is a chronic condition when the body either
doesn’t produce enough insulin or can't effectively use the insulin it produces.

Definition (astronomy). A star is a luminous spherical celestial body of plasma
held together by self-gravity.

Definition (political science). A democracy is a system of government in which
power is held by the people through elected representatives.

Definition (biology). A bird is an animal having feathers.

Definition (music). A counterpoint is the technique of combining several
independent musical lines that are harmonically dependent.
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One of them can be used as a definition: the other cannot.
Which is which?

The definition is the first sentence.
We can replace @ by @ without loosing the meaning:

Two lines on a coordinate plane are parallel @ they don't intersect each other.

The second sentence is not biconditional. It is not true that

Two lines on a coordinate plane are parallel @ they have the same slope.

Vertical lines are parallel, but they have undefined slopes.
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motivations, the author’s opinions, and other content that is helpful (included for
pedagogical reasons), but formally unnecessary to the mathematical argument.

It's rare to read a mathematical text from beginning to end and understand everything
on the first try. Instead, reading mathematics typically involves several passes (or
rounds), each deepening your understanding.

The first round involves getting a sense of the overall structure of the text — identifying
the key components and distinguishing between central and supporting material.

The second round focuses on the core content: definitions and the statements of
theorems.

In the next rounds, you explore examples, and then engage in a careful, detailed reading
of the proofs.
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Let’s try to read an excerpt from a math textbook. We are not expected to fully
understand the mathematical content at this point. Instead, our goal is to
analyze the logical structure of the text. ldentify and mark elements such as
definitions, notations, theorems, proofs, examples, exercises, and any other

structural components.
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Definitions

Let’s try to read an excerpt from a math textbook. We are not expected to fully
understand the mathematical content at this point. Instead, our goal is to
analyze the logical structure of the text. ldentify and mark elements such as
definitions, notations, theorems, proofs, examples, exercises, and any other
structural components.

As the first step towards classifying the lengths which can be constructed by
straightedge and compass, this chapter introduces the concept of an algebraic
number. Each such number will satisfy many polynomial equations and our
immediate goal is to choose the simplest one.

A number o € C is said to be algebraic over a field IF c C if there exists a nonzero
polynomial f(x) € F[z] such that « is a zero of f(z).

For each field IF, every number o in I is algebraic over I because « is a zero of
the polynomial f(x) =2z —a € F[x]. This implies that e and 7 are algebraic over
R, though they are not algebraic over Q as we will prove later.
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The number /2 is algebraic over Q because it is zero of the polynomial
f(z) = 2 — 2, which is nonzero and has coefficients in Q.

In order to show that a number is algebraic, we look for a suitable polynomial
having that number as zero. Try to prove that 1 ++/3 is algebraic over Q.

It is useful to be able to recognize the definition of “algebraic over a field
when it appears in different guises: a number o € C is algebraic over IF ¢ C if and
only if there is a positive integer n such that {1,a,a?,...,a" %, a"} are linearly

dependent over F.

Indeed, if a € C is algebraic over IF € C then there exists a polynomial
f(x) =ag+aix+---+a,x", whose coefficients ag, a1, ...,a, all belong to IF, at
least one of these coefficients is nonzero, and f(«a) =0, that is

ap + ara+ asa’ -+ ap_1a” M+ a,a” = 0. (%)
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Since F is a subfield of C, we can regard C as a vector space over [F. The

numbers 1, c, 0%, ..., a™ 1, a™ are all elements in C, and hence can be regarded

as vectors in the vector space C over F.

The coefficients ag, a1, a9, ...,a,-1,a,, on the other hand, are all in F so we can
regard them as scalars. Thus, the equality (*) can be interpreted as a linear
dependence of vectors 1,a,a?,...,a" 1 a™ in C.

You will often meet the terms “algebraic number” and “transcendental number”
where no field is specified. In such cases the field is taken to be Q. We formalize
this as follows.

A complex number is said to be an algebraic number if it is algebraic over Q;
a transcendental number if it is not algebraic over Q.
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