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Problem 3. Prove that the equation x2
− 3y2 = 17 has no integer solutions.

Solution. x2
− 3y2 = 17

[x2
− 3y2]3 = [17]3

[x2]3 − [3y
2]3 = 2

[x2]3 = 2

x mod 3 x2
mod 3

0 0

1 1

-1 1

So x2
≡ 0 or 1 mod 3 , and x2 /≡ 2 mod 3 .

Therefore, the original equation has no integer solutions.
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Therefore, since the identity doesn’t hold true in Z/9 , it neither holds true in Z .

Answer. 74, 218 ⋅ 21, 363 − 81, 835 ≠ 1, 585, 447, 299 .
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mod 9
Ð→ 0 = 0 .
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Its element a is called invertible, ∃b ∈ R such that ab = 1 .

If a ∈ R is invertible, then there is only one b ∈ R such that ab = 1 ,
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A commutative ring in which any non-zero element is invertible is called a field.

Examples. Q,R,C are fields.
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For which m the ring Z/m does have zero-divisors?

Theorem. If m ∈ Z is not prime, then Z/m has zero-divisors.

Proof. Let m be non-prime, then m = ab with 0 < a, b <m .

Then [a]m is a zero-divisor. Indeed, [a]m ⋅ [b]m = [ab]m = [m]m = 0 . ◻

Let R be a commutative ring.
Its element a is called invertible, ∃b ∈ R such that ab = 1 .

If a ∈ R is invertible, then there is only one b ∈ R such that ab = 1 ,
this element is called (multiplicative) inverse to a and denoted by a−1 .

An invertible element cannot be a zero-divisor. Indeed,
if a is invertible and ab = 0 , then

0 = a−1 ⋅ 0 = a−1(ab) = a−1ab = (a−1a)b = 1 ⋅ b = b .

A commutative ring in which any non-zero element is invertible is called a field.

Examples. Q,R,C are fields. Z/6 is not a field.



MAT 250
Lecture 12
Modular ArithmeticZero-divisors

7 / 12
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For which m the ring Z/m does have zero-divisors?

Theorem. If m ∈ Z is not prime, then Z/m has zero-divisors.

Proof. Let m be non-prime, then m = ab with 0 < a, b <m .

Then [a]m is a zero-divisor. Indeed, [a]m ⋅ [b]m = [ab]m = [m]m = 0 . ◻

Let R be a commutative ring.
Its element a is called invertible, ∃b ∈ R such that ab = 1 .

If a ∈ R is invertible, then there is only one b ∈ R such that ab = 1 ,
this element is called (multiplicative) inverse to a and denoted by a−1 .

An invertible element cannot be a zero-divisor. Indeed,
if a is invertible and ab = 0 , then

0 = a−1 ⋅ 0 = a−1(ab) = a−1ab = (a−1a)b = 1 ⋅ b = b .

A commutative ring in which any non-zero element is invertible is called a field.

Examples. Q,R,C are fields. Z/6 is not a field. Z/2 and Z/3 are fields.
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Let R be a commutative ring.
Its element a ≠ 0 is called a zero-divisor if ∃b ∈ R , b ≠ 0 such that ab = 0 .

For which m the ring Z/m does have zero-divisors?

Theorem. If m ∈ Z is not prime, then Z/m has zero-divisors.

Proof. Let m be non-prime, then m = ab with 0 < a, b <m .

Then [a]m is a zero-divisor. Indeed, [a]m ⋅ [b]m = [ab]m = [m]m = 0 . ◻

Let R be a commutative ring.
Its element a is called invertible, ∃b ∈ R such that ab = 1 .

If a ∈ R is invertible, then there is only one b ∈ R such that ab = 1 ,
this element is called (multiplicative) inverse to a and denoted by a−1 .

An invertible element cannot be a zero-divisor. Indeed,
if a is invertible and ab = 0 , then

0 = a−1 ⋅ 0 = a−1(ab) = a−1ab = (a−1a)b = 1 ⋅ b = b .

A commutative ring in which any non-zero element is invertible is called a field.

Examples. Q,R,C are fields. Z/6 is not a field. Z/2 and Z/3 are fields.

