THE HYPERBOLOIDAL AND SPACETIME POSITIVE
MASS THEOREM IN ALL DIMENSIONS

SVEN HIRSCH, MARCUS KHURI, MARTIN LESOURD, AND YIYUE ZHANG

ABSTRACT. Using the recent work of Brendle-Wang on the Riemannian
positive mass theorem, we prove the spacetime positive mass theorem
for asymptotically flat and asymptotically hyperboloidal initial data sets
in arbitrary dimensions.

1. INTRODUCTION

The spacetime positive mass theorem E > |P| for asymptotically flat (AF)
and asymptotically hyperboloidal (AH) initial data sets has a long history.
In the AF setting, it was originally established in dimension 3 by Schoen—
Yau and Witten [11, 40, 41, 45], and in the AH setting for spin manifolds
by Wang, Chrusciel-Herzlich, and Zhang [14, 44, 46]. These results were
subsequently generalized by various authors, and alternative arguments have
been found; see for instance [1, 2, 7, 8, 12, 13, 20, 21, 27, 35, 37-39]. The
rigidity statements in both settings also have a long history, with additional
important contributions by [3, 16, 25, 26, 28, 29, 31-33].

The results above typically rely on either spinors, minimal surfaces, or
suitable variants of these methods. As a consequence, for a long time the
positive mass inequality in both the AF and AH settings was restricted to
either spin manifolds or manifolds of dimension at most 7, which is the
threshold below which minimal hypersurfaces are smooth. It has therefore
been an important open problem to determine whether the positive mass
theorem holds in full generality. Through a series of refinements of the
minimal surface method [4, 9, 10, 24, 36, 43], culminating in the recent
breakthrough of Brendle-Wang [5], the AF Riemannian (k = g) positive
mass inequality has now been established in all dimensions and without
topological restrictions.

Using the result of Brendle-Wang [5] together with [20, 25, 26, 31, 37],
we prove the spacetime positive mass theorem for asymptotically flat and
asymptotically hyperboloidal initial data sets satisfying the dominant energy
condition, together with corresponding rigidity statements.

We also note the subsequent paper of Brendle-Wang [6], which uses the
capillary regularized Jang equation to prove the spacetime positive energy
theorem for asymptotically flat initial data sets in all dimensions n, under

an additional positivity assumption on the dominant energy scalar p —|J|,.
1
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Our first main result is the following:

Theorem 1.1. Let (M",g,k), n > 3 be a complete asymptotically hyper-
boloidal' initial data set satisfying the dominant energy condition

> [ Jg.
Then its total energy-momentum vector (E, P) satisfies
E > |P|.

Moreover, if M™ is spin or k = g, then equality holds if and only if (M™, g, k)
admits an isometric embedding as a spacelike hypersurface into Minkowsksi
space.

We point out that the rigidity statement remains open in the non-spin
case when k # g, and it would be interesting to close this gap; see also
[25, 31-33]. We also note that there is an asymptotically AdS positive mass
theorem [17, 30], which is so far completely unknown in the non-spin setting.

Theorem 1.2. Let (M",g,k), n >3 be a complete asymptotically flat initial
data set satisfying the dominant energy condition

> |Jlg.
Then its ADM energy—momentum vector (Eapm, Papm) satisfies

Expm > |Papu|.-

Moreover, equality holds if and only if (M™, g, k) admits an isometric embed-
ding as a spacelike hypersurface into a pp-wave spacetime (M™1, g), where
Mn+1 — Rn+1 and

g=—2dtdu+qu2+dx%+...+dx2

n-1
for a t-independent function F satisfying

Agn-1 F(-,u) <0 for every u e R.

Remark 1.3. Planar waves with parallel rays, or pp-waves for short, are
Lorentzian manifolds that model gravitational waves. The superharmonic-
ity of F' corresponds to the dominant energy condition p > |J|;. In dimen-
sions n = 3 and n = 4, there are no nontrivial asymptotically flat pp-waves;
that is, in this case one has F = F(u) and (M"*! g) is Minkowski space.

More generally, (M", g, k) embeds in Minkowski space whenever (M", g, k)

is C’f’qa-asymptotically flat with ¢ > n—1-/¢ - «. For a detailed overview,

we refer to [29] and the references therein. On the other hand, as shown
in [26], there are no asymptotically hyperboloidal analogues of pp-waves in
any dimension.

ISeveral results cited in this paper, such as [5, 25, 33, 37], require slightly stronger
decay than is usually assumed. To improve readability, we absorb this into our notion of
asymptotically hyperboloidal and asymptotically flat initial data sets; cf. Remark 2.7.
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To prove Theorems 1.1 and 1.2, we solve the Jang equation [20, 37] and
show that the results of [5] can be applied to the Jang graph. To this end,
we establish a new regularity result for singular Jang graphs.

Theorem 1.4. Let (M",g,k), n > 3 be either an asymptotically hyper-
boloidal or asymptotically flat initial data set, and let ¥ ¢ M™ xR be a
geometric Jang graph obtained as a subsequential limit of the capillarity-
reqularized Jang graphs. Then X is a locally C-almost minimizing boundary
in M™ xR. In particular, there is a closed singular set Sing(X) c X such
that ¥\ Sing(X) is smooth and

dimp Sing(¥) <n-T7.

Another difficulty arises from the possibility that the Jang graph blows
up at a possibly singular MOTS. This raises the possibility that singularities
accumulate along the cylindrical end, so that the resulting singular set is no
longer bounded. We overcome this difficulty by constructing the conformal
blow-up piece by piece along the singular set.

Finally, using Theorem 1.2 together with gluing methods, we give an
alternative and shorter proof of Theorem 1.1 under additional assumptions.
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the support of Sphere 28 LLC. YZ was partially supported by NSFC Grant
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2. PRELIMINARIES

2.1. Asymptotically hyperboloidal initial data sets. Let
B dr?
1472
be the hyperbolic metric on H", where ggn-1 denotes the standard round
metric on S™7L.

