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Lagrangian Floer Homology and Fukaya Categories Ceybun
Elmacioglu

Let L be a Lograngian submanifold in a symplectic manifold (M ,
w)

. Suppose
thatYe is a Hamiltonian diffeomorphism generated by some Hamiltonian HiM-IR.

Theorem : (Floer) Assume that the symplectic area of any topological disc in M
with boundary on L vanishes. Assume moreover that L and 4(L) intersect trans-

versely . Then the number of intersection points of Land Y(L) satisfies the bound

14(2) hLl= dimH(L : (2)
.

Floer's approach to answering this question was to associate a pair of Log
rangians Lo and L a chain complex

CF(Lo
,
(1) = generated by intersection points of Lo and La

together with a differential G : CF(Lo
,
(_) > CF(Lo

,
(1) with the properties :

(i) 22= 0 so that Floer cohomology HF(Lo ,
(1) is well-defined,

(ii) if L and Ll are Hamiltonian isotopic ,
then HF(Lo

,
L

_) = HF(Lo,1) ,
and



(iii) if L is Hamiltonian isotopic to Lo ,
then HF(Lo

,
L _) = H

*

(L)

Remark : Assuming Floer cohomology can be defined this way ,
Floer's theorem

is trivial since

14(L) hLl = dimCF(4(2)
,
L) > dimHF(4(2)

,
L) = dim H

*

(L)

Example : Consider the Cylinder T
*
S

-
= 1RXSt. The assumption that PeHam (M)

implies that if L is the zero section
,
then 4(L) can be of the following

form .
It is then clear that I4(L)tLl >2 which satisfies the above the-

orem since

dimH*(L) = dimH
*(St) = dim22 = 2.

Note that Floer's Theorem fails if Y(L) -------

(i) 4 is a symplectomorphism only ,
or &

(ii) we remove the disk assumption.
-

T
*St



Lagrangian Floer Cohomology
Let Lo and La be compact Lagrangians in M such that

(i) Lo andLe intersect transversely ,
and

(ii) they are equipped with spin structures .

Definition of Floer Cohomology
Def ? The Novikov field over a base field IK is

A =[T* Ge ,
XieR ,mi = 0] -

Deff : The
energy of a map u:IRx[0 ,

1] < M is defined to be

E(u) : = (u+w = J) Gues at
IRx[0, 1]

Equip M with an w-compatible almost complex structure J . We can now de-

fine the relevant moduli space of J-holomorphic curves.



Deff : Given a homotopy class [U]ea (M ,
Lowhi)

,
we denote

↓ (p,q ; [u] ,
5) == u:Rx [0,

1] sM
Eu = 0

,

uls
,
de Lo and u(s,

1)eL+ HseR
,S slimu(s ,

) = p,mu(s, = q ,
El S

There is an obvious I-action on M/p , q : [u]
,

5) given by auls . t) = uls - a
,
+).

The quotient of M(p,g ; [u]
,

j) by this action will be denoted by M(p .q : [u] ,
5)

.

Remark : The boundary value problem defining M(p,q ; [u], j) is a Fredholm pro-

blem in the sense that the linearization Dojn of j at a given solution u is a Fr-

edholm operator , hence has an index ind([u]).

Thm : The space of solutions M(p,q ; [u]
,
j) is a smooth orientable manifold

of dimension ind([n]) if Dijn is surjective at each point of M(p,9 : [n]
,
J)

and Li is spin.

Def : The Floer chain complex is the chain complex

CF(Lo
,
L : = + Ap

peX(Lo ,(a)



equipped with the Floer differential which is A-linear and given by

ap :=
Z (*M(p ,q ; [u]

, 5)) .Twins
9

qeX(4o ,ma)

[u] : ind([u])=1

· Remark : We make two observations .

(i) Gromov's Compactness Theorem ensures that
, given any energy bound

Eo
,
there are only finitely many homotopy classes [u] with w([n])<Eo

for which the moduli space M(p ,q : [u] , j) is nonempty.
This is pre-

cisely why we use Novikov coefficients and weigh the counts of

pseudo-holomorphic strips by symplectic area.

(ii) We consider homotopy classes of ind([n]) = + because then

-

dimM(p,q ; [u],5) = dimM(p,q ; [u] ,5) - -

= ind([n]) - + = 1- + = 0

and #M(p ,q ; [u]
,
j) makes sense

.