Theorem. Z/m is a field iff m is prime.
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Let us prove that if m is prime, then Z/m is a field.
Any non-zero element of Z/m is represented as [a] with 0 < a <m .
Since [a] is not a zero-divsor, multiplication by [a] defines a map

Z/m ∖ {0}→ Z/m ∖ {0} . This map is injective.
Indeed, let b, c ∈ Zm ∖ {0} and b ⋅ [a] = c ⋅ [a] . Then (b − c) ⋅ [a] = 0 and

b − c = 0 , i.e., b = c .



MAT 250
Lecture 12
Modular ArithmeticFields Z/p

8 / 12
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Hence we can solve any linear equation ax + b = 0 with a ≠ 0 .
And a solution is unique.

Theorem. Z/m is a field iff m is prime.

Proof. We have proved that if m is not prime, them Z/m has zero-divisors.
Therefore it cannot be a field.

Let us prove that if m is prime, then Z/m is a field.
Any non-zero element of Z/m is represented as [a] with 0 < a <m .
Since [a] is not a zero-divsor, multiplication by [a] defines a map

Z/m ∖ {0}→ Z/m ∖ {0} . This map is injective.
Indeed, let b, c ∈ Zm ∖ {0} and b ⋅ [a] = c ⋅ [a] . Then (b − c) ⋅ [a] = 0 and

b − c = 0 , i.e., b = c .
Thus, the map Z/m ∖ {0}→ Z/m ∖ {0} ∶ x↦ x ⋅ [a] is injective.



MAT 250
Lecture 12
Modular ArithmeticFields Z/p

8 / 12

Why are fields remarkable?
In a field we can divide by any non-zero element.

Hence we can solve any linear equation ax + b = 0 with a ≠ 0 .
And a solution is unique.

Theorem. Z/m is a field iff m is prime.

Proof. We have proved that if m is not prime, them Z/m has zero-divisors.
Therefore it cannot be a field.

Let us prove that if m is prime, then Z/m is a field.
Any non-zero element of Z/m is represented as [a] with 0 < a <m .
Since [a] is not a zero-divsor, multiplication by [a] defines a map

Z/m ∖ {0}→ Z/m ∖ {0} . This map is injective.
Indeed, let b, c ∈ Zm ∖ {0} and b ⋅ [a] = c ⋅ [a] . Then (b − c) ⋅ [a] = 0 and

b − c = 0 , i.e., b = c .
Thus, the map Z/m ∖ {0}→ Z/m ∖ {0} ∶ x↦ x ⋅ [a] is injective.
This is a map of a finite set to itself.



MAT 250
Lecture 12
Modular ArithmeticFields Z/p

8 / 12

Why are fields remarkable?
In a field we can divide by any non-zero element.

Hence we can solve any linear equation ax + b = 0 with a ≠ 0 .
And a solution is unique.

Theorem. Z/m is a field iff m is prime.

Proof. We have proved that if m is not prime, them Z/m has zero-divisors.
Therefore it cannot be a field.

Let us prove that if m is prime, then Z/m is a field.
Any non-zero element of Z/m is represented as [a] with 0 < a <m .
Since [a] is not a zero-divsor, multiplication by [a] defines a map

Z/m ∖ {0}→ Z/m ∖ {0} . This map is injective.
Indeed, let b, c ∈ Zm ∖ {0} and b ⋅ [a] = c ⋅ [a] . Then (b − c) ⋅ [a] = 0 and

b − c = 0 , i.e., b = c .
Thus, the map Z/m ∖ {0}→ Z/m ∖ {0} ∶ x↦ x ⋅ [a] is injective.
This is a map of a finite set to itself. On the next slide we will prove that
any injective map of a finite set to itself is surjective.



MAT 250
Lecture 12
Modular ArithmeticFields Z/p

8 / 12

Why are fields remarkable?
In a field we can divide by any non-zero element.

Hence we can solve any linear equation ax + b = 0 with a ≠ 0 .
And a solution is unique.

Theorem. Z/m is a field iff m is prime.

Proof. We have proved that if m is not prime, them Z/m has zero-divisors.
Therefore it cannot be a field.

