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Definition. Sets X and Y are called equipotent (or equinumerous)
if there exists an invertibe map (bijection) X → Y .

Notation: X ≈ Y .

By definition, X ≈ Y ⇐⇒ ∃ X −→
bij.

Y

Theorem. Equipontence is an equivalence relation.

This is a special case of the theorem from the preceding slide. Nonetheless:

Proof. For any sets X, Y, Z ,

1. X ≈ X . Indeed, the identity map id : X → X is a bijection.

2. X ≈ Y =⇒ Y ≈ X . Indeed, if f : X → Y is a bijection,
then f−1 : Y → X is also a bijection.

3. X ≈ Y ∧ Y ≈ Z =⇒ X ≈ Z .
Indeed, if f : X → Y and g : Y → Z are bijections,

then g ◦ f : X → Z is also a bijection. �
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Definition. The class of sets equipotent to a set X
is called the cardinal number, or cardinality of X .

Notation: |X| .

Example. The sets X = {1, 2, 3} and Y = {a, b, c} are equipotent,
since there exists a bijection X → Y ,

defined by 1 7→ a , 2 7→ b , 3 7→ c .

We express this fact in the following way: X ≈ Y , or |X| = |Y | .

Cardinality measures the “size” of a set.

For finite sets, the cardinal number is the number of elements in a set,
as we will prove later.

However,
cardinalities of infinite sets and the numbers of elements of finite sets

have quite different properties.



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .

For instance,
N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, 3, . . . } have the same cardinality.



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .

For instance,
N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, 3, . . . } have the same cardinality.

Proof.

N → Z≥0 : q 7→ q − 1 is a bijection



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .

For instance,
N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, 3, . . . } have the same cardinality.

Proof.

N → Z≥0 : q 7→ q − 1 is a bijection, as it has the inverse map q 7→ q + 1 . �



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .

For instance,
N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, 3, . . . } have the same cardinality.

Proof.

N → Z≥0 : q 7→ q − 1 is a bijection, as it has the inverse map q 7→ q + 1 . �

2. For non-empty finite disjoint sets X,Y with the same number of elements n ,
the number of elements in X ∪ Y cannot be equal to the same n .



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .

For instance,
N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, 3, . . . } have the same cardinality.

Proof.

N → Z≥0 : q 7→ q − 1 is a bijection, as it has the inverse map q 7→ q + 1 . �

2. For non-empty finite disjoint sets X,Y with the same number of elements n ,
the number of elements in X ∪ Y cannot be equal to the same n .

But for disjoint infinite sets A,B with |A| = |B| ,
it may happen that |A ∪B| = |A| = |B| .



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .

For instance,
N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, 3, . . . } have the same cardinality.

Proof.

N → Z≥0 : q 7→ q − 1 is a bijection, as it has the inverse map q 7→ q + 1 . �

2. For non-empty finite disjoint sets X,Y with the same number of elements n ,
the number of elements in X ∪ Y cannot be equal to the same n .

But for disjoint infinite sets A,B with |A| = |B| ,
it may happen that |A ∪B| = |A| = |B| .

For example,
let A be the set {2n | n ∈ N} of all even natural numbers
and B be the set {2n− 1 | n ∈ N} of all odd natural numbers.



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .

For instance,
N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, 3, . . . } have the same cardinality.

Proof.

N → Z≥0 : q 7→ q − 1 is a bijection, as it has the inverse map q 7→ q + 1 . �

2. For non-empty finite disjoint sets X,Y with the same number of elements n ,
the number of elements in X ∪ Y cannot be equal to the same n .

But for disjoint infinite sets A,B with |A| = |B| ,
it may happen that |A ∪B| = |A| = |B| .

For example,
let A be the set {2n | n ∈ N} of all even natural numbers
and B be the set {2n− 1 | n ∈ N} of all odd natural numbers.

|A| = |B|, because of bijection A → B : x 7→ x− 1 .



MAT 250

Lecture 13

Cardinalities
Pecularities of cardinalities

4 / 29

1. For finite sets A $ B , the numbers of elements cannot be equal.

But for infinite sets A $ B , it may happen that |A| = |B| .

For instance,
N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, 3, . . . } have the same cardinality.

Proof.

N → Z≥0 : q 7→ q − 1 is a bijection, as it has the inverse map q 7→ q + 1 . �

2. For non-empty finite disjoint sets X,Y with the same number of elements n ,
the number of elements in X ∪ Y cannot be equal to the same n .

But for disjoint infinite sets A,B with |A| = |B| ,
it may happen that |A ∪B| = |A| = |B| .

For example,
let A be the set {2n | n ∈ N} of all even natural numbers
and B be the set {2n− 1 | n ∈ N} of all odd natural numbers.

|A| = |B|, because of bijection A → B : x 7→ x− 1 . Then A ∪B = N and
|N| = |A| , because of bijection N → A : x 7→ 2x . �
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Which set has more elements, N or Z ?
N ⊂ Z , and Z r N = {0,−1,−2,−3, . . . } is equipotent to N .

However, N and Z have the same cardinality.

To prove this, let us construct a bijection N → Z .

N 1 2 3 4 5 6 7 8 9 . . .

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ . . .

Z 0 1 −1 2 −2 3 −3 4 −4 . . .

This bijection f : N → Z is given by the formula

f(n) =











n

2
, if n is even

−
n − 1

2
, if n is odd

The cardinality of N is denoted by ℵ0 , that is |N| = ℵ0 .

Since Z ≈ N , we have |Z| = |N| = ℵ0 .
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Let p, q be cardinal numbers and P,Q disjoint sets with |P | = p and |Q| = q .
Define p+ q to be the cardinal number of P ∪Q .

In formula: p+ q = |P ∪Q| .
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Let p, q be cardinal numbers and P,Q disjoint sets with |P | = p and |Q| = q .
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Proof. Let P ′ and Q′ be disjoint sets with |P ′| = p and |Q′| = q .
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h : P ′ ∪Q′ → P ∪Q by formula

h(x) =
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f(x), if x ∈ P ′

g(x), if x ∈ Q′
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This is a bijection. The inverse map is formed similarly out of f−1 and g−1 . �
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In formula: p+ q = |P ∪Q| .
Is p+ q well-defined? Does |P ∪Q| depend on the choice of P and Q ?

|P ∪Q| does not depend on the choice of P and Q .
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h : P ′ ∪Q′ → P ∪Q by formula

h(x) =

{

f(x), if x ∈ P ′

g(x), if x ∈ Q′

This is a bijection. The inverse map is formed similarly out of f−1 and g−1 . �

Notation: |{∅}| =: 1 .
Examples. |{∅}|+ |N| = |N| , so 1 + ℵ0 = ℵ0 ,
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would imply ℵ0 − ℵ0 = 1 .
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The equalities ℵ0 + 1 = ℵ0 and ℵ0 + ℵ0 = ℵ0

kill any hope to have subtraction defined for all cardinal numbers.