(21) +7"2'gSn71

Definition 2.1 (Asymptotically hyperboloidal initial data sets). For n > 3,
let (M™,g,k) be a connected, complete initial data set without boundary.
Fix £ >6, a € (0,1), 7 € (%,n), and 79 > 0. We say that (M",g,k) is an
asymptotically hyperboloidal initial data set of type (£, a,T,79) if there exist
a compact set C ¢ M™ and a diffeomorphism

(2.2) ¢: M"~C->H"\B
such that
(23) (6.9 du(k—g)) € CLL(H" ~ B) x C° (H N B),

2We point out that, in order to prove Theorems 1.1 and 1.2, the weaker estimate
dim g Sing(X) < n — 4 would already suffice.
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and
(2.4) Gept, dud € CL20 (H' N B),

-n-To

where the energy density p and momentum density J are given by
1 .
(2.5) [i= 5(Rg (g k)2 = [K[2), = divg(k - (trg k)g)-
For the definitions of weighted Holder space on hyperbolic spaces and
Euclidean space, see [26, 29, Definition 2.1].

Definition 2.2 (Dominant energy condition). We say that (M",g, k) sat-
isfies the dominant energy condition if

(2.6) > |Jlg
holds pointwise on M™.
Definition 2.3 (Wang’s asymptotics). Let (M", g, k) be asymptotically hy-

perboloidal of type (¢,a,n, 7). We say that (M",g,k) has Wang’s asymp-
totics if, in the chart ¢,

(2.7) beg=b+ rn_“_‘Q + Opo(r- D)y,

and

(2.8) ¢« (k = 9)lrs, <75, = rn—p,z +Opy o (r~ (D),

where

(2.9) m,p € Ce’a(S"_l; Sme(T*Sn_l)).
Next, let

(2.10) N :={V eC®(H") : Hess"V = Vb}.

Then

(2.11) N =span{V® vy

where

(2.12) VO =V1i+r2,  vO=gl i=1,... n

Definition 2.4 (Asymptotically hyperboloidal energy—momentum). Set

(2.13) e=¢.g-b  ni=¢.(k-g).

For each V e NV, define
M(V):= lim [S (V(divb e—dtrye)+try(e+2n) dV —(e+2n)(V°V, ))(l/f) dA,

where S, c H" is a coordinate sphere of radius r having unit outer normal
fo with respect to b, and dA is the induced hypersurface measure. The
asymptotically hyperboloidal energy—momentum vector is then defined by

M) MY
(2.14) E: p; = 20Dy’

=" 7 =1,...,n,
2(n—1)wn_1
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where wy,_1 = |S”_1|gsn_1. We also write

(2.15) P=(P,...,P,).
In the case of Wang’s asymptotics, the charges admit the explicit formulas
1 n-2
(216) FE = m \[gn—l (trgan P+ T trgsn71 m) dA,
and

1

n-—2 ;
(217) PZ = m [Sn—l (trggn—l P+ T trgsn—l m) xl dA7

fori=1,...,n.

2.2. Asymptotically flat initial data sets. We recall the standard defini-
tion of asymptotically flat initial data sets and their ADM energy—momentum.

Definition 2.5 (Asymptotically flat initial data sets). Let (M",g), n > 3
be a connected, complete Riemannian manifold without boundary, and let
k be a symmetric (0,2)-tensor on M™. Fix £>6, a € (0,1), and

(2.18) qe(n;2,n—2).

We say that (M", g, k) is an asymptotically flat initial data set of class che
and decay rate g if there exist a compact set C ¢ M"™ and a diffeomorphism

(2.19) ¢p:M"~C->R"\B

onto the complement of a Fuclidean ball such that, in the corresponding
asymptotic coordinates,

(2.20) (¢eg—0,0.k) € CE(R" ~ B) x C* 1Y (R" \ B),
where 0 denotes the Euclidean metric. Moreover, we assume that
(2.21) w, Je LY (M™).

Definition 2.6 (ADM energy and momentum). Let (M™, g, k) be an asymp-
totically flat initial data set, and fix asymptotic coordinates = = (x!,...,z")
on the unique end. Let v and dA denote respectively the outward Euclidean
unit normal and Euclidean hypersurface measure on the coordinate sphere

(2.22) Sp={zxeR":|x|=r}.
Then the ADM energy and ADM linear momentum are defined by
1 .
2.23 E = i 0;9i; — 059;7) V' dA,
( ) ADM 2(n - Dy TLI?O ST( 1 9ij 9]]) v
and
) 1 . i g .
(2.24) Pipy = - Do rll)rgo fST vl dA, i=1,...,n,
where

(2.25) mi=k-(tryk)g,
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and wy,_1 = |S™ ! is the Euclidean volume of the unit sphere in R™. We write

PapM = (PADM, e PJQDM% and, if Eapum > |PADM|a the Corresponding ADM
mass is defined by
(2.26) mapa = v/ B3 pag ~ [Papul?.

Remark 2.7. Typically, one assumes only ¢ > 2 in the definitions of asymp-
totically hyperboloidal and asymptotically flat initial data sets. By imposing
the stronger assumption £ > 6, we are able to directly invoke the results in
[5, 25, 33, 37]. Apart from this, the condition ¢ > 6 is not used in the present
work. In addition, in the AH setting we impose stronger decay on p and J
which is required in [37].

3. REDUCTION TO E >0

3.1. The asymptotically hyperboloidal case. We show that, in the
asymptotically hyperboloidal setting, it suffices to prove nonnegativity of
the energy in an arbitrary asymptotic chart. This is based on a classical
boost argument, see for instance [30, Section 3.3].

Let ¢ : M 4 — H" ~ B be the chosen asymptotic chart and let
(31) (E7P)=(E,P17...,Pn)

be the corresponding energy—momentum vector from Definition 2.4. Recall
that in hyperboloidal coordinates on H" c R"" we have

(3.2) t=V1+r2 x= (' ..., z"),

and

M@ b M)
2(n-1)wp-1’ “2(n-1Dwp

where M denotes the mass functional associated with ¢.

