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Let (Mn, g) be a Riemannian n-manifold, p ∈ M .
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : TpM −→M

which is a diffeomorphism on a neighborhood of 0:
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Let (Mn, g) be a Riemannian n-manifold, p ∈ M .
Metric defines locally shortest curves, called geodesics.
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Now choosing TpM
∼=→ Rn via some orthonormal

basis gives us special coordinates on M .
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dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)
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dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

The Ricci curvature is by definition the function
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In these “geodesic normal” coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.

The Ricci curvature is by definition the function
on the unit tangent bundle

STM = {v ∈ TM | g(v, v) = 1}
given by

v 7−→ r(v, v).
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

“. . . the greatest blunder of my life!”

— A. Einstein, to G. Gamow
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Mathematicians call λ the Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.

volg(Bε(p))

cnεn
= 1− s ε2

6(n+2)
+ O(ε4)
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

n = 2, 3: Einstein ⇐⇒ constant sectional

n ≥ 4: Einstein ⇐, ; constant sectional
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

gjk:
n(n+1)

2 components.

rjk:
n(n+1)

2 components.

Rjk`m:
n2(n2−1)

12 components.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Generalizes constant sectional curvature condition,
but weaker.

Determined system:
same number of equations as unknowns.

Elliptic non-linear PDE after gauge fixing.

∆xj = 0 =⇒ rjk = 1
2∆gjk+ `ots.

36



Question (Yamabe). Does every smooth
compact simply-connected n-manifold admit
an Einstein metric?

37



Question (Yamabe). Does every smooth
compact simply-connected n-manifold admit
an Einstein metric?

What we know:

38



Question (Yamabe). Does every smooth
compact simply-connected n-manifold admit
an Einstein metric?

What we know:

• When n = 2: Yes! (Riemann)

39



Question (Yamabe). Does every smooth
compact simply-connected n-manifold admit
an Einstein metric?

What we know:

• When n = 2: Yes! (Riemann)

• When n = 3: ⇐⇒ Poincaré conjecture.
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Question (Yamabe). Does every smooth
compact simply-connected n-manifold admit
an Einstein metric?

What we know:

• When n = 2: Yes! (Riemann)

• When n = 3: ⇐⇒ Poincaré conjecture.
Hamilton, Perelman, . . . Yes!

• When n = 4: No! (Hitchin)

• When n = 5: Yes?? (Boyer-Galicki-Kollár)

• When n ≥ 6, wide open. Maybe???
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Ricci flow pinches off S2 necks.
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Ricci flow pinches off S2 necks.

First step in geometrization:
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Dimension ≤ 3:

Einstein’s equations are “locally trivial:”

Einstein metrics have constant sectional curvature.

=⇒ If M3 carries Einstein metric, π2(M) = 0.

=⇒ Existence obstructed for connect sumsM3#N3.
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Ricci flow pinches off S2 necks.

First step in geometrization:

Prime Decomposition.
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(Böhm, Collins-Székelyhidi)
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Dimension ≥ 5:

There are many known Einstein metrics on Sn, n ≥
5 which do not have constant curvature.

In fact, the moduli space of Einstein metrics on S5

has infinitely many connected components, because
∃ sequences unit-volume Einstein metrics with λ→0+.

(Böhm, Collins-Székelyhidi)

Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)
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Dimension ≥ 5:

There are many known Einstein metrics on Sn, n ≥
5 which do not have constant curvature.

In fact, the moduli space of Einstein metrics on S5

has infinitely many connected components, because
∃ sequences unit-volume Einstein metrics with λ→0+.

(Böhm, Collins-Székelyhidi)

Connected sums (S2×S3)# · · ·#(S2×S3) admit
Einstein metrics for arbitrarily many summands.
Moduli spaces highly disconnected.

Similar results for most simply connected spin
5-manifolds. (Boyer-Galicki-Kollár, et al.)
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Dimension 4:

Theorem (Berger). Any Einstein metric on
4-torus T 4 is flat.

=⇒ Moduli space of Einstein metrics is connected.

Theorem (Hitchin). Any Einstein metric on K3
is Ricci-flat Kähler.

