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Linked to conformal geometry in dimension 4.

Higher dimensions are demonstrably different.

19



Let (M2m, ω) be a compact symplectic manifold.

20



Let (M2m, ω) be a compact symplectic manifold.

21



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

22



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

23



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

24



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

25



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

26



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

27



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

28



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

Leads to theory of J -holomorphic curves,

29



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

Leads to theory of J -holomorphic curves,
Gromov-Witten invariants, etc.

30



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

Leads to theory of J -holomorphic curves,
Gromov-Witten invariants, etc.

Imitates Kähler geometry in a non-Kähler setting.

31



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

32



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

=⇒ g := ω(·, J ·) is a Riemannian metric.

33



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

=⇒ g := ω(·, J ·) is a Riemannian metric.

Such g are called almost-Kähler metrics, because

34



Let (M2m, ω) be a compact symplectic manifold.

Thus, ω is a 2-form with dω = 0 and ω∧m 6= 0.

By convention, orient M so that ω∧m > 0.

⇒ ∃ compatible almost-complex structures J :

J : TM → TM, J2 = −1,

J∗ω = ω, ω(v, Jv) > 0 ∀v 6= 0.

=⇒ g := ω(·, J ·) is a Riemannian metric.

Such g are called almost-Kähler metrics, because

Kähler ⇐⇒ J integrable.

35



Discussion involves three intertwined structures:

36



Discussion involves three intertwined structures:

J

g

ω
J
J
J
J
J
J
J
J
J
ĴJ
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Lemma. An oriented Riemannian 4-manifold (M, g)
is almost-Kähler w/ respect to the 2-form ω ⇐⇒
• |ω|g ≡

√
2,

• ω is a harmonic 2-form, and

• ∗ω = ω.
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Proposition. A conformal class [g] on a smooth
compact oriented 4-manifold M is represented by
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dual harmonic 2-form ω that is 6= 0 everywhere.
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Proposition. A conformal class [g] on a smooth
compact oriented 4-manifold M is represented by
an almost-Kähler metric g iff it carries a self-
dual harmonic 2-form ω that is 6= 0 everywhere.

Moreover, the set of conformal classes [g] on M
that carry such a harmonic form ω is open in
the C2 topology.
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For M4 compact, the Weyl functional

W ([g]) =

∫
M

(
|W+|2 + |W−|2

)
dµg

measures the deviation from conformal flatness,
because (M4, g) is locally conformally flat ⇐⇒
its Weyl curvature W = W+ + W− vanishes.

Basic problems: For given smooth compact M4,

•What is inf W ?

•Do there exist minimizers?
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For M4 compact, the Weyl functional

W ([g]) =

∫
M

(
|W+|2 + |W−|2

)
dµg

measures the deviation from conformal flatness,
because (M4, g) is locally conformally flat ⇐⇒
its Weyl curvature W = W+ + W− vanishes.

But we’ve already noted that

12π2τ (M) =

∫
M

(
|W+|2 − |W−|2

)
dµg

is a topological invariant.
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For M4 compact, the Weyl functional

W ([g]) =

∫
M

(
|W+|2 + |W−|2

)
dµg

measures the deviation from conformal flatness,
because (M4, g) is locally conformally flat ⇐⇒
its Weyl curvature W = W+ + W− vanishes.

But we’ve already noted that

12π2τ (M) =

∫
M

(
|W+|2 − |W−|2

)
dµg

is a topological invariant.

So Weyl functional is essentially equivalent to

[g] 7−→
∫
M
|W+|2dµg
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For M4 compact, the Weyl functional
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∫
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(
|W+|2 + |W−|2

)
dµg

measures the deviation from conformal flatness,
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its Weyl curvature W = W+ + W− vanishes.
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12π2τ (M) =

∫
M

(
|W+|2 − |W−|2

)
dµg

is a topological invariant.