(3.3)

Proposition 3.1. Let W € SO(1,n) be a hyperbolic isometry, and define a
new asymptotic chart by

¢:=To .
Let M denote the corresponding mass functional, and let
(E,P)
be the energy—-momentum vector computed with respect to <Z~> Then
(E,P)=9(E,P).
In particular, after a spatial rotation we may assume that
P, = |P|, P,=0, a=2,...,n
If moreover E > |P|, then the boost

cosh@ sinhd 0
W =|sinhf coshf® 0 |, coshf=

E
0 0 I, V E? - |PJ?

1P|

VE-IPE

sinh 6
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yields

E=\/E2-|P2, P=0.
Proof. Since W is an isometry of (H", ), the composition 6 = Wog is again an
admissible asymptotic chart. Moreover, if Ve N = {V e C®(H") : Hess’ V =
Vb}, then the charge computed in the new chart satisfies
(3.4) MV)=M(V o).

Indeed, the integrands in the flux formula are preserved by the isometry W,
and hence the corresponding limits agree. Now let

(3.5) ti=toWl, F:=z'oW.
By the definition of the charges in the new chart,
= M@ Mm@
(3.6) 2(n = Dy 2(n = Dot
5o Ma) M@

:2(n ~Dwnpr 2(n-Dwpq
Since M is linear on NV, this shows that the energy—momentum vector trans-
forms by the Lorentz transformation V. For the explicit boost, we compute

- E |P|
3.7 f=tcosh®+z'sinhf =1¢ — ,
0 VE-PE B -IPP
. E 1P|
3.8 ' = 2! coshf + tsinh6 = 2t -t ,
. VET-IPE  JET-|PP
and
(3.9) %=z, a=2...,n.
Therefore,

- M@ JoeR ) R
310 E = = = E2 — PQ’
( ) 2(n_1)wn—1 \/E2—|P|2 | |

while
= M(z') E|P|- E|P|
3.11 P = = =0,
(311 "2 -Dwe (B2 |P[2
and clearly P, =0 for «=2,...,n. O

As an immediate consequence, to prove Theorem 1.1 it is enough to es-
tablish nonnegativity of the energy in every admissible asymptotic chart.

Corollary 3.2. Assume that for every asymptotically hyperboloidal initial
data set satisfying the dominant energy condition, and for every admissible
asymptotic chart, the corresponding energy is nonnegative. Then the full
energy—-momentum inequality

E>|P|
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holds.
Proof. Suppose, for contradiction, that (E, P) is not future causal, i.e.
(3.12) E<|P|.

Then there exists a future unit timelike vector

(3.13) a=(ag,al,...,an) € RV, ag > 0, ag_za?:L
i=1
such that
n
(3.14) aE + ) a;P;<0.
i=1

Choose ¥ € SO(1,n) whose first row is a, and let ¢ = ¥ o ¢. By Proposi-
tion 3.1, the corresponding energy satisfies

n
(315) FE = CLQE + Z CLiPZ‘ < 0,
i=1

contradicting the assumed nonnegativity of the energy in every chart. Hence
E>|P|. O

We will make use of the following density result from [18].

Theorem 3.3. Let (M™, g, k) be an asymptotically hyperboloidal initial data
set of type (L, a,7,79) satisfying the dominant energy condition. Then for
every € > 0 there exists an initial data set (M™,§,k) of type (£ - 1,a,n, 7))
with Wang’s asymptotics such that i > |.J|, and its energy-momentum vector
satisfies

|E-E|+|P-P|<e.
Moreover, there exists A >0 such that
- |j|g > AL

Proof. The proof follows closely the arguments in [18, Theorem 3.1 and
5.2]. Chovose a bounded positive function f such that f = »~™!. There
exists (g, k) such that, by [18, Equations (23) and (24)],

t . t
(3.16) (L+to)*i>p+ of, (L+t) g <|Jlg+ 7 f,

/-1 . . .
where v e C2,"%, k = -5, and ¢ is sufficiently small. Moreover, according

to [18, Theorem 5.2], there exists a coordinate chart such that (g, k) has
Wang’s asymptotics. O
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3.2. The asymptotically flat case.

Theorem 3.4. Suppose that there exists an asymptotically flat initial data
set (M,g,k) satisfying the dominant energy condition

> |J|
and
Eapm < |Papm|-

Then there exists another asymptotically flat initial data set, which by abuse
of notation we still denote by (M, g,k), such that

Eapm <0, w>|J|

everywhere on M, and such that the data has harmonic asymptotics. More
precisely, if
mi=k-(tryk)g,
then outside a compact set there are asymptotically flat coordinates x =
(2',...,2") in which
_4 2 .
9ij = un-2 (Si]’, Tij = un-2 ((L(;Y)Z] - (d1V5 Y)61J)7
for some function u and vector field Y satisfying
w(@) = 1+ala™ + Oaa(lz]'™),  Yi(z) = bila ™" + Oga(j]'™).

Proof. Assume that there exists an asymptotically flat initial data set (M, g, k)
satisfying p > |J| and Fapum < |[Papm|- We first use the density theorem of
Eichmair-Huang-Lee—-Schoen [21, p.119], together with the remark following
its proof, to perturb the data slightly so that the dominant energy condition
is preserved, the inequality Fapm < |Papm]| still holds, and

(3.17) p=0, J=0

outside a large compact set. In particular, the data are smooth near infinity.
After this perturbation, we continue to denote the resulting initial data set
by (M, g, k).