Why? Recall that a− b is a unique solution of the equation b+ x = a .
If the subtraction could be defined, then

the equation b+ x = a with b = ℵ0 and a = ℵ0 and the equality ℵ0 + 1 = ℵ0

would imply ℵ0 − ℵ0 = 1 .
the equation b+ x = a with b = ℵ0 and a = ℵ0 and the equality ℵ0 + ℵ0 = ℵ0

would imply ℵ0 − ℵ0 = ℵ0 .

Therefore the difference ℵ0 −ℵ0 cannot be identified with any cardinal number.

In Calculus a similar phenomenon is known as “indeterminacy ∞−∞ ”.
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|P ×Q| does not depend on the choice of P and Q .
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Let p, q be cardinal numbers and P,Q be sets with |P | = p and |Q| = q .
Define p · q to be the cardinal number of P ×Q .

In formula: p · q = |P ×Q| .
Is p · q well-defined? Does |P ×Q| depend on the choice of P and Q ?

|P ×Q| does not depend on the choice of P and Q .

Proof. Let P ′ and Q′ be sets with |P ′| = p and |Q′| = q .
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In formula: p · q = |P ×Q| .
Is p · q well-defined? Does |P ×Q| depend on the choice of P and Q ?

|P ×Q| does not depend on the choice of P and Q .

Proof. Let P ′ and Q′ be sets with |P ′| = p and |Q′| = q .
Then there exists bijections f : P ′ → P and g : Q′ → Q .

Define a map h : P ′ ×Q′ → P ×Q by formula h(x, y) = (f(x), g(x)) .
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Let p, q be cardinal numbers and P,Q be sets with |P | = p and |Q| = q .
Define p · q to be the cardinal number of P ×Q .

In formula: p · q = |P ×Q| .
Is p · q well-defined? Does |P ×Q| depend on the choice of P and Q ?

|P ×Q| does not depend on the choice of P and Q .

Proof. Let P ′ and Q′ be sets with |P ′| = p and |Q′| = q .
Then there exists bijections f : P ′ → P and g : Q′ → Q .

Define a map h : P ′ ×Q′ → P ×Q by formula h(x, y) = (f(x), g(x)) .
This is a bijection. The inverse map P ×Q → P ′ ×Q′

is formed similarly out of f−1 and g−1 . �
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Corollary. If |X| = |Y | = ℵ0 , then |X × Y | = ℵ0 .
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Another “counting”

is given by a bijection
N× N → N, (n,m) 7→ 2m−1(2n− 1).

Therefore, N× N ≈ N and, by this, ℵ0 · ℵ0 = ℵ0 . �

Corollary. If |X| = |Y | = ℵ0 , then |X × Y | = ℵ0 . For example,

|Z2 × N| = ℵ0 .
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As we know, there exists an injection N → N , which is not bijective.
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Definition. Let X,Y be sets. We say that |X| ≤ |Y | , if ∃ injection X → Y .

As we know, there exists an injection N → N , which is not bijective.
Therefore it may happen that

there exists an injection X → Y , which is not bijective,
but |X| = |Y | .

Definition. We say that |X| < |Y | , if |X| ≤ |Y | , but |X| 6= |Y | .

|X| < |Y | means that there exists an injection X → Y ,
but there does not exist a bijection X → Y .
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Theorem. ∃ injection X → Y ⇐⇒ ∃ surjection Y → X .
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Let f : X → Y be an injection.
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Theorem. ∃ injection X → Y ⇐⇒ ∃ surjection Y → X .

Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .
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Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .

Choose any c ∈ X and define g(b) =
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a, if b ∈ f(X) ∧ b = f(a)

c, if b 6∈ f(X).
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there exists unique a ∈ X such that b = f(a) , because f is injective.
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there exists unique a ∈ X such that b = f(a) , because f is injective.
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Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .

Choose any c ∈ X and define g(b) =

{

a, if b ∈ f(X) ∧ b = f(a)

c, if b 6∈ f(X).

g(b) is well-defined, since for any b ∈ f(X)
there exists unique a ∈ X such that b = f(a) , because f is injective.
g is surjective, because for any a ∈ X ∃b ∈ Y : a = g(b) , namely b = f(a) � .

⇐= : Let g : Y → X be a surjection.
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Theorem. ∃ injection X → Y ⇐⇒ ∃ surjection Y → X .

Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .

Choose any c ∈ X and define g(b) =

{

a, if b ∈ f(X) ∧ b = f(a)

c, if b 6∈ f(X).

g(b) is well-defined, since for any b ∈ f(X)
there exists unique a ∈ X such that b = f(a) , because f is injective.
g is surjective, because for any a ∈ X ∃b ∈ Y : a = g(b) , namely b = f(a) � .

⇐= : Let g : Y → X be a surjection. Let us construct an injection f : X → Y .
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Theorem. ∃ injection X → Y ⇐⇒ ∃ surjection Y → X .

Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .

Choose any c ∈ X and define g(b) =

{

a, if b ∈ f(X) ∧ b = f(a)

c, if b 6∈ f(X).

g(b) is well-defined, since for any b ∈ f(X)
there exists unique a ∈ X such that b = f(a) , because f is injective.
g is surjective, because for any a ∈ X ∃b ∈ Y : a = g(b) , namely b = f(a) � .

⇐= : Let g : Y → X be a surjection. Let us construct an injection f : X → Y .
For any a ∈ X choose b ∈ g−1(a) and put b = f(a) .
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Proof. =⇒ :
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g(b) is well-defined, since for any b ∈ f(X)
there exists unique a ∈ X such that b = f(a) , because f is injective.
g is surjective, because for any a ∈ X ∃b ∈ Y : a = g(b) , namely b = f(a) � .

⇐= : Let g : Y → X be a surjection. Let us construct an injection f : X → Y .
For any a ∈ X choose b ∈ g−1(a) and put b = f(a) . The choice is possible,
as g is surjective and g−1(a) 6= ∅ .
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Theorem. ∃ injection X → Y ⇐⇒ ∃ surjection Y → X .

Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .

Choose any c ∈ X and define g(b) =

{

a, if b ∈ f(X) ∧ b = f(a)

c, if b 6∈ f(X).

g(b) is well-defined, since for any b ∈ f(X)
there exists unique a ∈ X such that b = f(a) , because f is injective.
g is surjective, because for any a ∈ X ∃b ∈ Y : a = g(b) , namely b = f(a) � .