Remark :

(i) Formally , Lagrangian Floer Homology can be considered as an infinite-dim-
ensional analogue of Morse homology for the action functional on the univer-

sal cover of the path space P(Lo ,
(1)

,

where

& (5 , [r]) = - Sw
(ii) Grading on the chain complex is as follows. Consider the LGr(n)-bundle

LGr(TM) < M
.
Note thati (LGr(n)) = X

.

Let LGr(TM) be the fiberwise

universal bundle over M.

- ToriTM)
Fact : (1) The bundle LGr(TM) exists if 2C(M) = 0. Su

- V

T

(2) There is a canonical short path between L > LGr(TM)
Su

any two Lagrangian subspaces in LGr(n).

We have the diagram on the right. The Maslov class is the obstruction to the

existence of the lift Ls [Gr(TM) .
Given peX(Lo ,

L)
, find a path y

between 52
.
(p) and 52(p) .

Ifa denotes the canonical short path from

Su(p) to Sy(p) ,

the grading of p is deg(p) = [roT()] en (LGr(n).



Product Operations

Let
[ ordered (k+1)- tuples of points on St3

Mockte =

Aut (D)

and observe that dimMoke = k-2
.

Def ? Given a homotopy class [uJetz (M ,
Lov ... u(k)

,
we denote

=
D-Ezo

, ...,
Zin3 Le9

:

zo

Fi
M(p= ,

. . . , Pk ,qi[u] ,5) : = S -U
· zk

---

,
E(u) < x &· Zk-1

M

where we consider each strip up to the action of Aut (D) by repara-
metrization. Assuming transversality and taking into account the move-

ment of Zi for ik+1 on St= &D
,

the expected dimension of this modu-

li space is

dim M(p+, . . PK,9 ; [u] ,
j) = ind([u]) + (k+1) - dimAut(D2)

= ind([u3) + k - 2.



Def : Let Lo
, .... Lk be Lagrangian submanifolds with spin structures. The operation

M : CF (L
., (k) 0 .

- .. CF(Lo
,
ha) -> CF(LaLab

is the1-linear map

M(px .
.

.
. . p) = Z (#M(p+ - --+q ; [u]

, 5)) . Twins a
qeX(ho ,ma

[u] : ind([u])= 2- k

Remark : In particular , put is the Floer differential 2 : CF(Lo
,
(2) -> CF(Lo

,
hi)

·

The most important property of the higher product operations u is

the following.

Theorem: (Ay-relations) If [W].z (M ,
(i) = 0 for all i, then the operations uk

satisfy the Ax-relations

Me(pn, PMP,
where x = j + deg(p) +.. - + deg(pj) .



Let us comment further on these relations by considering the summands for
distinct values of 1 and j .

When l= 1
,
the product outside is always u" and

inside is always put , therefore

j = 0 = u(pk , . . ., P2 ,m(pt)
i i i

j = k- 1 = Mk(M (px) , Pa1 ...., P=) -

When 1 = 2
,
the product outside is always + and inside is always Mt,

therefore
j = 0 = ut (px ,

.
.

., pa , M2(pz , p+)

i i i

j = k- 2 => mit(((pk , Px2) , Pk=...., Pt)

Continuing in this manner
,
when 1= k (and j can only be 0) ,

the product our

Aside is Met and inside is M,
therefore

j = 0 = M (u"(pk , . ..., p=
)) = G(uk(px ,

- .

.,pi))

Hence
,
one can see the As-relations as a certain compatibility condition of



the higher products uk.

Corollary : (Floer product) There is a product

·: CF(La
,
L_]CF(ha ,

Lo) > CF(La
,
Lo]

satisfying the Leibniz-type formula

-(p2 -p=) = F(apz) - p+ + pr . (Apa) .

In particular , this product induces a well-defined product

HF(L2
,
L_) @HF(L_,

Lo) <HF(La
,
Lob

which is independent of the chosen almost complex structure and Hamiltoni-

an perturbations and is associative .

Proof : Letting Pape := M2 (PC ,PH) ,
the An-relations imply that

G (p2p1) =

u
+ (n2(p2 , p+)) = F(2(m+

(pz) , p+) = m2(p2 , m
+ (pt)

= F (2pz) . p =
= p2 - (apa)

as desired.
#



Wrapped Fukaya Category
Def : The Liouville vector field on an exact symplectic manifold (M , w = db)

is the unique vector field Z satisfying Lzw = 0
,

or equivalently by Car -

tan's formula , Lzw = w .

Def : A Lionville manifold is an exact symplectic manifold (M ,
w =do

such that the Liouville vector field E is complete and outward pointing
at infinity.