In particular, metrics with W+ ≡ 0 minimize W .
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For M4 compact, the Weyl functional

W ([g]) =

∫
M

(
|W+|2 + |W−|2

)
dµg

measures the deviation from conformal flatness,
because (M4, g) is locally conformally flat ⇐⇒
its Weyl curvature W = W+ + W− vanishes.

But we’ve already noted that

12π2τ (M) =

∫
M

(
|W+|2 − |W−|2

)
dµg

is a topological invariant.

In particular, metrics with W+ ≡ 0 minimize W .

If g has W+ ≡ 0, it is said to be anti-self-dual.
(ASD)
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Twistor picture of anti-self-duality condition:
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Twistor picture of anti-self-duality condition:

Oriented (M4, g)! (Z, J).

Z = S(Λ+), J : TZ → TZ, J2 = −1:
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Theorem (Atiyah-Hitchin-Singer). (Z, J) is a com-
plex 3-manifold iff W+ = 0.
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Twistor picture of anti-self-duality condition:

Oriented (M4, g)! (Z, J).

Z = S(Λ+), J : TZ → TZ, J2 = −1:
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Theorem (Atiyah-Hitchin-Singer). (Z, J) is a com-
plex 3-manifold iff W+ = 0.

Reconceptualizes earlier work by Penrose.
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Twistor picture of anti-self-duality condition:

Oriented (M4, g)! (Z, J).

Z = S(Λ+), J : TZ → TZ, J2 = −1:
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Theorem (Atiyah-Hitchin-Singer). (Z, J) is a com-
plex 3-manifold iff W+ = 0.
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Twistor picture of anti-self-duality condition:

Oriented (M4, g)! (Z, J).

Z = S(Λ+), J : TZ → TZ, J2 = −1:
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Theorem (Atiyah-Hitchin-Singer). (Z, J) is a com-
plex 3-manifold iff W+ = 0.

Motivates study of ASD metrics,
and yields methods for constructing them.
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So ASD metrics are linked to complex geometry. . .
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:
special case of cscK manifolds,
and so of extremal Kähler manifolds.
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:
special case of cscK manifolds,
and so of extremal Kähler manifolds.

Results proved about SFK in ’90s foreshadowed
many more recent results about general case.
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

121



A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism: compact case
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism: (compact case)
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A different link with complex geometry:
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⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism: (compact case)
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

–

–

–

•Non-Ricci-flat case
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

–K3

–

–

•Non-Ricci-flat case
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

–K3

– T 4

–

•Non-Ricci-flat case
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

–K3

– T 4

– eight specific finite quotients of these

•Non-Ricci-flat case
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)
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– T 4

– eight specific finite quotients of these

•Non-Ricci-flat case
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case

–

–

–

–
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case

–CP2#kCP2, k ≥ 10

–

–

–
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Convention:

CP2 = reverse oriented CP2.
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case

–CP2#kCP2, k ≥ 10

–

–

–
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case

–CP2#kCP2, k ≥ 10

– (T 2 × S2)#kCP2, k ≥ 1

–

–
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case

–CP2#kCP2, k ≥ 10

– (T 2 × S2)#kCP2, k ≥ 1

– Σ× S2

–
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case

–CP2#kCP2, k ≥ 10

– (T 2 × S2)#kCP2, k ≥ 1

– Σ× S2 and Σ×̃S2,

–
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case

–CP2#kCP2, k ≥ 10

– (T 2 × S2)#kCP2, k ≥ 1

– Σ× S2 and Σ×̃S2, genus Σ ≥ 2

–
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A different link with complex geometry:

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

Scalar-flat Kähler surfaces:

Classification up to diffeomorphism:

•Ricci-flat case (ignore from now on)

•Non-Ricci-flat case

–CP2#kCP2, k ≥ 10

– (T 2 × S2)#kCP2, k ≥ 1

– Σ× S2 and Σ×̃S2, genus Σ ≥ 2

– (Σ× S2)#kCP2, k ≥ 1
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Notice that the 4-manifolds CP2#kCP2
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Notice that the 4-manifolds CP2#kCP2
do not admit scalar-flat Kähler metrics when k ≤ 9.
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any metric on one of these manifolds M satisfies∫

M
|W+|2dµ ≥

4π2

3
(9− k)
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Notice that the 4-manifolds CP2#kCP2
do not admit scalar-flat Kähler metrics when k ≤ 9.

