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For objects A , B of a category C ,
the set of all morphisms A→ B of the category C will be denoted by morC(A,B) .
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Main Example. The category of sets.
Objects are sets, morphisms are maps, compositions are compositions of maps.

Categories of sets with extra structure.
In these categories, the category of sets is underlying:
objects are sets with an additional structure, like an algebraic operation, or order, or
distances between elements, or just a distinguished element,
morphisms are maps which respect the additional structure.

For example, in the category of rings, objects are rings,
morphisms are ring homomorphisms.

For rings P,Q , a map f ∶ P → Q is said to be a ring homomorphism
if f(x + y) = f(x) + f(y) and f(xy) = f(x)f(y) for any x, y ∈ P .
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Together with an object A , it must contain at least morphism idA .
This is the smallest category.

Let us keep requiring single object, but increase the set of morphisms A→ A .
Any morphisms f ∶ A→ A , g ∶ A→ A can be composed. So, we get f ○ g and g ○ f .
The composition is associative and has unit idA .
This is what is called monoid.
For example, Z , Q , R and C with the usual multiplication are monoids.

From any two categories C , D one may cook up a single category C ∐D
which would contain both C and D .
How to do this in the simplest way?

Let us reduce the sets of morphisms.
Let objects be real numbers, let for each A ∈ R the only morphism A→ A be idA .
Let there be a morphism A→ B iff A ≤ B , and let it be unique.
Does this define a category? How to define compositions of morphisms?
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In any category:

Definition An invertible morphism is called an isomorphism.
Objects V and W are called isomorphic if ∃ an isomorphism V →W .

Properties of isomorphisms
● An identity morphism is an isomorphism.
● The composition of isomorphisms is an isomorphism.
● The map inverse to an isomorphism is an isomorphism.

Relation of being isomorphic is equivalence.
It is reflexive, symmetric and transitive.

Isomorphic objects may be not identically the same.
The notion of isomorphism sets up a problem to classify objects in the category.
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Indeed, an object A of a category C is involved only in
morphisms X → A , A→X and provide an identy morphism idA .

Theorem. Let f ∶ A→ B and g ∶ B → A are inverse to each morphism in category C .
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◻
Under the same assumptions, there are similar inverse to each other bijections
mor(A,X) →mor(B,X) ∶ α ↦ α ○ g , mor(B,X) →mor(A,X) ∶ β ↦ β ○ f .

Using these bijections, we can replace A by B in any compositions of morphisms.
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is called the cardinal number, or cardinality of X .
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Example. The sets X = {1, 2, 3} and Y = {a, b, c} are equipotent,

since there exists a bijection X → Y ,
defined by 1↦ a , 2↦ b , 3 ↦ c .
We express this fact in the following way: X ≈ Y , or ∣X ∣ = ∣Y ∣ .
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For finite sets, the cardinal number is the number of elements in a set,
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However,
cardinalities of infinite sets and the numbers of elements of finite sets

have quite different properties.
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Two special kinds of objects: injections and surjections.

Classification problem for injections.
Invariants:

Cardinalities of source, target, and the complement of the image.
A complete system of invariants:

the cardinality of source, the cardinality of the complement of the image.

X
fÐ→ Y = f(X) ∪ (Y ∖ f(X)) .

X
f ∣Ð→ f(X) ∐ (Y ∖ f(X))

Classification problem for surjections.

A surjection X
fÐ→ Y is isomorphic to the projection X →X/∼f .

Invariant: a family of sets,
which form the partition of X to f−1(b) with b ∈ Y (or equivalence relation ∼f ).

Families of sets form a category.
Families Γ and ∆ of sets are equivalent

if there exists a bijection Γ→∆ formed of bijections.
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Categories in Linear Algebra.
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Categories of Linear Algebra
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A binary relation ≺ is called a partial order if it is
reflexive, anti-symmetric and transitive.

A set equipped with a partial order is called a poset or partially ordered set.

Examples of posets: (P(X),⊂) , (N, ∣ ) ,
Elements a, b of poset (X,≺) are said to be comparable, if a ≺ b ∨ b ≺ a .

If any two elements of a poset (X,≺) are comparable,
then (X,≺) is said to be linearly ordered set or loset.

Notice that any loset is a poset.
Examples of losets: (R,≤) , (a dictionary, lexicographic order on the set of words).

Direct product of two posets: (X,≺X) × (Y,≺Y ) = (X × Y,≺X×Y )
with (a, b) ≺X×Y (c, d) ∶= a ≺X c ∧ b ≺Y d

Lexicographic product of two posets: (X,≺X)LG × (Y,≺Y ) = (X × Y,≺X×Y )
with (a, b) ≺X×Y (c, d) ∶= (a ≺X c ∧ a ≠ c) ∨ (a = c ∧ b ≺Y d)

Let X,Y be posets, a map X → Y is called
monotonic, or monotone, or increasing if a ≺ b Ô⇒ f(a) ≺ f(b) .
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Posets and their monotone maps form a category.

Losets and their monotone maps also form a category.

In both categories, isomorphism classes of objects are called order types.

Each poset (X,≺) is a category, in which X is the set of objects
and for any a, b ∈X with a ≺ b there is a unique morphism a→ b .

If a ≺ b is false, then there is no morphism a→ b .
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Maps F ∶ Ob(C) → Ob(D) and F ∶MorC(A,B) →MorD(F (A), F (B))
are said to form a (covariant) functor, if

F (f ○ g) = F (f) ○ F (g) for any f ∈MorC(A,B) and any g ∈MorC(B,C) , and
F (idA) = idF (A) for any A ∈ Ob(C) .

Example. Forgetting functor from the category of rings to the category of sets.

Similar more general example:
forgetting functor from a category of set with an additional structure to the category of
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Let C and D be categories.

Maps F ∶ Ob(C) → Ob(D) and F ∶MorC(A,B) →MorD(F (A), F (B))
are said to form a (covariant) functor, if

F (f ○ g) = F (f) ○ F (g) for any f ∈MorC(A,B) and any g ∈MorC(B,C) , and
F (idA) = idF (A) for any A ∈ Ob(C) .

Example. Forgetting functor from the category of rings to the category of sets.

Similar more general example:
forgetting functor from a category of set with an additional structure to the category of
sets.

Any reasonable general construction converting a set to other set can be upgraded to a
functor.
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	Categories
	Examples of categories
	Toy categories
	Inverses and invertibles
	Isomorphism
	Isomorphic = categorically indistinguishable
	Cardinality
	Hilbert hotel "Infinity"
	Constructing new categories
	Classification of maps
	Category of endomorphisms
	Categorial generalizations of injective and surjective
	Digression: posets and losets
	Posets and categories
	Functors
	Two functors of power set