· More precisely , we require that there is a compact domain Mi with boundary
OM on which d= Olan is a contact form .

Moreover
,
Z is positively transverse

to OM and has no zeros outside of Min .

↓
Then

,
the flow ofI can be used to identify M-Mic with the sympleati-

zation (1
,
2) xUM equipped with the symplectic form w = d(ra) and

Liouville vector field Z= rolar
.



Def ? An exact Lagrangian in (M
,
dO) is a Lagrangian L such that there

is a function f : L-IR with the property O = df -

We restrict our attention to exact Lagrangian submanifolds L in M
which are canonical at infinity ,

i

.e. if L is noncompact ,

then at infinity,
it must coincide with the come (1

,
x)XGL over some Legendrian subma-

nifold GL ofaM.

Def* : An Ay-category is a category C such that

(i) for all objects X ,
YeOb(C) the morphisms Homa(X ,

Y) is a finite dimen-

Sional chain complex ofI-graded modules,

(ii) for all objects Xo , .... XnCOb(C) ,
there is a family of linear composition

maps (higher products
Mn : Hom

,
(Xo

,
X) a - --- Home (An ,

Xn) < Ham(Xo
,
Xn)

(iii) My is the differential on the chain complex Home (X ,
Y)

,
and

(iv) Mn Satisfy the An-relations.



Def : Given two Lagrangians Lo ,
La

,
the wrapped Floer complex ,

denoted

by CW(Lo , Lei H) , is generated by points of E(Lo)dL - over 1.

The differential counts solutions to Floer's equation ,
as before.

Remark :

(i) We only consider Hamiltonians H :M-IR which
,
outside a compact set,

satisfy H = r where re(1
,
b) is the radial coordinate.

(ii) It turns out that the naturally defined product map would take values
in CW(Lo

,
Lzi2H)

.

There is a rescaling trick solving this issue.

(iii) Using the rescaling trick ,
the higher products can also be defined

MK : CW(L
, L ; H) x -... CW(Lo

,
Li H) > CW(Lo

,
(k : H)

which makes the wrapped Fukaya category ,
denoted W(M)

,
an An-

category ,
whose objects are exact Lograngians that are canonic-

al at infinity and Homwins (Lo ,
L_) := CW(Locha)



Example : Wrapped Floer Complex in 1RX St

Let M = T
*St = 1RXS" be equipped with the standard Liouville formdo

and the wrapping Hamiltonian H = r2. Consider the exact Lagrangian L =

IRx[pt3 .
IL)

We can label the intersection points by integers : .↑* (2
,
2) = Exi : ie 23

Recall that the differential counts rigid pseudoholomorphic strips with bound-

on L and EF(L) . It is clear from the diogram that no such strip exists. He

noe 8 =0 and

HW(L
,
L) = CW(L

,
L) =

span [xi : it 23

Remark : Since L is invariant under the Liouville flow
,
the rescaling trick from

before simply amounts to identifying

* (L
,
Li2H) = ER(L)nL & X(L

,
Li H)=)nL

via the radial rescaling re2r. In other words ,
the intersection point of

E(L) and L lying between Xn and Xnt1 is Fanta and is identified with Xane ;



and the intersection point of EP(L) and L lying at Xn is Yen and is

identified with Xan

--

LM
-

(L)

After this identification ,
we see that XiXm= Kune =XmThis further generalizes to Xi · Xj = Xi+ j.

·

Theorem : (Wrapped Floer Complex of T*St) There is an (L)

Ax-algebra isomorphism (W(L ,
L) = 1[X

,
x
+].

Cotangent Bundles

The above theorem is a simple case of a more general result .



Theorem : (Abouzaid) Let N be a compact spin manifold. Let L= Ta
*
N be the

cotangent fiber at some point geN. Then there is a quasi-isomorphism

CW
*

(L
,
L) = C

- x (gN)
of An-algebras ,

where the right hand side is the chains on the based

loop space .

Remember the conjecture by Arnold that Shuhao told us about in the first
two weeks.

Conjecture : (Arnold) Let N be a compact closed manifold. Then any compact
closed exact Lagrangian submanifold of T*N is Hamiltonian isotopic to

the zero section .

This conjecture remains out of reach of current technology ,
however we have :

Theorem : (Fukaya-Seidel-Smith ,
Nadler-Zaslow

,
Abouzaid

, Kragh) Let L be
a compact connected exact Lagrangian submanifold of T*N .

Then
, as an

object of WCT
*N)

,
L is quasi-isomorphic to the zero section and the

restrictionT : L-> N is a homotopy equivalence .