If already Fapm < 0, there is nothing further to prove at this stage.
Otherwise we have

(3.18) 0 < Eapm < |Papm|-

Choose coordinates so that Papym points in the z™-direction. Since the
energy—momentum vector is spacelike, we may choose a boost parameter
0 € (0,1) with 6 > Eapm/|Papm| The Lorentz-transformed energy then
satisfies

Eapm - 0|Papy|
3.19 Bl = <0.
( ) ADM \/1_—02
By the boost theorem of Christodoulou-O Murchadha [11], the vacuum end
of the spacetime development may be replaced by a boosted asymptotically
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flat slice with energy EzngM- Thus we obtain a new asymptotically flat initial
data set, again denoted by (M, g, k), satisfying

(3.20) FE ADM < 0
and still obeying the dominant energy condition.

Finally, we apply the density theorem of Eichmair-Huang—Lee-Schoen
once more [21, Theorem 18|. Choosing the perturbation sufficiently small,
we preserve the inequality Eapum < 0, while obtaining an initial data set with
harmonic asymptotics and with strict dominant energy condition

(3.21) w>|J|.
Relabeling this final perturbation by (M, g, k) completes the proof. O

4. EXISTENCE AND REGULARITY THEORY OF SINGULAR JANG GRAPHS

In 1978 P. S. Jang introduced a quasilinear elliptic equation [34], which
Schoen and Yau [41] successfully employed in dimension n = 3 to reduce the
positive mass theorem for general initial data to the case of time symme-
try. This was later extended to dimensions 3 < n <7 by Eichmair [20], who
introduced a key advancement in the modern Jang equation approach with
the use of geometric measure theory techniques to analyze weak solutions.
Analogs of these results in the asymptotically hyperboloidal setting were ob-
tained by Sakovich [39] for dimension n = 3, and more recently by Lundberg
[37] for dimensions 3<n < 7.

Consider the regularized Jang equation

(4.1) H(f) - trg(R)(f) =7f  on M™.
For each 7 > 0 a solution f; € C;’O?(M”), a € (0,1) may be obtained through

an exhaustion procedure, which entails solving an appropriate Dirichlet
problem on finite exhausting domains and using barriers in the asymptotic
ends to control decay. The resulting solutions [20, Proposition 5], [37, Propo-
sition 4.4] satisfy

(4.2) If-l<Cr! on all of M™

via a maximum principle, where C' is a constant depending only on the
initial data, which in the asymptotically flat setting may be taken to be C' =
1+nsupyn |klg. Furthermore, in the asymptotically flat case the regularized
solutions satisfy

(4.3) \fr ()| < cpla*P for all |z| > Ag,

where 8 =1+¢ € (2,n) and the constants cg >0 and Ag > 1 are independent
of 7, while in the asymptotically hyperboloidal case [37, Proposition 4.4]

(4.4) f-(r) < fr(z) < fu(r) for all r > A,

where A > 1 and the radial barriers f. are independent of 7 with

(4.5) fe(r)y=vV1+r2+ O(T?’_n)
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when n > 4.

Theorem 4.1 (Higher-Dimensional AF Geometric Jang Limit). Let (M", g,k),
n >4 be a complete asymptotically flat initial data set. Then there exists a
sequence 7; | 0, a Caccioppoli set Ec M xR, and a closed set

Y :=spt(OE) c M™ xR
such that the following hold.
(i) OE is a 2C-almost minimizing boundary in M™ x R.
(i) If
Reg(X) := ¥\ Sing(X%),
then Reg(X) is a C’i’)g‘ embedded hypersurface, and
dimy (Sing(X)) <n-T.

(iii) Every connected component 3. of Reg(X) is either
(a) a vertical cylinder

3 = NR° xR,

where ZOReg c M™ is a smooth embedded marginally trapped hy-
persurface, whose closure is a 2C-almost minimizing boundary
m M™ with singular set of Hausdorff dimension at most n — 8,
or
(b) a graph
¥ = graph(fx, Us)

over an open set Us, ¢ M™, where fx € Cli’g(Ug) solves the Jang
equation

H(fs)—trg(k)(fs) =0 on Us.

(iv) There exists at least one graphical component
Yoo = graph(foo, Uso)

such that, for some Ag >1 and cg >0, we have {x € M : |z| > Ag} c
Us and

V! foo ()| < cpla* P for |z| > Ag,

with B=1+qe(2,n) and 1 =0,...,5. In particular, the Jang graph
18 smooth near infinity.

(v) For every graphical component graph(fs,Us), the frontier OUys, is
carried by cylindrical components of &. Along the reqular part of the
corresponding cross-sections one has

fu(z) = £oo,

and vertical translates of the graph converge in the sense of currents
to the corresponding cylinders.
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Theorem 4.2 (Higher-Dimensional AH Geometric Jang Limit). Let (M", g, k),
n >4, be a complete asymptotically hyperboloidal initial data set with Wang
asymptotics. Then the conclusions (1), (ii), (iii), and (v) of Theorem 4.1
hold unchanged. Moreover, the conclusion (iv) is replaced by the following
statement.

(iv) There exists at least one graphical component
Yoo = graph(fom UOO)

which contains the chosen asymptotic end. Moreover, for any € >0
there exists A > 1 such that {r > A} c Us, and

Fuo(r0) =T 417 + % + 05(r27m),

where ac € C?(S™71) is the unique solution of

n-2
Gan1 O~ (n-3)a= 5 trg,, , M+trg, | P.

A

In particular, the Jang graph is smooth near infinity.

Proof of Theorems 4.1 and 4.2. These theorems are a combination of exist-
ing results in the literature. Here we will summarize the main points and
provide the appropriate references. For each 7> 0, [20, Proposition 6] shows
that T'; := graph(f;) ¢ M xR is a 2C-almost minimizing boundary. Choose a
sequence 7; | 0. Since the I';; are uniformly 2C-almost minimizing, the com-
pactness theorem for 2C-almost minimizing boundaries yields, after passing
to a subsequence, a Caccioppoli set E ¢ M xR such that I';, - JE as cur-
rents and as varifolds. It follows that ¥ := spt(0F) is an n-dimensional
almost minimizing hypersurface in the ambient (n + 1)-manifold M™ x R.
Therefore, the regularity theorem for almost minimizing boundaries applies
to yield dimH(Sing(i)) <n -7 On Reg(X), Allard regularity yields lo-
cal C* convergence of a subsequence of the I';, and the equation (4.1)
upgrades this to local C*% convergence by standard quasilinear elliptic es-
timates. This proves (ii).

