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Why? Recall that a — b is a unique solution of the equation b +z = a.
If the subtraction could be defined, then

the equation b+ = a with b =Ny and a = Ny and the equality Ng+ 1 = N
would imply Ng —Ng=1.

the equation b+ x = a with b =Ny and a = Xy and the equality Ng+ Ny = N
would imply No — No = No :

Therefore the difference Ny — Ny cannot be identified with any cardinal number.

In Calculus a similar phenomenon is known as “indeterminacy oco — oo ".
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which is either injection or surjection.
Proof. Let us try to build an injective map X — Y,
defining it on elements of X , one by one, and taking care of injectivity.
If an injection f is already defined on A C X,
we pick up p € X " A, choose g € Y \ f(A) and put f(p) =q¢.
What may prevent us from accomplishing this?
Either we would not find p. This would happen if X \ A=,
that is A = X, and then f is a desired injection X — Y .
In this case, | X| < |Y|.
Or we would not find ¢. This would happen if Y \ f(A) =&,
thatis Y = f(A), and then f is a surjection.
In that case, we extend f to a surjection X — Y . Then |Y| < |X].
If nothing like this stops us, we continue and eventually come
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13 / 29



MAT 250
Digression: grand orbits Lecture 13

Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

14 / 29



MAT 250
Digression: grand orbits Lecture 13

Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.

14 / 29



MAT 250
Digression: grand orbits Lecture 13

Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

14 / 29



MAT 250
Digression: grand orbits Lecture 13

Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

14 / 29



MAT 250
Digression: grand orbits Lecture 13

Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious.

14 / 29



MAT 250
Digression: grand orbits Lecture 13

Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.

14 / 29



MAT 250
Digression: grand orbits Lecture 13

Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ~¢b and b~fc. Then fP(a) = f4(b) and f"(b) = f*(c).

14 / 29



MAT 250
Digression: grand orbits Lecture 13

Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ~¢b and b~fc. Then fP(a) = f4(b) and f"(b) = f*(c).
Take a natural number n greater than ¢ and r.

14 / 29



MAT 250
Lecture 13

Digression: grand orbits Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ~¢b and b~fc. Then fP(a) = f4(b) and f"(b) = f*(c).
Take a natural number n greater than ¢ and r. Then

frt(n=a)(q) = fat(n=a)(p)

14 / 29



MAT 250
Lecture 13

Digression: grand orbits Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ~¢b and b~fc. Then fP(a) = f4(b) and f"(b) = f*(c).
Take a natural number n greater than ¢ and r. Then

frtn=a)(q) = fa+(=a)(p) = f7(b)

14 / 29



MAT 250
Lecture 13

Digression: grand orbits Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ~¢b and b~fc. Then fP(a) = f4(b) and f"(b) = f*(c).
Take a natural number n greater than ¢ and r. Then

fp+(n—q)(a) — fq+(n—Q)(b) — fn(b) _ fr+(n—’l“)(b)

14 / 29



MAT 250
Lecture 13

Digression: grand orbits Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ~¢b and b~fc. Then fP(a) = f4(b) and f"(b) = f*(c).
Take a natural number n greater than ¢ and r. Then

fp+(n—q)(a) _ fq—|—(n—q)(b) _ fn(b) _ fr+(n—r)(b) _ fs—i—(n—fr)(c) _

14 / 29



MAT 250
Lecture 13

Digression: grand orbits Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.

Let a ~¢b and b~fc. Then fP(a) = f4(b) and f"(b) = f*(c).

Take a natural number n greater than ¢ and r. Then

FrHO0) () = OO (b) = f(b) = frHEOI(B) = fHOC).

Thus a ~¢ c. []

14 / 29



MAT 250
Lecture 13

Digression: grand orbits Cardinalities

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f: X — X be a map.
Elements a,b € X are said to be grand orbit equivalent if
fP(a) = fi(b) for some p,q € N. Notation: a ~¢b.

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
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Equivalence classes for grand orbit equivalence are called grand orbits of f.
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a = ag.ajazas ... for a=ag-+ay/10+ az/10° + a3/10% 4 ..., where
ap is the greatest integer, which is < a, and a; € {0,1,2,...,9} forany ¢ > 0.
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defines the same number as the decimal presentation,
in which these 9's are replaced by 0's
and the last digit = # 9 is replaced by the next digit =z + 1,
that is 99999... equals z(y + 1)0000... .

For example, 33.14999. .. =33.15000...

Lemma. If a real number admits two different decimal presentations,
then these presentations can be obtained from each other as above.

In what follows we will not use decimal presentations of real numbers
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Proof. We will prove that |(0,1)| < |P(N)| and [P(N)| <|(0,1)].

Any number in the interval (0,1) can be written
in binary representation 0.ajasas ..., where each a; is either 0 or 1.

We exclude the sequences that terminate with infinitely many 1's
to guarantee the uniqueness of the representation
(so 0.0111... should be written as 0.100...).

For example, the binary presentation 0.011 stands for the number
0-27'41-27241.273=3/8.
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