Plausible conjecture:
these manifolds don’t admit any ASD metrics.

Stronger conjecture:
any metric on one of these manifolds M satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M)

with equality iff g conformal to Kähler-Einstein.
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Notice that the 4-manifolds CP2#kCP2
do not admit scalar-flat Kähler metrics when k ≤ 9.

Plausible conjecture:
these manifolds don’t admit any ASD metrics.

Stronger conjecture:
any metric on one of these manifolds M satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M)

Theorem (Gursky ’98). True for conformal classes
of positive Yamabe constant.
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Notice that the 4-manifolds CP2#kCP2
do not admit scalar-flat Kähler metrics when k ≤ 9.

Plausible conjecture:
these manifolds don’t admit any ASD metrics.

Stronger conjecture:
any metric on one of these manifolds M satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M)

Theorem (Gursky ’98). True for conformal classes
of positive Yamabe constant.

Theorem (L ’15). True for conformal classes of
symplectic type.
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(∫
|W+|2 dµ

)1/2

≥ 2πc1 · [ω]√
3[ω]2

∫
M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M)

Theorem (L ’15). True for conformal classes of
symplectic type.
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∫
M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M)

Theorem (L ’15). True for conformal classes of
symplectic type.
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Last result indicates that almost-Kähler condition
gives extra control on ASD conformal geometry.

Inyoung Kim ’16: classification of almost-Kähler
ASD roughly the same as in scalar-flat Kähler case.

Does this say anything about general ASD metrics?

Almost-Kähler ASD metrics sweep out an open set
in the ASD moduli space.
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Product is scalar-flat Kähler.
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Product is scalar-flat Kähler.
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Product is scalar-flat Kähler.
For both orientations!
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Product is scalar-flat Kähler.
For both orientations!
W± = 0.
Locally conformally flat!

181



Example.

M = Σ× S2
K = +1

K = −1
Σ

S2

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...................

..............
............
...........
..........
..........
.........
.........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
.........
.........
..........

..........
...........

.............
...............

....................
........................................

.................................................................................................................................................................................................................................................
...........................

...................
...............

...........
.........
........
.....

.......................
...............................

.....................................................
..............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................................
........................

......

.......................
...............................

.....................................................
..............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................................
........................

......

.........................................................................................................................................
.................

.......
......................

....................................................................................

.........................................................................................................................................
.................

.......
......................

....................................................................................

...................................................................................................................
.............

...........................
.....................................................................................................

M̃ = H2×S2= S4 − S1
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π1(Σ) ↪→ SO+(1, 2)×SO(3) ↪→ SO+(1, 5)
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Scalar-flat Kähler deformations: 12(g−1) moduli
Locally conformally flat def’ms: 30(g − 1) moduli
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Example.

M = Σ× S2
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Scalar-flat Kähler deformations: 12(g−1) moduli
almost-Kähler ASD deformat’ns: 30(g−1) moduli
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Last result indicates that almost-Kähler condition
gives extra control on ASD conformal geometry.

Inyoung Kim ’16: classification of almost-Kähler
ASD roughly the same as in scalar-flat Kähler case.

Does this say anything about general ASD metrics?

Almost-Kähler ASD metrics sweep out an open set
in the ASD moduli space.
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Last result indicates that almost-Kähler condition
gives extra control on ASD conformal geometry.

Inyoung Kim ’16: classification of almost-Kähler
ASD roughly the same as in scalar-flat Kähler case.

Does this say anything about general ASD metrics?

Almost-Kähler ASD metrics sweep out an open set
in the ASD moduli space.