Let ¥ be a connected component of Reg(X). Since the approximating
graphs satisfy

(4.6) H(f‘f'j) _trg(k)(ij) :ijfj’

and since the convergence on compact subsets of 3 is smooth while 7, f7, - 0
locally along the convergent sheets, one obtains

(4.7) Hs. - trg(k) =0.

Let v, = \/1+|V 7|2, and note that this quantity [22, Lemma A.1] (see also
[19, Lemma 2.3]) satisfies

(4.8)  As vt = —(|h* + vr(Hy) + Ric(vr, vy))v2t <ovZt + (Y, Vs vot),
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for some locally bounded function o and vector field Y whose bounds depend
only on the initial data, where Ric is the ambient Ricci curvature of M"™ xR,
h, is the second fundamental form of the graph, and v, = v;'(f.0; - ;)
is the unit normal to the graphs. In particular, the Harnack principle for
limits of graphs implies that every connected component of the regular set
of such a geometric limit is either a vertical cylinder or a graph over an open
subset of M"™. Hence each connected component of Reg(Z) is of one of the
two types in (iii), and in the graphical case the defining function solves the
unregularized Jang equation. See Eichmair [19, Section 3] for more details.

Lastly, (iv) in both the asymptotically flat and asymptotically hyper-
boloidal cases follows from the interior gradient estimate [19, Lemma 2.1]
([37, Lemma 6.1]) together with a standard boot-strap, and the barrier
bounds (4.3) and (4.4). Moreover, the boundary behavior in (v) is the stan-
dard blow-up mechanism for geometric limits of regularized Jang graphs:
near the frontier of a graphical domain, vertical translates of the graph
subconverge to cylindrical components, and along the regular part of the
corresponding cross-sections the defining function tends uniformly to +oo or
—oo. This is exactly the same cylinder-versus-graph alternative and trans-
lation argument used in the smooth case, and it is local on the regular set,
so it carries over unchanged here. (Il

A particularly advantageous feature of Jang graphs is the weak positiv-
ity property enjoyed by their scalar curvature when the dominant energy
condition is satisfied. This is recorded in the next result [41, (2.25)].

Proposition 4.3 (Schoen—Yau Scalar Curvature Identity). Let ¥ c Reg(%)
be a graphical connected component with induced Jang metric g = g + df?.
Then the scalar curvature of the Jang metric takes the form

R=2(p-J(w))+|h— k[ +2|X|2 - 2divy X,
where h is the second fundamental form of ¥ and w, X are 1-forms given
by
_fi VS
i hij = ——F5.
1+[Vf[3 L+|Vf[;

with V;; denoting covariant differentiation with respect to g.

w; Xi = 37 (hij — kij)we,

Proof of Theorem 1.4. We have already proven existence of the Jang equa-
tion above. Thus, it remains only to justify the Minkowski dimension es-
timate for the singular set. Our argument is purely local and does not
distinguish between the AH and the AF case.

By Eichmair’s compactness theory for Jang graphs, 3 is locally the bound-
ary of a Caccioppoli set and is locally C-almost minimizing in the sense of
currents. More precisely, if W ¢ M xR is open and X is an integral (n+1)-
current supported in W, then

(4.9) My (OE) < My (9E + X ) + C My (X),
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where ¥ = OF in W and C' depends only on the local mean curvature bound
coming from the regularized Jang equation.
Fix now a relatively compact coordinate ball
(4.10) UcM xR,

and identify it with a bounded open subset of R™*! by a smooth chart. Since
Minkowski dimension is invariant under bi-Lipschitz changes of coordinates,
it is enough to work in this Euclidean chart.

Let E c U be the set of finite perimeter bounded by X nU. We claim that
E satisfies the almost minimizing hypothesis of [23, (6.8)—(6.9)]. Indeed, let

(4.11) EAFcB.(x)cU.

Choose the filling current X := [F]-[E]. Then 0X = 0F -0F in B,(z) and
(4.12) M(X)=|EAF]|.

Applying the C-almost minimizing property gives

(4.13) Per(E; By(x)) < Per(F; B,(z))+C|E A F)|.

Since E A F c B.(z) c R™!, we have

(4.14) |E A F|<wpr™t,

and therefore

(4.15) Per(E; B.(z)) < Per(F; By(z)) + Cwpar™t.

Thus F is a perimeter almost minimizer in the sense of [23], with
(4.16) a(r) = Cwpr,

so that

(4.17) Per(E; By(x)) < Per(F; By (z)) + a(r)r".

Moreover, « is nondecreasing, a(r) - 0 as r | 0, t = a(t)/t is constant, and

T 1/2 T
(4.18) fo a(?) dt=\/0wn+1f0 t712 dt < oo.

t
Hence all assumptions of [23, Theorem 6.7] are satisfied.

Applying [23, Theorem 6.7] in the chart, with ambient dimension n + 1,
yields

(4.19) dimp Sing(XnU) < (n+1)-8=n-T1.

Since U ¢ M x R was arbitrary, the same estimate holds locally on all of 3,
and this proves

(4.20) dim  Sing(X) <n - 7.
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5. DESINGULARIZING THE JANG GRAPH AND PROOF OF THEOREM 1.2

Lemma 5.1. Let (M",g,k), n >4 be either asymptotically flat, or asymp-
totically hyperboloidal with Wang asymptotics, satisfying a strict dominant
energy condition with p—|J|g > M"Y in the asymptotic end for some con-
stant A > 0. Consider a reqular Jang graphical component

Seo = graph( foo, Uso) € Reg(E)

obtained from Theorem 4.1 or 4.2, and let g be its induced metric. Then
there exist smooth positive functions p and Q on Yo and ¢, C; € R such that

5.1) V' (p-+ea®™)s<Crt WIQls < G

and the following inequality holds for all ¢ € C* (X ) with the property
that ¢ wvanishes in a neighborhood of the singular set, is constant in the
asymptotically flat end, and has bounded supported outside this same end:

1 n+1
: o L (0 o n+l 2\ .2 2
(5.2) lim fzgp|v¢|g+2p(Rg 2A;log p 3 |V10gp|g)qb Z[Eme¢ )

where X7 denotes the region contained within coordinate sphere S,.