K3 = Kummer-Kähler-Kodaira
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Dimension 4:

Theorem (Berger). Any Einstein metric on
4-torus T 4 is flat.

=⇒ Moduli space of Einstein metrics is connected.

Theorem (Hitchin). Any Einstein metric on K3
is Ricci-flat Kähler.

=⇒ Moduli space of Einstein metrics is connected.
(Kodaira, Yau, Siu, Kobayashi-Todorov)

Theorem (Besson-Courtois-Gallot). There is only
one Einstein metric on compact hyperbolic
4-manifold H4/Γ, up to scale and diffeos.

Theorem (L). There is only one Einstein met-
ric on compact complex-hyperbolic 4-manifold CH2/Γ,
up to scale and diffeos.
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Four Dimensions is Exceptional

When n = 4, existence for Einstein depends deli-
cately on smooth structure.

There are topological 4-manifolds which admit an
Einstein metric for one smooth structure, but not
for others.

But might allow for geometrization of 4-manifolds
by decomposition into Einstein and collapsed pieces.

Enough rigidity apparently still holds in dimension
four to call this a geometrization.

By contrast, high-dimensional Einstein metrics too
common; have little to do with geometrization.
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What’s so special about dimension 4?

The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .
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Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .
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Corollary. A Riemannian 4-manifold (M, g) is
Einstein ⇐⇒ sectional curvatures are equal for
any pair of perpendicular 2-planes.
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Corollary. A Riemannian 4-manifold (M, g) is
Einstein ⇐⇒ sectional curvatures are equal for
any pair of perpendicular 2-planes.
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Corollary. A Riemannian 4-manifold (M, g) is
Einstein ⇐⇒ sectional curvatures are equal for
any pair of perpendicular 2-planes.
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χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ
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(M4, g) compact oriented Riemannian.

4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ

for Euler-characteristic χ(M) =
∑
j

(−1)jbj(M).
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1

3
〈p1(TM), [M ]〉
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4-dimensional Thom-Hirzebruch signature formula

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

for signature τ (M) = b+(M)− b−(M).

Thom’s contribution:

τ (M) =
1

3
〈p1(TM), [M ]〉

Hirzebruch generalized this to dimensions 4k.
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τ (M) =
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∫
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)
dµ

for signature τ (M) = b+(M)− b−(M).
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Defined in terms of intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.
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Defined in terms of intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize: (over R)

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.
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+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.
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Defined in terms of intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.
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Defined in terms of intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.

b2(M) = b+(M) + b−(M)
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Defined in terms of intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.

τ (M) = b+(M)− b−(M)

“Signature” of M .

138



Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

R =


W+ + s

12 r̊

r̊ W− + s
12
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

R =


W+ + s

12 r̊

r̊ W− + s
12


Curvature Λ+ Curvature Λ−

142



Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.
The latter case happens only if M finitely cov-
ered by flat T 4 or Calabi-Yau K3.
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.
The latter case happens only if M finitely cov-
ered by flat T 4 or Calabi-Yau K3.

⇐⇒ Λ+ is flat.
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Hitchin-Thorpe Inequality:

(2χ + 3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg

Einstein ⇒ =
1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg

Theorem (Hitchin-Thorpe Inequality). If smooth
compact oriented M4 admits Einstein g, then

(2χ + 3τ )(M) ≥ 0,

with equality only if (M, g) is locally hyper-Kähler.
The latter case happens only if M finitely cov-
ered by flat T 4 or Calabi-Yau K3.
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Hyper-Kähler? Kähler? Calabi-Yau?
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Hyper-Kähler? Kähler? Calabi-Yau?

148



Hyper-Kähler? Kähler? Calabi-Yau?
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(Mn, g): Kähler ⇐⇒ holonomy ⊂ O(n)
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Kähler metrics:

(M2m, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........
..........
..........
..........
..........
...........
...........
............
.............
..............
...............

................
..................

......................
.............................

....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................................................................................................................................................................................................................................................................................................................................................................................
..............................................

.................................
..........................

....................
...............

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................
....................

....................
....................

.....................
...................

........................................................................................
...
..........

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...... .................................................................................................................................................................................