⇐= : Let g : Y → X be a surjection. Let us construct an injection f : X → Y .
For any a ∈ X choose b ∈ g−1(a) and put b = f(a) . The choice is possible,
as g is surjective and g−1(a) 6= ∅ . If a1 6= a2 , then g−1(a1) ∩ g−1(a2) = ∅ .
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Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .

Choose any c ∈ X and define g(b) =

{

a, if b ∈ f(X) ∧ b = f(a)

c, if b 6∈ f(X).
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there exists unique a ∈ X such that b = f(a) , because f is injective.
g is surjective, because for any a ∈ X ∃b ∈ Y : a = g(b) , namely b = f(a) � .
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For any a ∈ X choose b ∈ g−1(a) and put b = f(a) . The choice is possible,
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Theorem. ∃ injection X → Y ⇐⇒ ∃ surjection Y → X .

Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .

Choose any c ∈ X and define g(b) =

{

a, if b ∈ f(X) ∧ b = f(a)

c, if b 6∈ f(X).

g(b) is well-defined, since for any b ∈ f(X)
there exists unique a ∈ X such that b = f(a) , because f is injective.
g is surjective, because for any a ∈ X ∃b ∈ Y : a = g(b) , namely b = f(a) � .

⇐= : Let g : Y → X be a surjection. Let us construct an injection f : X → Y .
For any a ∈ X choose b ∈ g−1(a) and put b = f(a) . The choice is possible,
as g is surjective and g−1(a) 6= ∅ . If a1 6= a2 , then g−1(a1) ∩ g−1(a2) = ∅ .
Hence f(a1) 6= f(a2) . Therefore f is injective. �
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Theorem. ∃ injection X → Y ⇐⇒ ∃ surjection Y → X .

Proof. =⇒ :
Let f : X → Y be an injection. Let us construct a surjection g : Y → X .

Choose any c ∈ X and define g(b) =

{

a, if b ∈ f(X) ∧ b = f(a)

c, if b 6∈ f(X).

g(b) is well-defined, since for any b ∈ f(X)
there exists unique a ∈ X such that b = f(a) , because f is injective.
g is surjective, because for any a ∈ X ∃b ∈ Y : a = g(b) , namely b = f(a) � .

⇐= : Let g : Y → X be a surjection. Let us construct an injection f : X → Y .
For any a ∈ X choose b ∈ g−1(a) and put b = f(a) . The choice is possible,
as g is surjective and g−1(a) 6= ∅ . If a1 6= a2 , then g−1(a1) ∩ g−1(a2) = ∅ .
Hence f(a1) 6= f(a2) . Therefore f is injective. �

Corollary. Let X,Y be sets. Then |X| ≤ |Y | , iff ∃ surjection Y → X .



MAT 250

Lecture 13

Cardinalities
Properties of inequalities

12 / 29

Recall:

Definition. A relation is called a non-strict total order,



MAT 250

Lecture 13

Cardinalities
Properties of inequalities

12 / 29

Recall:

Definition. A relation is called a non-strict total order, if it is
• reflexive, that is p ≤ p for any p ,
• transitive,
• antisymmetric, that is (p ≤ q) ∧ (q ≤ p) =⇒ p = q ,
• total, that is (p ≤ q) ∨ (q ≤ p) for any p, q .
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• total, that is (p ≤ q) ∨ (q ≤ p) for any p, q .

Theorem. Inequality of cardinal numbers is a non-strict total order.

Lemma 1. Inequality of cardinal numbers is reflexive.

Proof. The map idX : X → X is injective for any X . Hence, |X| ≤ |X| . �
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Definition. A relation is called a non-strict total order, if it is
• reflexive, that is p ≤ p for any p ,
• transitive,
• antisymmetric, that is (p ≤ q) ∧ (q ≤ p) =⇒ p = q ,
• total, that is (p ≤ q) ∨ (q ≤ p) for any p, q .

Theorem. Inequality of cardinal numbers is a non-strict total order.

Lemma 1. Inequality of cardinal numbers is reflexive.

Proof. The map idX : X → X is injective for any X . Hence, |X| ≤ |X| . �

Lemma 2. Inequality of cardinal numbers is transitive.
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• reflexive, that is p ≤ p for any p ,
• transitive,
• antisymmetric, that is (p ≤ q) ∧ (q ≤ p) =⇒ p = q ,
• total, that is (p ≤ q) ∨ (q ≤ p) for any p, q .

Theorem. Inequality of cardinal numbers is a non-strict total order.

Lemma 1. Inequality of cardinal numbers is reflexive.

Proof. The map idX : X → X is injective for any X . Hence, |X| ≤ |X| . �

Lemma 2. Inequality of cardinal numbers is transitive.

Proof. Let |X| ≤ |Y | , |Y | ≤ |Z| and f : X → Y , g : Y → Z be the
injections.
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Recall:

Definition. A relation is called a non-strict total order, if it is
• reflexive, that is p ≤ p for any p ,
• transitive,
• antisymmetric, that is (p ≤ q) ∧ (q ≤ p) =⇒ p = q ,
• total, that is (p ≤ q) ∨ (q ≤ p) for any p, q .

Theorem. Inequality of cardinal numbers is a non-strict total order.

Lemma 1. Inequality of cardinal numbers is reflexive.

Proof. The map idX : X → X is injective for any X . Hence, |X| ≤ |X| . �

Lemma 2. Inequality of cardinal numbers is transitive.

Proof. Let |X| ≤ |Y | , |Y | ≤ |Z| and f : X → Y , g : Y → Z be the
injections. Then g ◦ f : X → Z is injective as a complosition of injective maps.

Hence |X| ≤ |Z| . �
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which is either injection or surjection.
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defining it on elements of X , one by one, and taking care of injectivity.
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It suffices to prove that for any sets X,Y , there exists map X → Y
which is either injection or surjection.

Proof. Let us try to build an injective map X → Y ,
defining it on elements of X , one by one, and taking care of injectivity.

If an injection f is already defined on A ⊂ X ,
we pick up p ∈ X rA , choose q ∈ Y r f(A) and put f(p) = q .

What may prevent us from accomplishing this?
Either we would not find p . This would happen if X rA = ∅ ,

that is A = X , and then f is a desired injection X → Y .
In this case, |X| ≤ |Y | .

Or we would not find q . This would happen if Y r f(A) = ∅ ,
that is Y = f(A) , and then f is a surjection.
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Lemma 3. Inequality of cardinal numbers is total.

It suffices to prove that for any sets X,Y , there exists map X → Y
which is either injection or surjection.

Proof. Let us try to build an injective map X → Y ,
defining it on elements of X , one by one, and taking care of injectivity.

If an injection f is already defined on A ⊂ X ,
we pick up p ∈ X rA , choose q ∈ Y r f(A) and put f(p) = q .

What may prevent us from accomplishing this?
Either we would not find p . This would happen if X rA = ∅ ,

that is A = X , and then f is a desired injection X → Y .
In this case, |X| ≤ |Y | .