Proof. We will treat the asymptotically hyperboloidal case first, and will
assume for simplicity that the initial data possesses a single end. Let p be a
smooth positive function to be chosen. Utilizing the Jang scalar curvature
formula Proposition (4.3) while integrating divgX and Aglogp by parts
produces

2 P n+1 2\ 2
fzg plVols + B (Rg -2Aglogp - mlvlogplg) ¢

_ n+l 5|Vl
2(n+2) p

. [Zw 26(V, Vp) + *(Vp, X) + 2p$(V, X)
- [ X+ 6u0))

5y > S, PV + (= 11)06” + 001X} + (1

where S, denote coordinate spheres with unit outer normal v in the asymp-
totically flat end of . Note that the Jang scalar curvature is not neces-
sarily integrable in the asymptotically flat end, due to the expansion [37,
Lemma B.3]

ASn—l -

(5.4) Rg = Q(n — 2) + O(T'_n_1+€)

Tn

for any € > 0 and some a € C*(S™1). However, the integral on the left-
hand side of (5.3) is finite even in the limit as r — oo since the leading term
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of this expansion integrates to zero on coordinate spheres. It follows that

2., P n+1 2\ 2
/E; p!V¢|§+§(Rg—2Aglogp—m\VIng\g)qb

2 fzg(ﬂ — | J]g)pd* + p|Vd + (X + Vlog p) |2

2
(-5

- [ p8* ((X,v) +vl1og ).
According to [37, (B.15)] the flux density is

(5.5)

« —Nn+e
(5.6) (X,V)z(n—2)(n—3)m+0(r ).
This motivates the choice

- 1
(5.7) patvy Ol L

rn—Z Wn-1

where 1 is a smooth nonnegative cut-off function which vanishes inside S,
and is 1 outside Sa,, in the asymptotic end, and satisfies V|5 < 27 1 By
[37, (B.15) and (B.18)] we have |X|; = O(r'™), and thus the strict DEC

assumption p —|J|; > Ar™""! implies that

n+3
(5.8) M-|J|92(1—m

if rg is chosen sufficiently large. Moreover, with this choice of p we find that
for r large enough

)IVlogpl2+<V10gp,X)

a— Qo
Tl—n

(5.9) (X,v)+v(logp) =(n-2)(n-3) +O(r ).

Hence, the flux integral in (5.5) converges to zero, and we obtain
. 2 P n+l 2\ 2
lim /zgo p|Vol; + 3 (Rg - 2Aglogp - mwlog P|§) ¢

(5.10) ) ,
zfz pQ &> +p|Vé + d(X + Viog p) 2,

A

for some positive smooth function @ satisfying (5.1) and Q > 2r ! for

large r.

]

In the case of asymptotically flat initial data, an analogous argument
holds with many simplifications. In particular, we may choose p = 1, the
Jang scalar curvature is integrable in the asymptotically flat end, and there
are no flux terms arising from the vector field X. ]

Lemma 5.1 is the analogue, in the present Jang-graph setting, of [5, Corol-
lary 3.31]. It provides the coercive estimate needed for the conformal blow-
up argument.
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We follow [5, Section 3.7] to blow up the singular set in order to obtain a
complete manifold without singularities. However, in our setting the singular
set may not be compact, which differs from the situation in [5]. Therefore,
we modify the proof accordingly.

Theorem 5.2. Let (M,g,k) be an asymptotically flat initial data set sat-
isfying p > |J|. Let Yoo be the Jang graph defined in Lemma 5.1. In what
follows, V and A denote the gradient and Laplacian on Y.
(i) Let M = M xR be equipped with the product metric G, Yoo is the
closure of Yoo in M, and let S denote the singular set in Y. Then
S can be decomposed into a union of compact sets S; such that

d(ﬁ}g)(sivsj) > i - j[- 1.

(ii) There exists a function U; e C2(M\S;) supported on a small neigh-
borhood of S; such that for x € Yo the following statements hold.
(a) There exists a constant C; > 1,
n-2

AW, + 2<Vlogp,V\Il,)§Cz

n+

(b) If d(ﬁg)(x,&) is sufficiently small, then

n-2

5(V1ogp, Vi) <0,

A\I/Z +

n+

1
\I/Z((L') > 2—32_nd

-2
-’ dang@S) T

(iii) Let U = Y22 C71W,. Then there exists g such that on Yo,

Q.

n-2 n-2
AT + 1 U)|<—
80( n+2<v 08PV >) 4(n+2)
(iv) Let w=1+¢eoV and § = w%gggw, then (X0, q) is complete.

Proof. (i) Note that the singular set can only concentrate along the cylindri-
cal ends and the asymptotically flat end is regular by the interior estimates
[37, Proposition 6.2]. Set

(5.11) Q; = {ti—l < ’foo’ < ti}, S; =8nQ,,

with tg = 0 and ¢; (¢ > 0) chosen large enough so that d(ﬁg)(ﬂi, Q) > |i-j|-1.
Therefore, each S; is compact and d(ﬁg)(Si,Sj) >|i—j|-1.

(ii) Following [5, Page 31], choose t, € (0,1) such that /%, < %inj(ﬁ 7 ()
for all p e S. Construct ¥; as in [5, Page 32]. Properties (a) and (b) then
follow from [5, Proposition 3.34, 3.35 & 3.36].