Is this subset also closed?

Does one get entire connected components this way?

Alas, No!
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where Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
locally-conformally-flat classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but
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Theorem A. Consider 4-manifolds M = Σ× S2,
where Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
locally-conformally-flat classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].

Same method simultaneously proves. . .
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Theorem B. Fix an integer k ≥ 2, and then
consider the 4-manifolds M = (Σ× S2)#kCP2,
where Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].

Proof hinges on a construction of hyperbolic 3-manifolds.
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Theorem B. Fix an integer k ≥ 2, and then
consider the 4-manifolds M = (Σ× S2)#kCP2,
where Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].

Proof hinges on a construction of hyperbolic 3-manifolds.

We begin by revisiting hyperbolic metrics on Σ.
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π1(Σ) ↪→ SO+(1, 2) = PSL(2,R)
∩ ∩
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π1(Σ)
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of Bers type

Quasi-conformally conjugate to Fuchsian.
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Γ Fuchsian

X ≈ Σ× R
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Γ quasi-Fuchsian

X ≈ Σ× R
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Γ quasi-Fuchsian

X ≈ Σ× R

Freedom: two points in Teichmüller space.
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Γ quasi-Fuchsian

X ≈ Σ× R
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Γ quasi-Fuchsian

X ≈ Σ× [0, 1]
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Γ quasi-Fuchsian

X ≈ Σ× [0, 1]

Tunnel-Vision function:

f : X → [0, 1]
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X ≈ Σ× [0, 1]

Tunnel-Vision function:

f : X → [0, 1]

∆f = 0
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M = [X × S1]/ ∼
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Construction of conformally flat 4-manifolds:

M = [X × S1]/ ∼

∼: crush ∂X × S1 to ∂X .
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Construction of conformally flat 4-manifolds:

M = [X × S1]/ ∼

g = f (1− f )[h + dt2]
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Construction of conformally flat 4-manifolds:

M = [X × S1]/ ∼

g = f (1− f )[h + dt2]

Fuchsian case: Σ× S2 scalar-flat Kähler.
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Construction of ASD 4-manifolds:

Choose k points p1, . . . , pk ∈ X
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Construction of ASD 4-manifolds:

Choose k points p1, . . . , pk ∈ X

satisfying
∑k
j=1 f (pj) ∈ Z.
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Construction of ASD 4-manifolds:

Choose k points p1, . . . , pk ∈ X

satisfying
∑k
j=1 f (pj) ∈ Z.

Can do if k 6= 1.
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Construction of ASD 4-manifolds:

Let Gj be the Green’s function of pj:
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Construction of ASD 4-manifolds:

Let Gj be the Green’s function of pj:

∆Gj = 2πδpj, Gj → 0 at ∂X
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Construction of ASD 4-manifolds:

Let Gj be the Green’s function of pj, and set

V = 1 +

k∑
j=1

Gj.
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Construction of ASD 4-manifolds:

V = 1 +

k∑
j=1

Gj.
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Construction of ASD 4-manifolds:

V = 1 +

k∑
j=1

Gj.

Choose P → (X−{p1, . . . , pk}) circle bundle with
connection form θ such that

dθ = ?dV .
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
↓ ↓ ↓ ↓
X = X − {p1, . . . , pk} ∪ {p1, . . . , pk} ∪ ∂X
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X

≈(Σ× S2)#kCP2 scalar-flat Kähler
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X

≈(Σ× S2)#kCP2 scalar-flat Kähler
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X

Fuchsian case: (Σ× S2)#kCP2 scalar-flat Kähler
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Γ quasi-Fuchsian

X ≈ Σ× [0, 1]

Tunnel-Vision function:

f : X → [0, 1]

∆f = 0
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.

Proof.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.

Proof.

b+[(Σ× S2)#kCP2] = 1.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.

Proof.

b+[(Σ× S2)#kCP2] = 1.

ω = df ∧ θ + V ? df .
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.