Or we would not find q . This would happen if Y r f(A) = ∅ ,
that is Y = f(A) , and then f is a surjection.

In that case, we extend f to a surjection X → Y .
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Lemma 3. Inequality of cardinal numbers is total.

It suffices to prove that for any sets X,Y , there exists map X → Y
which is either injection or surjection.

Proof. Let us try to build an injective map X → Y ,
defining it on elements of X , one by one, and taking care of injectivity.

If an injection f is already defined on A ⊂ X ,
we pick up p ∈ X rA , choose q ∈ Y r f(A) and put f(p) = q .

What may prevent us from accomplishing this?
Either we would not find p . This would happen if X rA = ∅ ,

that is A = X , and then f is a desired injection X → Y .
In this case, |X| ≤ |Y | .

Or we would not find q . This would happen if Y r f(A) = ∅ ,
that is Y = f(A) , and then f is a surjection.

In that case, we extend f to a surjection X → Y . Then |Y | ≤ |X| .
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Lemma 3. Inequality of cardinal numbers is total.

It suffices to prove that for any sets X,Y , there exists map X → Y
which is either injection or surjection.

Proof. Let us try to build an injective map X → Y ,
defining it on elements of X , one by one, and taking care of injectivity.

If an injection f is already defined on A ⊂ X ,
we pick up p ∈ X rA , choose q ∈ Y r f(A) and put f(p) = q .

What may prevent us from accomplishing this?
Either we would not find p . This would happen if X rA = ∅ ,

that is A = X , and then f is a desired injection X → Y .
In this case, |X| ≤ |Y | .

Or we would not find q . This would happen if Y r f(A) = ∅ ,
that is Y = f(A) , and then f is a surjection.

In that case, we extend f to a surjection X → Y . Then |Y | ≤ |X| .
If nothing like this stops us, we continue and eventually come

to constructing a map X → Y which is either injection or surjection. � .
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Definition. Let f : X → X be a map.
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we will use a notion useful also in what follows.

Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .
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In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious.
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Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
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In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ∼f b and b ∼f c . Then fp(a) = f q(b) and f r(b) = f s(c) .
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In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ∼f b and b ∼f c . Then fp(a) = f q(b) and f r(b) = f s(c) .
Take a natural number n greater than q and r .
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In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ∼f b and b ∼f c . Then fp(a) = f q(b) and f r(b) = f s(c) .
Take a natural number n greater than q and r . Then
fp+(n−q)(a) = f q+(n−q)(b) .
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In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ∼f b and b ∼f c . Then fp(a) = f q(b) and f r(b) = f s(c) .
Take a natural number n greater than q and r . Then
fp+(n−q)(a) = f q+(n−q)(b) = fn(b) .
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In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ∼f b and b ∼f c . Then fp(a) = f q(b) and f r(b) = f s(c) .
Take a natural number n greater than q and r . Then
fp+(n−q)(a) = f q+(n−q)(b) = fn(b) = f r+(n−r)(b) = f s+(n−r)(c) .
Thus a ∼f c . �



MAT 250

Lecture 13

Cardinalities
Digression: grand orbits

14 / 29

In the proof of antisymmetry of cardinal numbers inequality,
we will use a notion useful also in what follows.

Definition. Let f : X → X be a map.
Elements a, b ∈ X are said to be grand orbit equivalent if

fp(a) = f q(b) for some p, q ∈ N . Notation: a ∼f b .

Grand orbit equivalence is indeed an equivalence relation.

Reflexivity and symmetry are obvious. Let us prove transitivity.
Let a ∼f b and b ∼f c . Then fp(a) = f q(b) and f r(b) = f s(c) .
Take a natural number n greater than q and r . Then
fp+(n−q)(a) = f q+(n−q)(b) = fn(b) = f r+(n−r)(b) = f s+(n−r)(c) .
Thus a ∼f c . �

Equivalence classes for grand orbit equivalence are called grand orbits of f .
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Cantor-Schröder-Bernstein Theorem.
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then there exists a bijection X → Y .
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Lemma 4. Inequality of cardinal numbers is antisymmetric.

This means

Cantor-Schröder-Bernstein Theorem.

If there exist injections f : X → Y and g : Y → X ,

then there exists a bijection X → Y .

Proof. Assume that X and Y are disjoint. If not, build their disjoint copies.
Consider the set Z := X ∪ Y and the map h : Z → Z defined by

h(z) =

{

f(z) if z ∈ X

g(z), if z ∈ Y
.
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then there exists a bijection X → Y .

Proof. Assume that X and Y are disjoint. If not, build their disjoint copies.
Consider the set Z := X ∪ Y and the map h : Z → Z defined by

h(z) =

{

f(z) if z ∈ X

g(z), if z ∈ Y
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Consider grand orbits of h .
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an element z ∈ O , is followed by h(z) , h(h(z)) = h2(z) , h3(z) , . . . , etc.
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then there exists a bijection X → Y .

Proof. Assume that X and Y are disjoint. If not, build their disjoint copies.
Consider the set Z := X ∪ Y and the map h : Z → Z defined by

h(z) =

{

f(z) if z ∈ X

g(z), if z ∈ Y
. The map h is injective, since f and g are injective.

Consider grand orbits of h .
A grand orbit O is recovered from any of its elements:
an element z ∈ O , is followed by h(z) , h(h(z)) = h2(z) , h3(z) , . . . , etc.
Besides, O includes all predecessors of z :
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Lemma 4. Inequality of cardinal numbers is antisymmetric.

This means

Cantor-Schröder-Bernstein Theorem.

If there exist injections f : X → Y and g : Y → X ,

then there exists a bijection X → Y .

Proof. Assume that X and Y are disjoint. If not, build their disjoint copies.
Consider the set Z := X ∪ Y and the map h : Z → Z defined by

h(z) =

{

f(z) if z ∈ X

g(z), if z ∈ Y
. The map h is injective, since f and g are injective.

Consider grand orbits of h .
A grand orbit O is recovered from any of its elements:
an element z ∈ O , is followed by h(z) , h(h(z)) = h2(z) , h3(z) , . . . , etc.
Besides, O includes all predecessors of z : if z ∈ Imh , then z = h(u)
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Lemma 4. Inequality of cardinal numbers is antisymmetric.

This means

Cantor-Schröder-Bernstein Theorem.

If there exist injections f : X → Y and g : Y → X ,

then there exists a bijection X → Y .

Proof. Assume that X and Y are disjoint. If not, build their disjoint copies.
Consider the set Z := X ∪ Y and the map h : Z → Z defined by

h(z) =

{

f(z) if z ∈ X

g(z), if z ∈ Y
. The map h is injective, since f and g are injective.