(iii) Since V; is supported on a small neighborhood of §;, it follows that
U, ¥; = 0 whenever |i — j| > 1. Note that as shown in Lemma 5.1 and
Proposition A.2, we may choose @ = i( p —|J|) which is uniformly positive
on cylindrical ends, therefore, there exists a suitable g > 0 as required.
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(iv) Let yo,y1 € Yoo and let o : [0,1] - X be a smooth path connecting
them. Define

(5.12) I:={i|Q;na([0,1]) + @}.
Let ¢; and ¢; be positive constants such that
(5.13) w(z) > sid(ﬁ’g)(x,S)_Q for d(M@(x,Si) € (0,¢].

Thus, on the region U;;€2;, we have
(5.14)  w(x) > rﬁijn{si}d(ﬂyg)(:c,S)‘Q for d(M@(ac,S,;) € ((),nzaeiln{ci}].
Following [5, Proposition 3.41], this implies

4 4 -4
d(ﬁ,ﬁ) (yl, Sl) n-2 <Mmax {d(M,g) (yo7 Sl) n=2 Hileajx{ci n-2 }}

4 72(n7+—22) ! /
+ 5 Tax € " [0 lo" () |gdt,

n-— iel

(5.15)

where [ satisfies y; € ;. On the other hand, since dexz g)(Qi, Q) >|i-j]-1,
we have |olz > |I| - 1. Therefore, d(s_, 5)(yo,y1) > o0 when d 372 (y1,S;) ~
oo. Hence, § is complete.

Proof of Theorem 1.1. By Corollary 3.2, to prove E > |P|, it suffices to show
that £ > 0. By Proposition 3.3, it suffices to study Wang asymptotics which
allows us to apply Theorem 4.2 and construct a Jang graph. Proposition
A.1 and A.2 imply that the Jang graph (¥, ¢) becomes an n-dataset in the
Brendle-Wang terminology after performing the deformation in Appendix A.
By [5, Theorem 1.5], the following mass quantity is nonnegative

(5.16) (n=1)c+2(n-3)ag >0,

where o appears in the expansion (5.7), and § = (1 +¢r?™)d in the asymp-
totic end as defined in Proposition A.1. Note that Eapy = "7720, and by
37, (3.4) and (C.1)] we find g = — 25 Eapns. It follows that

2
(5.17) Og(n—l)c+2(n—3)a0:—2EADM.
n —_—
Then by [37, (A.3) and (C.1)], E = E;jb‘f’lM is nonnegative. Finally, the
equality case follows by [30, 31]. O

Proof of Theorem 1.2. We first prove Expym > |[Papm|- By Theorem 3.4 and
Theorem 5.2, it suffices to show that the initial data set (M, g, k) satisfies
Eapm 2 0. We argue by contradiction and assume Fapy < 0. Applying the
perturbation in Appendix A, we construct an asymptotically flat Riemann-
ian manifold (X, g) with a Schwarzschild end, negative energy, and scalar
curvature Ry satisfying Equation (A.2). Note that we can choose p = 1;
therefore, [5, Theorem 1.5] implies Eapy > 0.

Next, we analyze the case Eapm :_|PADM|. We apply [25] to deduce that
(M,g,k) embeds into a spacetime (M,g) containing a null parallel vector
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field in case (g,k) € C2 (M) x C (M). In this case, we may apply [29] to

loc loc
find that the ambient metric may be written in Brinkmann coordinates as

(5.18) g=-2dtdu+ F(z,u)du®+ (dz')?* + - + (dz"1)?,

where F' is independent of ¢ and satisfies

(5.19) Agn-1F(-,u) <0 for every u e R.

This proves the claim. O

6. ASYMPTOTICALLY HYPERBOLOIDAL POSITIVE MASS THEOREM VIA
THE ASYMPTOTICALLY FLAT POSITIVE MASS THEOREM

In this section we explain that Theorem 1.2 implies Theorem 1.1 under
stronger asymptotic assumptions at infinity.

6.1. Proof for Wang asymptotics. In the Riemannian (k = g) case, the
desired inequality for asymptotically hyperboloidal manifolds with Wang
asymptotics follows directly from the recent work of Chrusciel and Delay
[12]. More precisely, they show that the causal-future-directed character of
the asymptotically hyperboloidal energy—momentum vector can be reduced
to the spacetime positive mass theorem for asymptotically Euclidean initial
data sets.

Therefore, combining their reduction with Theorem 1.2, we obtain the hy-
perbolic positive mass theorem for asymptotically hyperboloidal Riemann-
ian manifolds with Wang asymptotics. In particular, if (M",g) is an asymp-
totically hyperboloidal manifold with Wang asymptotics and scalar curva-
ture

(6.1) Ry >-n(n-1),
then its energy-momentum vector (E, P) satisfies

(6.2) E>|P|.

6.2. Proof for exact AdS—Schwarzschild asymptotics. We now ex-
plain how Theorem 1.2 yields the hyperbolic positive mass theorem for initial
data sets which are exactly AdS—Schwarzschild near infinity.

Assume that (M",g,k) is an asymptotically hyperboloidal initial data
set satisfying the dominant energy condition, and that for some compact set
K c M™ the exterior region M" \ K is realized as a spacelike hypersurface
in the Schwarzschild spacetime of mass m, with induced initial data equal
to the corresponding exact AdS—Schwarzschild data.

Since both the asymptotically hyperboloidal AdS—Schwarzschild slice and
the standard asymptotically flat Schwarzschild slice occur in the same am-
bient Schwarzschild spacetime, we may bend the given hypersurface in the
exterior region so as to replace the hyperboloidal end by an asymptotically
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flat end, while keeping the data unchanged on a sufficiently large compact
set. In this way one obtains an asymptotically flat initial data set

(6.3) (M, 5, k)
which still satisfies the dominant energy condition and whose asymptotically

flat end is exactly Schwarzschild of mass m. Applying Theorem 1.2 to
(M,7q,k), we conclude that m > 0, i.e. that E >|P| including rigidity.