Proof.

b+[(Σ× S2)#kCP2] = 1.

ω = df ∧ θ + V ? df .
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
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Lemma. For any piecewise smooth Jordan curve
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.

Ahlfors-Bers: Quasi-conformal mappings

300



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

301



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

302



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

303



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

304



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

305



306



307



308



309



310



311



312



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

313



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

314



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

315



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

.........................................................
........................

..................
................

..............
.............
............
...........
..........
..........
..........
.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........

..........
..........

...........
...........

............
.............

..............
................

...................
.........................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................
...........

.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........
............
.

................................................................................................................................

.................................................................................................
...........
.........
........
...

.................................................................................................
...........

.........
........
...

.....................
...........
.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........

............
.

................................................................................................................................

.......

.......
.......
........
.........
............
..............................................................................

.......

.......
.......
........
.........

............
..............................................................................

.........................................
...........

.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........

..............
....................................................

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........
..............
....................................................

.........................................
...........
.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

......................
...........

.........
.............
...........

.........
.................
...........

....................
....
...........

...............
....
...........
...............
....
...........

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

......

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

............
.
............
.
............
.
............
.
............
.
............
.
............
.
............
.
..

........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

............
.

............
.

............
.

............
.

............
.

............
.

............
.

............
.

..

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

..

............. ............. .............
.............

.............
...........
..
.........
....
........
.....
........
.....
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......

........
.....

........
.....

.........
....

..........
...

............
..............

.............
..............................................................................

.............
.............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............

.............
.............

.............
............. ............. ............. ............. .

316



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

.........................................................
........................

..................
................

..............
.............
............
...........
..........
..........
..........
.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........

..........
..........

...........
...........

............
.............

..............
................

...................
.........................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................
...........

.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........
............
.

................................................................................................................................

.................................................................................................
...........
.........
........
...

.................................................................................................
...........

.........
........
...

.....................
...........
.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........

............
.

................................................................................................................................

.......

.......
.......
........
.........
............
..............................................................................

.......

.......
.......
........
.........

............
..............................................................................

.........................................
...........

.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........

..............
....................................................

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........
..............
....................................................

.........................................
...........
.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

......................
...........

.........
.............
...........

.........
.................
...........

....................
....
...........

...............
....
...........
...............
....
...........

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

......

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

............
.
............
.
............
.
............
.
............
.
............
.
............
.
............
.
..

........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

............
.

............
.

............
.

............
.

............
.

............
.

............
.

............
.

..

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

..

............. ............. .............
.............

.............
...........
..
.........
....
........
.....
........
.....
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......

........
.....

........
.....

.........
....

..........
...

............
..............

.............
..............................................................................

.............
.............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............

.............
.............

.............
............. ............. ............. ............. .

317



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

.........................................................
........................

..................
................

..............
.............
............
...........
..........
..........
..........
.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........

..........
..........

...........
...........

............
.............

..............
................

...................
.........................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................
...........

.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........
............
.

................................................................................................................................

.................................................................................................
...........
.........
........
...

.................................................................................................
...........

.........
........
...

.....................
...........
.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........

............
.

................................................................................................................................

.......

.......
.......
........
.........
............
..............................................................................

.......

.......
.......
........
.........

............
..............................................................................

.........................................
...........

.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........

..............
....................................................

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........
..............
....................................................

.........................................
...........
.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

............................

.......................

......................
...........

.........
.............
...........

.........
.................
...........

....................
....
...........

...............
....
...........
...............
....
...........

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

......

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

............
.
............
.
............
.
............
.
............
.
............
.
............
.
............
.
..

........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

............
.

............
.

............
.

............
.

............
.

............
.

............
.

............
.

..

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

..

............. ............. .............
.............

.............
...........
..
.........
....
........
.....
........
.....
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......

........
.....

........
.....

.........
....

..........
...

............
..............

.............
..............................................................................

.............
.............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............

.............
.............