Let us prove that if m is prime, then Z/m is a field.
Any non-zero element of Z/m is represented as [a] with 0 < a <m .
Since [a] is not a zero-divsor, multiplication by [a] defines a map

Z/m ∖ {0}→ Z/m ∖ {0} . This map is injective.
Indeed, let b, c ∈ Zm ∖ {0} and b ⋅ [a] = c ⋅ [a] . Then (b − c) ⋅ [a] = 0 and

b − c = 0 , i.e., b = c .
Thus, the map Z/m ∖ {0}→ Z/m ∖ {0} ∶ x↦ x ⋅ [a] is injective.
This is a map of a finite set to itself. On the next slide we will prove that
any injective map of a finite set to itself is surjective.
It follows that there exists b ∈ Z/m ∖ {0} such that b ⋅ [a] = 1 ,



MAT 250
Lecture 12
Modular ArithmeticFields Z/p

8 / 12

Why are fields remarkable?
In a field we can divide by any non-zero element.

Hence we can solve any linear equation ax + b = 0 with a ≠ 0 .
And a solution is unique.

Theorem. Z/m is a field iff m is prime.

Proof. We have proved that if m is not prime, them Z/m has zero-divisors.
Therefore it cannot be a field.

Let us prove that if m is prime, then Z/m is a field.
Any non-zero element of Z/m is represented as [a] with 0 < a <m .
Since [a] is not a zero-divsor, multiplication by [a] defines a map

Z/m ∖ {0}→ Z/m ∖ {0} . This map is injective.
Indeed, let b, c ∈ Zm ∖ {0} and b ⋅ [a] = c ⋅ [a] . Then (b − c) ⋅ [a] = 0 and

b − c = 0 , i.e., b = c .
Thus, the map Z/m ∖ {0}→ Z/m ∖ {0} ∶ x↦ x ⋅ [a] is injective.
This is a map of a finite set to itself. On the next slide we will prove that
any injective map of a finite set to itself is surjective.
It follows that there exists b ∈ Z/m ∖ {0} such that b ⋅ [a] = 1 ,

that is b = [a]−1 .



MAT 250
Lecture 12
Modular ArithmeticFields Z/p

8 / 12

Why are fields remarkable?
In a field we can divide by any non-zero element.

Hence we can solve any linear equation ax + b = 0 with a ≠ 0 .
And a solution is unique.

Theorem. Z/m is a field iff m is prime.

Proof. We have proved that if m is not prime, them Z/m has zero-divisors.
Therefore it cannot be a field.

Let us prove that if m is prime, then Z/m is a field.
Any non-zero element of Z/m is represented as [a] with 0 < a <m .
Since [a] is not a zero-divsor, multiplication by [a] defines a map

Z/m ∖ {0}→ Z/m ∖ {0} . This map is injective.
Indeed, let b, c ∈ Zm ∖ {0} and b ⋅ [a] = c ⋅ [a] . Then (b − c) ⋅ [a] = 0 and

b − c = 0 , i.e., b = c .
Thus, the map Z/m ∖ {0}→ Z/m ∖ {0} ∶ x↦ x ⋅ [a] is injective.
This is a map of a finite set to itself. On the next slide we will prove that
any injective map of a finite set to itself is surjective.
It follows that there exists b ∈ Z/m ∖ {0} such that b ⋅ [a] = 1 ,

that is b = [a]−1 . ◻



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a .



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a . It is finite, as a subset of finite X .



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a . It is finite, as a subset of finite X . Therefore, ∃m,p ∈ N fm(a) = fp(a)

for some m ≠ p .



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a . It is finite, as a subset of finite X . Therefore, ∃m,p ∈ N fm(a) = fp(a)

for some m ≠ p .
By injectivity of f , (fm(a) = fp(a)) Ô⇒ (fm−1(a) = fp−1(a)) .



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a . It is finite, as a subset of finite X . Therefore, ∃m,p ∈ N fm(a) = fp(a)

for some m ≠ p .
By injectivity of f , (fm(a) = fp(a)) Ô⇒ (fm−1(a) = fp−1(a)) .
Therefore, each orbit looks as {a, f(a), f2(a), . . . , fp(a)} for some p ∈ N with
a = fp+1(a) .



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a . It is finite, as a subset of finite X . Therefore, ∃m,p ∈ N fm(a) = fp(a)

for some m ≠ p .
By injectivity of f , (fm(a) = fp(a)) Ô⇒ (fm−1(a) = fp−1(a)) .
Therefore, each orbit looks as {a, f(a), f2(a), . . . , fp(a)} for some p ∈ N with
a = fp+1(a) .

On each orbit, f is surjective.