Consider grand orbits of h .
A grand orbit O is recovered from any of its elements:
an element z ∈ O , is followed by h(z) , h(h(z)) = h2(z) , h3(z) , . . . , etc.
Besides, O includes all predecessors of z : if z ∈ Imh , then z = h(u) , this u is
unique (due to injectivity of h )
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Lemma 4. Inequality of cardinal numbers is antisymmetric.

This means

Cantor-Schröder-Bernstein Theorem.

If there exist injections f : X → Y and g : Y → X ,

then there exists a bijection X → Y .

Proof. Assume that X and Y are disjoint. If not, build their disjoint copies.
Consider the set Z := X ∪ Y and the map h : Z → Z defined by

h(z) =

{

f(z) if z ∈ X

g(z), if z ∈ Y
. The map h is injective, since f and g are injective.

Consider grand orbits of h .
A grand orbit O is recovered from any of its elements:
an element z ∈ O , is followed by h(z) , h(h(z)) = h2(z) , h3(z) , . . . , etc.
Besides, O includes all predecessors of z : if z ∈ Imh , then z = h(u) , this u is
unique (due to injectivity of h ) and precedes z in the grand orbit.
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• non-periodic starting with an element of X , like a, f(a), gf(a), fgf(a), . . .
• non-periodic starting from an element of Y , like b, g(b), fg(b), gfg(b), . . .
• non-periodic infinite both forwards and backwards.
A grand orbit O is divided into O ∩X and O ∩ Y . The map f defines an
injection fO : O ∩X → O ∩ Y . This is a bijection, unless O is of the third type.
If O is of the third type,

then (O ∩ Y )r f(O ∩X) consists of the initial element of O .
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Grand orbits in Z = X ∪ Y are of four types:
• periodic,
• non-periodic starting with an element of X , like a, f(a), gf(a), fgf(a), . . .
• non-periodic starting from an element of Y , like b, g(b), fg(b), gfg(b), . . .
• non-periodic infinite both forwards and backwards.
A grand orbit O is divided into O ∩X and O ∩ Y . The map f defines an
injection fO : O ∩X → O ∩ Y . This is a bijection, unless O is of the third type.
If O is of the third type,

then (O ∩ Y )r f(O ∩X) consists of the initial element of O .
But then g defines a map gO : O ∩ Y → O ∩X which is bijective.

Then g−1
O : O ∩X → O ∩ Y is a bijection.
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injection fO : O ∩X → O ∩ Y . This is a bijection, unless O is of the third type.
If O is of the third type,

then (O ∩ Y )r f(O ∩X) consists of the initial element of O .
But then g defines a map gO : O ∩ Y → O ∩X which is bijective.

Then g−1
O : O ∩X → O ∩ Y is a bijection.

Let us modify f : X → Y :
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Grand orbits in Z = X ∪ Y are of four types:
• periodic,
• non-periodic starting with an element of X , like a, f(a), gf(a), fgf(a), . . .
• non-periodic starting from an element of Y , like b, g(b), fg(b), gfg(b), . . .
• non-periodic infinite both forwards and backwards.
A grand orbit O is divided into O ∩X and O ∩ Y . The map f defines an
injection fO : O ∩X → O ∩ Y . This is a bijection, unless O is of the third type.
If O is of the third type,

then (O ∩ Y )r f(O ∩X) consists of the initial element of O .
But then g defines a map gO : O ∩ Y → O ∩X which is bijective.

Then g−1
O : O ∩X → O ∩ Y is a bijection.

Let us modify f : X → Y : for each O of the third type, replace fO by g−1
O .
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Grand orbits in Z = X ∪ Y are of four types:
• periodic,
• non-periodic starting with an element of X , like a, f(a), gf(a), fgf(a), . . .
• non-periodic starting from an element of Y , like b, g(b), fg(b), gfg(b), . . .
• non-periodic infinite both forwards and backwards.
A grand orbit O is divided into O ∩X and O ∩ Y . The map f defines an
injection fO : O ∩X → O ∩ Y . This is a bijection, unless O is of the third type.
If O is of the third type,

then (O ∩ Y )r f(O ∩X) consists of the initial element of O .
But then g defines a map gO : O ∩ Y → O ∩X which is bijective.

Then g−1
O : O ∩X → O ∩ Y is a bijection.

Let us modify f : X → Y : for each O of the third type, replace fO by g−1
O .

The result is a map X → Y which maps bijectively each O ∩X to O ∩ Y .
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Grand orbits in Z = X ∪ Y are of four types:
• periodic,
• non-periodic starting with an element of X , like a, f(a), gf(a), fgf(a), . . .
• non-periodic starting from an element of Y , like b, g(b), fg(b), gfg(b), . . .
• non-periodic infinite both forwards and backwards.
A grand orbit O is divided into O ∩X and O ∩ Y . The map f defines an
injection fO : O ∩X → O ∩ Y . This is a bijection, unless O is of the third type.
If O is of the third type,

then (O ∩ Y )r f(O ∩X) consists of the initial element of O .
But then g defines a map gO : O ∩ Y → O ∩X which is bijective.

Then g−1
O : O ∩X → O ∩ Y is a bijection.

Let us modify f : X → Y : for each O of the third type, replace fO by g−1
O .

The result is a map X → Y which maps bijectively each O ∩X to O ∩ Y .
This is a desired bijection X → Y . �
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A set X is called countable if |X| ≤ ℵ0 .

Any finite set is countable.

A set X is called denumerable if |X| = ℵ0 .

A set X is called uncountable if it is not countable.

So far we had many examples of infinite sets of cardinality ℵ0 ,
that is denumerable sets
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Any finite set is countable.

A set X is called denumerable if |X| = ℵ0 .

A set X is called uncountable if it is not countable.

So far we had many examples of infinite sets of cardinality ℵ0 ,
but no other infinite cardinalities have appeared.
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A set X is called finite if |X| < ℵ0 .

A set X is called countable if |X| ≤ ℵ0 .

Any finite set is countable.

A set X is called denumerable if |X| = ℵ0 .

A set X is called uncountable if it is not countable.

So far we had many examples of infinite sets of cardinality ℵ0 ,
but no other infinite cardinalities have appeared.

Are there uncountable sets?
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A set X is called countable if |X| ≤ ℵ0 .

Any finite set is countable.

A set X is called denumerable if |X| = ℵ0 .

A set X is called uncountable if it is not countable.

So far we had many examples of infinite sets of cardinality ℵ0 ,
but no other infinite cardinalities have appeared.

Are there uncountable sets?

Are there infinite cardinalities beyond ℵ0 ?
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Theorem (Cantor). R is uncountable.