.............
............. ............. ............. ............. .

318



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

.......
......
.......
......

.......
......

........
.....

........
.....

.........
....

..........
...

............
.

.............
.............

........................................................................................................
.............

.............
.............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............
.............

.............
.............

.............
.............

............. ............. ............. ............. ............. ............. ............. .............
.............

.............
...........
..
..........
...
.........
....
........
.....
........
.....
.......
......
.......
......

.......
......
.......
......
.......
......
........
.....
........
.....
.........
....
..........
...
............
.
.............

.............
............. ............. ............. ............. ............. ............. ............. .............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............
.............

.............
.............

.............
.............

.............
.............

.............
........................................................................................................

.............
.............

...........
..

..........
...

.........
....

........
.....

........
.....

.......
......

.......
......

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .............

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .............

.........................................................
........................

..................
................

..............
.............
............
...........
..........
..........
..........
.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........

..........
..........

...........
...........

............
.............

..............
................

...................
.........................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................
...........

.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........
............
.

................................................................................................................................

.................................................................................................
...........
.........
........
...

.................................................................................................
...........

.........
........
...

.....................
...........
.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........

............
.

................................................................................................................................

.......

.......
.......
........
.........
............
..............................................................................

.......

.......
.......
........
.........

............
..............................................................................

.........................................
...........

.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........

..............
....................................................

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........
..............
....................................................

.........................................
...........
.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

............................

.......................

......................
...........

.........
.............
...........

.........
.................
...........

....................
....
...........

...............
....
...........
...............
....
...........

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

......

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

............
.
............
.
............
.
............
.
............
.
............
.
............
.
............
.
..

........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

............
.

............
.

............
.

............
.

............
.

............
.

............
.

............
.

..

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

..

............. ............. .............
.............

.............
...........
..
.........
....
........
.....
........
.....
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......

........
.....

........
.....

.........
....

..........
...

............
..............

.............
..............................................................................

.............
.............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............

.............
.............

.............
............. ............. ............. ............. .

319



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

.......
......
.......
......

.......
......

........
.....

........
.....

.........
....

..........
...

............
.

.............
.............

........................................................................................................
.............

.............
.............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............
.............

.............
.............

.............
.............

............. ............. ............. ............. ............. ............. ............. .............
.............

.............
...........
..
..........
...
.........
....
........
.....
........
.....
.......
......
.......
......

.......
......
.......
......
.......
......
........
.....
........
.....
.........
....
..........
...
............
.
.............

.............
............. ............. ............. ............. ............. ............. ............. .............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............
.............

.............
.............

.............
.............

.............
.............

.............
........................................................................................................

.............
.............

...........
..

..........
...

.........
....

........
.....

........
.....

.......
......

.......
......

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .............

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .............

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

............................

.......................

.........................................................
........................

..................
................

..............
.............
............
...........
..........
..........
..........
.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........

..........
..........

...........
...........

............
.............

..............
................

...................
.........................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................
...........

.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........
............
.

................................................................................................................................

.................................................................................................
...........
.........
........
...

.................................................................................................
...........

.........
........
...

.....................
...........
.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........

............
.

................................................................................................................................

.......

.......
.......
........
.........
............
..............................................................................

.......

.......
.......
........
.........

............
..............................................................................

.........................................
...........

.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........

..............
....................................................

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........
..............
....................................................

.........................................
...........
.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

......................
...........

.........
.............
...........

.........
.................
...........

....................
....
...........

...............
....
...........
...............
....
...........

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

......

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

............
.
............
.
............
.
............
.
............
.
............
.
............
.
............
.
..

........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

............
.

............
.

............
.

............
.

............
.

............
.

............
.

............
.

..

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

..

320



.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........

..........
..........

...........
............

.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............
.............
...........
...........
..........
..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
..........
..........
...........
............
.............
...............

...................
...........................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.................
..............

.............
...........

...........
..........

..........
.........
.........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

.........................................................................................................................................................................................................................................................................................................................