APPENDIX A. DENSITY LEMMA

In this appendix, we deform the Jang graph metric to produce a Schwarzschild
end, while preserving the weighted inequality for the scalar curvature (cf.
Proposition A.2) and ensuring that the total energy changes only slightly.

Proposition A.1. Let n > 3, and let (M™,g) be asymptotically flat on an
end
E~R"\ Bp,.
Assume that, in the asymptotic coordinates,
Gij = 51']' + 02(7"2_”).
Let Eapm(g) denote the ADM energy of g. Fix A > 0 and € € (0,n — 2).

Then, for all sufficiently large ro, there exists a smooth asymptotically flat
metric g such that

Jg=g on {r<ro},

gij = (1+ cr2_”)6ij on {r>2ry},
and
Eapm(9) — Eapm(g) = O(Arg©).
Proof. Let
(Al) Ey = EADM(g)
Choose the positive energy increment
A
A2 o 1= —————7g°.
( ) n 0 (TL _ 1)€T0
Define
2

(A.3) c=c(ro) = ——(Eo + 1),

n-—2
and set
(A.4) ge = (1+cr®™)6.
With the ADM energy normalization

1 )

A5 E =—1 f 0;gi; — 0;g;; )V dS,
( ) ADM(g) 2(n _ l)wn—l an;; Sp( ]g] QJJ)V
we have

n-—2
(A.6) Eapm(ge) = c=Eq+ 0.

2
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Let x € C*([0,00)) satisfy

(A.7) x(s)=0 fors<1, x(s)=1 for s>2, 0<x<1.
Define

(A.8) Yoo () = (/o).

Then

(A.9) Xro =0 for r <o, Xro =1 for r >2r,

and on the transition annulus rg < r < 2rg,

(A.10) 10X ro| < Cor ™.
Define g on the end £ by

(A.11) 9= (1= Xrg)g + XroYes

and set ¢ = g away from the chosen end. For ry sufficiently large, both g
and g, are uniformly close to 6 on {r > rg}, so g is positive definite. By
construction,

(A.12) g=g  on{r<mre},
and
(A.13) G=ge=Q+cr>™)6§  on {r>2r}.
Finally,
(A.14) Eapm(9) = Eapm(g) =1 = LT(}E = O(Arg°),
(n-1)e
which tends to zero as ry - oo. The proof is complete. O

Next, we show that Rj satisfies a weighted inequality.

Proposition A.2. Let § be the metric constructed in Proposition A.1. Let
35, and @ be the region and function defined in Lemma 5.1. Suppose i —
|J|g 2 Ar~"! in the asymptotically flat end. Define

~ o 2 p n+1 2 2
1@) = [ (olvoB+ 5 (285108 p- 5 (9 log ) 02 Vs
and let 1(g) :=limsoo I(g). Then

1G)2 [ Sofe*Qav;
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Proof. We compare I5(g) and I;(g). Observe that
(A.15)
I(9) - I(9)

n+1 — —
:/zs (P|V¢|§+g(Rg—2Aglogp—leogp@)ng) (v/det g —+/det g)dx
i i 1
+ fz (P(g 137 )pip; + équ)?(Rg - Rg))dVg
1 n+l,_ ;.
_szo §P¢2 (2(A§—A§)logp+ n+2(g3 —g])(logp)i(logp)j)d‘/;—,.

First, we estimate the scalar curvature integral. Write

(A.16) h:=g-6, h:=g-0.

The scalar curvature expansion about the Euclidean metric is
(A.17) Rs.h = Lsh+ Q(h,dh,d%h),

where Q is the quadratic term and

(A.18) Lsh = 0;05hij — As(trs h),

and, for h sufficiently small in C?,

(A.19) |Q(h, 0h,9°h)| < C(|h]|0*R| + |0h]?).

Since

(A20) h=0y(r""),  ge=6=02(r""),

the cutoff construction gives

(A.21) h=09(r*™),

with constants independent of rq, for ry sufficiently large. Hence
(A.22) Q(h,8h,8%h) = O(r*7*™),  Q(h,dh,d°h) = O(r*72").
Using that g =g in {r <7¢} and

(A.23) R — Ry = Ls(h—h) + O(r*7*™),

we may integrate Ls by parts to obtain
1
fzr §P¢2(R§ - Rg)dV;
(A.24) °° o 3 B
= fzr o ~PO0i® (95(hij = hi) = 9i(hjj = hjj)) + pg* O(r*~>")dVy.

Applying the decay of all relevant terms to (A.15) yields
L@ 2 L@ [ (OGT)IToR+ 00?2 p” + Ol )polly) vy

Now apply equation (5.10) and the inequality
3.1-n -n-1.1

-n r T
(A.25) T pdlVely < ——plvelg+ —

pB>,
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and taking r — oo, we obtain
. 4Q
1G)> [ (5500%+ v+ o(X + Tlogp)l2) v
3.1-n 2
- /ZOO\EZQ cor P|V¢|§dvg

for some cp > 0, where we use @ > %r‘”_l to absorb O(r" 1) pp?. Since

Vel
(A.27)  =IVo+d(X +Viogp)[; - 20V - (X + Vlogp) - ¢*|X + Vlog g3

1
<|Vo +¢(X + Viogp)[2 + §IV¢|§ +¢°|X + Vlog pf2,

(A.26)

it follows that
V2 <2V + ¢(X + Viog p)[2 +2¢*| X + Vlog pl2
<2Ve+ ¢(X + Viogp)|s + crr® 2" ¢?,

for some ¢; > 0. Therefore, we have

(A.29) 10)> [, (306 + Solv0+ (X + Tlog ) ) v

Hence, if ¢ is chosen large enough such that \/det g > %\/ det g, we have

(A.28)

3 1
(A.30) 1)z [ Zostavyz [ L poqav;

oo

]
Remark A.3. Note that Rj € L'; thus, I(§) is invariant for any exhaustions.
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