Digression. In the proof we will use decimal presentations of real numbers:
a = a0.a1a2a3 . . . for a = a0 + a1/10 + a2/10

2 + a3/10
3 + . . . , where

a0 is the greatest integer, which is ≤ a , and ai ∈ {0, 1, 2, . . . , 9} for any i > 0 .

A decimal presentation may be ambiguous:
a decimal presentation, which ends with infitely many 9’s,

defines the same number as the decimal presentation,
in which these 9’s are replaced by 0’s

and the last digit x 6= 9 is replaced by the next digit x+ 1 ,
that is xy9999 . . . equals x(y + 1)0000 . . . .

For example, 33.14999. . . =33.15000. . .

Lemma. If a real number admits two different decimal presentations,
then these presentations can be obtained from each other as above.

In what follows we will not use decimal presentations of real numbers
which end with infinitely many 9’s.

Due to Lemma, such presentation of a real number is unique.
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Let us show that there is no surjection N → R .

Assume the contrary: there exists a surjection f : N → R . Write all the images

in their decimal presentations, which do not end with sequence of 9’s:

f(1) = a10. a11 a12 a13 . . .

f(2) = a20. a21 a22 a23 . . .

f(3) = a30. a31 a32 a33 . . .
. . . . . . . . . . . . . . . . . . . . . . . .

Consider a real number b = b0. b1 b2 b3 . . .
with b0 6= a10 , b1 6= a21 , b3 6= a32, . . .
making sure that none of bi is 9.

Obviously, b 6∈ Im f .
So, f is not a surjection.

Therefore, the assumption that there exists a surjection f : N → R
is wrong, �

Hence, |N| < |R| . In particular, R 6≈ N .
Notation: |R| = c (continuum). Since |N| < |R| , ℵ0 < c .
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Proof. Assume, to the contrary, that I is countable.

Then R = Q ∪ I is countable as a union of two countable sets.

This contradicts to the fact that R is uncountable.
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Theorem. The set I of irrational numbers is uncountable.

Proof. Assume, to the contrary, that I is countable.

Then R = Q ∪ I is countable as a union of two countable sets.

This contradicts to the fact that R is uncountable.

Therefore, I is uncountable. �
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x 7→
x

1− x2
is a bijection.
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y =
x

1 − x2

f is strictly increasing,



MAT 250

Lecture 13

Cardinalities
The interval (−1, 1) is uncountable

21 / 29

Theorem. (−1, 1) ≈ R .

Proof. A map f : (−1, 1) → R defined by

x 7→
x

1− x2
is a bijection. Why is f a bijection?

x

y

−1 1

y =
x

1 − x2
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x
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f is strictly increasing, so it is injective.

lim
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Proof. A map f : (−1, 1) → R defined by
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x

1− x2
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= −∞
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.
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∃c ∈ (a, b)
c

1− c2
= y0 .

Hence f is surjective.
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x

y

−1 1

y =
x

1 − x2

f is strictly increasing, so it is injective.

lim
x→1−

x

1− x2
= +∞ , lim

x→−1+

x

1− x2
= −∞

Hence ∀ y0 ∈ R ∃ a, b ∈ (−1, 1)
a

1− a2
< y0 <

b

1− b2
.

By intermediate value theorem,

∃c ∈ (a, b)
c

1− c2
= y0 .

Hence f is surjective.

Therefore, (−1, 1) ≈ R, and |(−1, 1)| = c.
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x
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= −∞

Hence ∀ y0 ∈ R ∃ a, b ∈ (−1, 1)
a

1− a2
< y0 <

b
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.

By intermediate value theorem,

∃c ∈ (a, b)
c

1− c2
= y0 .
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Therefore, (−1, 1) ≈ R, and |(−1, 1)| = c. �
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Theorem. For any interval (a, b) with a < b , (a, b) ≈ R .

Proof. A linear function f : (a, b) → (−1, 1) defined by

f(x) =
2

b− a
x−

a+ b

b− a
is a bijection.

x

y

a

b

−1

1

Therefore, (a, b) ≈ (−1, 1) , and since (−1, 1) ≈ R , we get (a, b) ≈ R . �
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Theorem. For any interval (a, b) with a < b , (a, b) ≈ R .

Proof. A linear function f : (a, b) → (−1, 1) defined by

f(x) =
2

b− a
x−

a+ b

b− a
is a bijection.

x

y

a

b

−1

1

Therefore, (a, b) ≈ (−1, 1) , and since (−1, 1) ≈ R , we get (a, b) ≈ R . �

By this, |(a, b)| = c .
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23 / 29

Example 1. (0, 1) ≈ [0, 1] .

Indeed, (0, 1) ⊆ [0, 1] =⇒ |(0, 1)| ≤ |[0, 1]| .

[0, 1] ⊆ (−1, 2) =⇒ |[0, 1]| ≤ |(−1, 2)| = |(0, 1)| .

So |(0, 1)| ≤ |[0, 1]| and |[0, 1]| ≤ |(0, 1)| ,
therefore, by C-S-B theorem, (0, 1) ≈ [0, 1] .

Example 2. Rr (0, 1) ≈ R .

Proof. Rr (0, 1) ⊆ R =⇒ |Rr (0, 1)| ≤ |R| .

(2, 3) ⊆ Rr (0, 1) =⇒ |(2, 3)| ≤ |Rr (0, 1)| .
||
|R|



MAT 250

Lecture 13

Cardinalities
Applications of Cantor-Schröder-Bernstein theorem

23 / 29

Example 1. (0, 1) ≈ [0, 1] .

Indeed, (0, 1) ⊆ [0, 1] =⇒ |(0, 1)| ≤ |[0, 1]| .

[0, 1] ⊆ (−1, 2) =⇒ |[0, 1]| ≤ |(−1, 2)| = |(0, 1)| .

So |(0, 1)| ≤ |[0, 1]| and |[0, 1]| ≤ |(0, 1)| ,
therefore, by C-S-B theorem, (0, 1) ≈ [0, 1] .

Example 2. Rr (0, 1) ≈ R .

Proof. Rr (0, 1) ⊆ R =⇒ |Rr (0, 1)| ≤ |R| .

(2, 3) ⊆ Rr (0, 1) =⇒ |(2, 3)| ≤ |Rr (0, 1)| .
||
|R|

So |Rr (0, 1)| ≤ |R| and |R| ≤ |Rr (0, 1)| ,



MAT 250

Lecture 13

Cardinalities
Applications of Cantor-Schröder-Bernstein theorem
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Proof. |X| ≤ |P(X)| , since there is an injection X → P(X) , x 7→ {x} .
We have to prove that |X| 6= |P(X)| , that is, there is no bijection X → P(X) .

Assume that there exists a bijection F : X → P(X) .
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Theorem (Cantor). For any set X , |X| < |P(X)| .