167



Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)
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U(m) := O(2m) ∩GL(m,C)
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)
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SU(m) ⊂ U(m) : {A | detA = 1}
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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Ricci-flat Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐⇒ holonomy⊂ SU(m)
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if M is simply connected.
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Calabi-Yau metrics:

(M2m, g): Calabi-Yau ⇐⇒ holonomy ⊂ SU(m)
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)
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Sp(k) := O(4k) ∩GL(`,H)
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Hyper-Kähler metrics:
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Sp(k) ⊂ SU(2k)
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)
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Sp(k) ⊂ SU(2k)

in many ways! (For example, permute i, j, k. . . )
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)
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Sp(k) ⊂ SU(2k)

in many ways! (For example, permute i, j, k. . . )
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)
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Sp(k) ⊂ SU(2k)

Ricci-flat and Kähler,

for many different complex structures!
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Hyper-Kähler metrics:
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Sp(k) ⊂ SU(2k)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)
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Sp(1) = SU(2)
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Hyper-Kähler metrics:
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Sp(1) = SU(2)

For (M4, g):

hyper-Kähler ⇐⇒ Calabi-Yau.
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)
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Sp(1) = SU(2)

When (M4, g) simply connected:

hyper-Kähler ⇐⇒ Ricci-flat Kähler.
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Sp(1) = SU(2)
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Sp(1) = SU(2)

Ricci-flat and Kähler,

for many different complex structures!
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Hyper-Kähler metrics:

(M4k, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(k)
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Sp(k) ⊂ SU(2k)

Ricci-flat and Kähler,

for many different complex structures!
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Kähler metrics:

(M2m, g): Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

dω = 0
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

dω = 0

[ω] ∈ H2(M)

“Kähler class”
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Kähler metrics:
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Kähler metrics:

Original definition:
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Kähler metrics:

Original definition:

M can be made into a complex manifold, in such a
manner that, locally,
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Kähler metrics:

Original definition:

M can be made into a complex manifold, in such a
manner that, locally,
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Kähler metrics:

Original definition:

M can be made into a complex manifold, in such a
manner that, locally,

g =

m∑
j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
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Kähler metrics:

Original definition:

M can be made into a complex manifold, in such a
manner that, locally,

g =

m∑
j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
for a locally defined function f .
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Kähler metrics:

Original definition:

M can be made into a complex manifold, in such a
manner that, locally,

g =

m∑
j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
for a locally defined function f .

Associated Kähler form:

ω = i

m∑
j,k=1

∂2f

∂zj∂z̄k
dzj ∧ dz̄k
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Kähler metrics:

Original definition:

M can be made into a complex manifold, in such a
manner that, locally,

g =

m∑
j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
for a locally defined function f .

Modern definition:
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Kähler metrics:

Original definition:

M can be made into a complex manifold, in such a
manner that, locally,

g =
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∂2f

∂zj∂z̄k
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⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.
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dω = 0
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dω = 0

ω is also defines a symplectic structure on M .

206



Symplectic 4-manifolds:

207



Symplectic 4-manifolds:

(M4, ω) where ω closed non-degenerate 2-form:
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Symplectic 4-manifolds:

(M4, ω) where ω closed non-degenerate 2-form:

dω = 0, yω : TM
∼=→ T ∗M.
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(M4, ω) where ω closed non-degenerate 2-form:

ω = dx ∧ dy + dz ∧ dt
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Symplectic 4-manifolds:

(M4, ω) where ω closed non-degenerate 2-form:

ω = dx ∧ dy + dz ∧ dt

Induces preferred orientation:

ω ∧ ω
2

= dx ∧ dy ∧ dz ∧ dt
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Einstein metric h with λ ≥ 0 if and only if
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Kummer construction:

Kummer: T 4/Z2: Singular quartic in CP3.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Kummer: T 4/Z2: Singular quartic in CP3.

T 4 = Picard torus of curve of genus 2.
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Kummer construction:

Kummer: T 4/Z2: Singular quartic in CP3.

Remove singularities by deforming equation.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Kummer: T 4/Z2: Singular quartic in CP3.