.........................................................................................................................................................................................................................................................................................................................

..........................
....................................................

..........................
.............

.............
..........................
............. .....

.............
.............
.............
.............

.............
.....
......
..
..........
........

........
...........

..
.........
....
.......
......
.............

.............
.....

............. .............
.......................... ............. .............

..........................
.............
.............
..........................
..................

.............
.............
.............
.............

.............
.....
......
..

..........

........
........

...........
..
.........
....
.......
......

.............
.............

.....

..........
...
........
..........
.......
.
.............

......

.......
.............

..................
......
........
......
.......
.............
............
. ................. ...

.....

.....
.......
.......................

... ................. .........
................. ...............

..........................
.............

.............
..........................

.............

.............
............. ...........

.......
..............
.............

............

............. ........
......... ..............................

...
............. .....

.......
..... ........................ ........

.......
.................

.........
.........
....

..........
...
........
..........
.......
.
.............

......

.......
.............

..................
......
........
......
.......
.............
............
. ................. ...

.....

.....
.......
.......................

... ................. .........
................. ...............

..........................
.............

.............
..........................

.............

.............
........................

.......
..............

.............
.............
.....................

.......................................
...
....................

........
....................................

.......
..................

........
.........
....

..........
...

........
..........

.......
.

.............

......

.......
.............

..................
......
........

......
.......

.............
............

.....................
.....
.....
.......

.......................
.............................

................................
..........................

.............

.............
...
.............
.............
..............................

....................
.............. .
......
...... ...................

....... ........................ ................ ................ ..........
...
............. ..............

.........
.......

..................... ........
......
......
...
........
.....
.......

.....
........
......
....
....
..
......................

.........
......
.................
.......
............
........ ............. .......

.....
.............. .........

............... ........
........ .....

......
..... ..........................

............. ...........
..
............. ..........

........... .......................
.............

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

............................

.......................

.........................................................
........................

..................
................

..............
.............
............
...........
..........
..........
..........
.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........

..........
..........

...........
...........

............
.............

..............
................

...................
.........................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................
...........

.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........
............
.

................................................................................................................................

.................................................................................................
...........
.........
........
...

.................................................................................................
...........

.........
........
...

.....................
...........
.........
........
.......
.......
.......
.......
.......
.......
.......
........
.........

............
.

................................................................................................................................

.......

.......
.......
........
.........
............
..............................................................................

.......

.......
.......
........
.........

............
..............................................................................

.........................................
...........

.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........

..............
....................................................

...............................................................................................................................

.......
.......
.......
.......
.......
........
........
..........
..............
....................................................

.........................................
...........
.........
........
.......
.......
.......
.......
.......
.......
........
........

.....................................................................................................................
..........

......................
...........

.........
.............
...........

.........
.................
...........

....................
....
...........

...............
....
...........
...............
....
...........

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

......

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
...

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

.................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

...

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

............. ............. ............. ............. ............. ............. ............. ............. ..

..........................................................................................................

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
.......
......
..

.............
.............
.............
.............
.............
.............
.............
.............
..

............
.
............
.
............
.
............
.
............
.
............
.
............
.
............
.
..

........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
........
.....
..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

.............
.............

.............
.............

.............
.............

.............
.............

..

............
.

............
.

............
.

............
.

............
.

............
.

............
.

............
.

..

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

..

321



Theorem A. Consider 4-manifolds M = Σ× S2,
where Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
locally-conformally-flat classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].
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Construction of conformally flat 4-manifolds:

M = [X × S1]/ ∼

g = f (1− f )[h + dt2]
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Theorem B. Fix an integer k ≥ 2, and then
consider the 4-manifolds M = (Σ× S2)#kCP2,
where Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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Theorem B. Fix an integer k ≥ 2, and then
consider the 4-manifolds M = (Σ× S2)#kCP2,
where Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV

327



¡Muchas Gracias
por la Invitación!

328