Proof. |X| ≤ |P(X)| , since there is an injection X → P(X) , x 7→ {x} .
We have to prove that |X| 6= |P(X)| , that is, there is no bijection X → P(X) .

Assume that there exists a bijection F : X → P(X) . F (x) ⊂ X for ∀x ∈ X .
Consider a set A = {x ∈ X | x 6∈ F (x)} .
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Consider a set A = {x ∈ X | x 6∈ F (x)} . A ⊆ X , so A ∈ P(X) .
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We have to prove that |X| 6= |P(X)| , that is, there is no bijection X → P(X) .

Assume that there exists a bijection F : X → P(X) . F (x) ⊂ X for ∀x ∈ X .
Consider a set A = {x ∈ X | x 6∈ F (x)} . A ⊆ X , so A ∈ P(X) .

Since F is a surjection, there exists a ∈ X such that F (a) = A .
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Proof. |X| ≤ |P(X)| , since there is an injection X → P(X) , x 7→ {x} .
We have to prove that |X| 6= |P(X)| , that is, there is no bijection X → P(X) .

Assume that there exists a bijection F : X → P(X) . F (x) ⊂ X for ∀x ∈ X .
Consider a set A = {x ∈ X | x 6∈ F (x)} . A ⊆ X , so A ∈ P(X) .

Since F is a surjection, there exists a ∈ X such that F (a) = A .
Does a ∈ A ?
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Theorem (Cantor). For any set X , |X| < |P(X)| .

Proof. |X| ≤ |P(X)| , since there is an injection X → P(X) , x 7→ {x} .
We have to prove that |X| 6= |P(X)| , that is, there is no bijection X → P(X) .

Assume that there exists a bijection F : X → P(X) . F (x) ⊂ X for ∀x ∈ X .
Consider a set A = {x ∈ X | x 6∈ F (x)} . A ⊆ X , so A ∈ P(X) .

Since F is a surjection, there exists a ∈ X such that F (a) = A .
Does a ∈ A ? If a ∈ A , then a 6∈ F (a) by definition of A .
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Theorem (Cantor). For any set X , |X| < |P(X)| .

Proof. |X| ≤ |P(X)| , since there is an injection X → P(X) , x 7→ {x} .
We have to prove that |X| 6= |P(X)| , that is, there is no bijection X → P(X) .

Assume that there exists a bijection F : X → P(X) . F (x) ⊂ X for ∀x ∈ X .
Consider a set A = {x ∈ X | x 6∈ F (x)} . A ⊆ X , so A ∈ P(X) .

Since F is a surjection, there exists a ∈ X such that F (a) = A .
Does a ∈ A ? If a ∈ A , then a 6∈ F (a) by definition of A . But A = F (a) ,

so a 6∈ A . Contradiction!

If a 6∈ A , then it is not true that a 6∈ F (a) , that is, a ∈ F (a) = A .
It’s a contradiction.
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Theorem (Cantor). For any set X , |X| < |P(X)| .

Proof. |X| ≤ |P(X)| , since there is an injection X → P(X) , x 7→ {x} .
We have to prove that |X| 6= |P(X)| , that is, there is no bijection X → P(X) .

Assume that there exists a bijection F : X → P(X) . F (x) ⊂ X for ∀x ∈ X .
Consider a set A = {x ∈ X | x 6∈ F (x)} . A ⊆ X , so A ∈ P(X) .

Since F is a surjection, there exists a ∈ X such that F (a) = A .
Does a ∈ A ? If a ∈ A , then a 6∈ F (a) by definition of A . But A = F (a) ,

so a 6∈ A . Contradiction!

If a 6∈ A , then it is not true that a 6∈ F (a) , that is, a ∈ F (a) = A .
It’s a contradiction.

Therefore, the assumption about existing a bijection X → P(X) was wrong,
and there is no such a bijection. �
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Theorem. For any set X , P(X) ≈ Map(X, {0, 1}) .

Proof. A bijection P(X) → Map(X, {0, 1}) is given by A 7→ χA . �

Corollary. P(N) ≈ Map(N, {0, 1}) .
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Theorem. For any set X , P(X) ≈ Map(X, {0, 1}) .

Proof. A bijection P(X) → Map(X, {0, 1}) is given by A 7→ χA . �

Corollary. P(N) ≈ Map(N, {0, 1}) .
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In particular, when Y = {0, 1} , |Map(X, {0, 1})| = 2|X| .
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ℵ0 = |N| < |P(N)| < |P(P(N))| < . . .

c = |R| < |P(R)| < |P(P(R))| < . . .

We know that ℵ0 < c and ℵ0 < |P(N)| . How are c and |P(N)| related?

(Spoiler: they are equal!)

Theorem. For any set X , P(X) ≈ Map(X, {0, 1}) .

Proof. A bijection P(X) → Map(X, {0, 1}) is given by A 7→ χA . �

Corollary. P(N) ≈ Map(N, {0, 1}) .

We remember that for finite sets X, Y , we have |Map(X,Y )| = |Y ||X| .

In particular, when Y = {0, 1} , |Map(X, {0, 1})| = 2|X| .

For infinite X , define 2|X| = |Map(X, {0, 1})| .
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Proof. A bijection P(X) → Map(X, {0, 1}) is given by A 7→ χA . �

Corollary. P(N) ≈ Map(N, {0, 1}) .

We remember that for finite sets X, Y , we have |Map(X,Y )| = |Y ||X| .

In particular, when Y = {0, 1} , |Map(X, {0, 1})| = 2|X| .
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ℵ0 = |N| < |P(N)| < |P(P(N))| < . . .

c = |R| < |P(R)| < |P(P(R))| < . . .

We know that ℵ0 < c and ℵ0 < |P(N)| . How are c and |P(N)| related?

(Spoiler: they are equal!)

Theorem. For any set X , P(X) ≈ Map(X, {0, 1}) .

Proof. A bijection P(X) → Map(X, {0, 1}) is given by A 7→ χA . �

Corollary. P(N) ≈ Map(N, {0, 1}) .

We remember that for finite sets X, Y , we have |Map(X,Y )| = |Y ||X| .

In particular, when Y = {0, 1} , |Map(X, {0, 1})| = 2|X| .

For infinite X , define 2|X| = |Map(X, {0, 1})| .

Since, by the Corollary, |P(N)| = |Map(N, {0, 1})| , and |Map(N, {0, 1})| = 2ℵ0 ,

we get |P(N)| = 2ℵ0 .
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We exclude the sequences that terminate with infinitely many 1 ’s
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in binary representation 0.a1a2a3 . . . , where each ai is either 0 or 1 .

We exclude the sequences that terminate with infinitely many 1 ’s
to guarantee the uniqueness of the representation

(so 0.0111 . . . should be written as 0.100 . . . ).