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a . It is finite, as a subset of finite X . Therefore, ∃m,p ∈ N fm(a) = fp(a)

for some m ≠ p .
By injectivity of f , (fm(a) = fp(a)) Ô⇒ (fm−1(a) = fp−1(a)) .
Therefore, each orbit looks as {a, f(a), f2(a), . . . , fp(a)} for some p ∈ N with
a = fp+1(a) .

On each orbit, f is surjective. Orbits cover the whole X .



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a . It is finite, as a subset of finite X . Therefore, ∃m,p ∈ N fm(a) = fp(a)

for some m ≠ p .
By injectivity of f , (fm(a) = fp(a)) Ô⇒ (fm−1(a) = fp−1(a)) .
Therefore, each orbit looks as {a, f(a), f2(a), . . . , fp(a)} for some p ∈ N with
a = fp+1(a) .

On each orbit, f is surjective. Orbits cover the whole X .
Therefore, f is surjective on the whole X .



MAT 250
Lecture 12
Modular ArithmeticInjective vs. surjective self-maps

9 / 12

Theorem, If a set X is finite, then any injection f ∶X →X is surjective.

Proof. Let a ∈X . The set {a, f(a), f2(a), . . . , fn(a), . . .} is called the orbit
of a . It is finite, as a subset of finite X . Therefore, ∃m,p ∈ N fm(a) = fp(a)

for some m ≠ p .
By injectivity of f , (fm(a) = fp(a)) Ô⇒ (fm−1(a) = fp−1(a)) .
Therefore, each orbit looks as {a, f(a), f2(a), . . . , fp(a)} for some p ∈ N with
a = fp+1(a) .

On each orbit, f is surjective. Orbits cover the whole X .
Therefore, f is surjective on the whole X . ◻



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics,



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.

How to do this?



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.

How to do this?

How to solve linear equations in Z/m ?



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.

How to do this?

How to solve linear equations in Z/m ?

What about square roots?



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.

How to do this?

How to solve linear equations in Z/m ?

What about square roots? And quadratic equations?



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.

How to do this?

How to solve linear equations in Z/m ?

What about square roots? And quadratic equations?
The modern approach to modular arithmetic was developed by Gauss.



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.

How to do this?

How to solve linear equations in Z/m ?

What about square roots? And quadratic equations?
The modern approach to modular arithmetic was developed by Gauss.
The symbol ≡ for congruences appeared in Gauss’ book



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.

How to do this?

How to solve linear equations in Z/m ?

What about square roots? And quadratic equations?
The modern approach to modular arithmetic was developed by Gauss.
The symbol ≡ for congruences appeared in Gauss’ book “Disquisitiones Arithmeticae”
(“Arithmetical Investigations”) in 1801,



MAT 250
Lecture 12
Modular ArithmeticQuestions for future

10 / 12

Now we leave Modular Arithmetics, but we will be back.

There are many further questions in this subjects to think about. Here are some:

We have learned how to add, subtract and multiply in Z/m .

If m is prime, then it is possible to divide.

How to do this?

How to solve linear equations in Z/m ?

What about square roots? And quadratic equations?
The modern approach to modular arithmetic was developed by Gauss.
The symbol ≡ for congruences appeared in Gauss’ book “Disquisitiones Arithmeticae”
(“Arithmetical Investigations”) in 1801,
where he answered the questions above and much more. Then he was 24.
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O.Y.Viro (1974)

V.A.Rokhlin (1947)

A.E.Plessner (1923)

L.Schlesinger (1887) F.Engel (1883)

L.I.Fuchs (1858) L.Kronecker(1845) F.Klein(1868) L.Scheibner(1853)

E.E.Kummer (1831) C.T.W.Weierstrass
(1854)

Plücker (1823) Lipschitz (1853)
Jacobi (1825)

Gudermann (1841)

Bessel (1810)Brandes (1800)

Enke (1844)

Gerling (1812)

C.-F.Gauss (1799)

Dirichlet (1827)

Fourier Poisson (1800)

Lagrange (1754)

Laplace

Ohm (1811)

Von Landsdorf (1781)

D’Alambert

Dirksen (1820)

Thibaut (1786) Mayer (1773)

Lichtenberg (1739)

Kästner (1739) Euler (1726)

Johann Bernoulli (1690)

Pfaff (1786)

Hausen (1713)
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