For example, the binary presentation 0.011 stands for the number
0 · 2−1 + 1 · 2−2 + 1 · 2−3
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Proof. We will prove that |(0, 1)| ≤ |P(N)| and |P(N)| ≤ |(0, 1)| .

Any number in the interval (0, 1) can be written
in binary representation 0.a1a2a3 . . . , where each ai is either 0 or 1 .

We exclude the sequences that terminate with infinitely many 1 ’s
to guarantee the uniqueness of the representation

(so 0.0111 . . . should be written as 0.100 . . . ).

For example, the binary presentation 0.011 stands for the number
0 · 2−1 + 1 · 2−2 + 1 · 2−3 = 3/8 .
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Proof. We will prove that |(0, 1)| ≤ |P(N)| and |P(N)| ≤ |(0, 1)| .

Any number in the interval (0, 1) can be written
in binary representation 0.a1a2a3 . . . , where each ai is either 0 or 1 .

We exclude the sequences that terminate with infinitely many 1 ’s
to guarantee the uniqueness of the representation

(so 0.0111 . . . should be written as 0.100 . . . ).

For example, the binary presentation 0.011 stands for the number
0 · 2−1 + 1 · 2−2 + 1 · 2−3 = 3/8 .

Define a map f : (0, 1) → P(N) by f(0.a1a2a3 . . . ) = {n ∈ N | an = 1} .
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Proof. We will prove that |(0, 1)| ≤ |P(N)| and |P(N)| ≤ |(0, 1)| .

Any number in the interval (0, 1) can be written
in binary representation 0.a1a2a3 . . . , where each ai is either 0 or 1 .

We exclude the sequences that terminate with infinitely many 1 ’s
to guarantee the uniqueness of the representation

(so 0.0111 . . . should be written as 0.100 . . . ).

For example, the binary presentation 0.011 stands for the number
0 · 2−1 + 1 · 2−2 + 1 · 2−3 = 3/8 .

Define a map f : (0, 1) → P(N) by f(0.a1a2a3 . . . ) = {n ∈ N | an = 1} .

For example, f(0.011) = {2, 3} .



MAT 250

Lecture 13

Cardinalities
c ≤ 2ℵ0

26 / 29

Theorem. P(N) ≈ (0, 1) .

Proof. We will prove that |(0, 1)| ≤ |P(N)| and |P(N)| ≤ |(0, 1)| .

Any number in the interval (0, 1) can be written
in binary representation 0.a1a2a3 . . . , where each ai is either 0 or 1 .

We exclude the sequences that terminate with infinitely many 1 ’s
to guarantee the uniqueness of the representation

(so 0.0111 . . . should be written as 0.100 . . . ).

For example, the binary presentation 0.011 stands for the number
0 · 2−1 + 1 · 2−2 + 1 · 2−3 = 3/8 .

Define a map f : (0, 1) → P(N) by f(0.a1a2a3 . . . ) = {n ∈ N | an = 1} .

For example, f(0.011) = {2, 3} .
f is injective since the binary representation of a number is unique.
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We exclude the sequences that terminate with infinitely many 1 ’s
to guarantee the uniqueness of the representation

(so 0.0111 . . . should be written as 0.100 . . . ).

For example, the binary presentation 0.011 stands for the number
0 · 2−1 + 1 · 2−2 + 1 · 2−3 = 3/8 .

Define a map f : (0, 1) → P(N) by f(0.a1a2a3 . . . ) = {n ∈ N | an = 1} .

For example, f(0.011) = {2, 3} .
f is injective since the binary representation of a number is unique.

Therefore, |(0, 1)| ≤ |P(N)| , that is c ≤ 2ℵ0 .
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an =

{

3, if n ∈ A

5, if n 6∈ A.
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(Any pair of digits not including 9 will work.)
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Prove now that |P(N)| ≤ |(0, 1)| .

Define a map g : P(N) → (0, 1) by g(A) = 0.a1a2a3 . . . , where

an =

{

3, if n ∈ A

5, if n 6∈ A.

For any set A ∈ P(N) , g(A) is a number
which decimal representation contains only 3 ’s and 5 ’s.

For example, g({2, 4}) = 0.5353555 . . .

(Any pair of digits not including 9 will work.)

g is injective, therefore |P(N)| ≤ |(0, 1)| .

Overall, we have got that |(0, 1)| ≤ P(N) and |P(N)| ≤ |(0, 1)| .
Therefore, by C-S-B theorem, |P(N)| = |(0, 1)| .

Remark. Since |P(N)| = 2ℵ0 and |(0, 1)| = c , we get 2ℵ0 = c .
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Theorem. A square is equipotent to an interval: (0, 1)× (0, 1) ≈ (0, 1) .
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Proof. The map (0, 1) → (0, 1)× (0, 1) defined by x 7→ (x, 1/2) is an injection.

Therefore |(0, 1)| ≤ |(0, 1)× (0, 1)| .

The map (0, 1)× (0, 1) → (0, 1)
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(0.a1a2a3 . . . , 0.b1b2b3 . . . ) 7→ (0.a1b1a2b2a3b3 . . . )
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G. Cantor: “I see it, but I don’t believe it!”
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Proof. The map (0, 1) → (0, 1)× (0, 1) defined by x 7→ (x, 1/2) is an injection.

Therefore |(0, 1)| ≤ |(0, 1)× (0, 1)| .

The map (0, 1)× (0, 1) → (0, 1) given by

(0.a1a2a3 . . . , 0.b1b2b3 . . . ) 7→ (0.a1b1a2b2a3b3 . . . )

is an injection. Therefore, |(0, 1)× (0, 1)| ≤ |(0, 1)| .

By the C-S-B theorem, |(0, 1)| = |(0, 1)× (0, 1)| .

G. Cantor: “I see it, but I don’t believe it!”

Corollary. R× R ≈ R .

Or, equivalently, |R2| = |R| , that is, c2 = c .


	Lecture 13 5pt Cardinalities
	Equipotence
	Cardinality
	Hilbert hotel "Infinity"
	Pecularities of cardinalities
	dblueN vs. dblueZ
	Addition of cardinal numbers
	No subtraction
	Multiplication of cardinal numbers
	dblue00
	Inequalities
	Redefine inequality via surjections
	Properties of inequalities
	Comparability Theorem
	Digression: grand orbits
	Cantor-Schröder-Bernstein Theorem
	Proof of C-B-S theorem. Part 2
	Finite, countable and uncountable
	dblueR is uncountable
	Proof of Cantor theorem
	The set of irrational numbers is uncountable
	The interval dblue(-1,1) is uncountable
	Any interval dblue(a,b) is uncountable
	Applications of Cantor-Schröder-Bernstein theorem
	Cardinality of power set
	Huge sets
	 dbluec20
	dblue20c
	dbluec2=c