Generic quartic is a K3 surface.
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Simply connected complex surface with c1 = 0.

Typical model: Smooth quartic in CP3.
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K3 = Kummer-Kähler-Kodaira surface.

Simply connected complex surface with c1 = 0.

Typical model: Smooth quartic in CP3.

Calabi/Yau: Admits Ricci-flat Kähler metrics.
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Existence: Yau, Tian, Page, Chen-L-Weber, et al.

No others: Hitchin-Thorpe, Seiberg-Witten, . . .
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Extensive results in λ < 0 case, too.

But that would be a topic for a different lecture!

267



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric g with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

268
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Del Pezzo surfaces,
K3 surface, Enriques surface,
Abelian surface, Hyper-elliptic surfaces.
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).

r
N

M
............................................................................................................... ..........

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

........

.......

.......
.......
.......
.......
.........
....

281



282



Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).

r
N

M
............................................................................................................... ..........

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

........

.......

.......
.......
.......
.......
.........
....

283



284



Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 5 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein met-
ric, and this metric is unique up to complex au-
tomorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein met-
ric, and this metric is unique up to complex au-
tomorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Conformally Kähler:

g = u2h

∃ some Kähler metric h & some smooth function u.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Conformally Kähler:

g = u2h

where Kähler metric h is extremal & u = s−1
h .
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Conformally Kähler:

g = u2h

∃ some Kähler metric h & some smooth function u.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Conformally Kähler:

g = u2h

where Kähler metric h is extremal & u = s−1
h .
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 1983 Siu, Tian-Yau, Tian, Odaka-
Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński 1986 Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński, Siu, Siu 1987 Odaka-
Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński, Siu, Siu, Siu 1990
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

2016
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Odaka-Spotti-Sun Son 2008
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Uniqueness: Bando-Mabuchi ’87 , L ’12.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Uniqueness: Bando-Mabuchi ’87, L ’12.
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One fundamental open problem:
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?
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Progress to date:
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Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?

Progress to date:

Open characterizations of known Einstein metrics.
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?

Progress to date:

Open characterizations of known Einstein metrics.

Peng Wu proposed one beautiful characterization,
in terms of an open condition on

W+ : Λ+→ Λ+.
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?

Progress to date:

Open characterizations of known Einstein metrics.

Peng Wu proposed one beautiful characterization,
in terms of an open condition on

W+ : Λ+→ Λ+.

Wu’s criterion:

det(W+) > 0.
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Theorem (Wu/L ’21). Let (M,h) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal and g
is one of the conformally Kähler Einstein met-
rics we’ve discussed.
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Theorem (Wu/L ’21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal and g
is one of the conformally Kähler Einstein met-
rics we’ve discussed.
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Theorem (Wu/L ’21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal and g
is one of the conformally Kähler Einstein met-
rics we’ve discussed. .
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Theorem (Wu/L ’21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal and g
is one of the conformally Kähler Einstein met-
rics we’ve discussed.
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Theorem (Wu/L ’21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then M is diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kähler Einstein metrics we’ve discussed.
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Theorem (Wu/L ’21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then M is diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kähler Einstein metrics we’ve discussed.
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Theorem (Wu/L ’21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then M is diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kähler Einstein metrics we’ve discussed.
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Theorem (Wu/L ’21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then M is diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kähler Einstein metrics we’ve discussed.
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Theorem (Wu/L ’21). Let (M, g) be a simply-
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We’ve focused on compact Einstein manifolds.

But non-compact, complete solutions are often key
to proving theorems about compact ones.
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8m .

This makes g into a Ricci-flat metric on R2 × S2.
Makes h into extremal Kähler metric on C× CP1.
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R× S2 ⊂ R2 × S2
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g = d%2 + %2γ + η2 + f

f = O(%−1), ∇f = O(%−2), . . . ∇3f = O(%−4)
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Theorem (Biquard-Gauduchon ’23). Let (M4, g)
be a smooth, complete, non-flat, Ricci-flat 4-manifold
that is toric, ALF, and Hermitian with respect
to some integrable complex structure J . Also as-
sume that (M, g, J) is not Kähler. Then (M, g)
is one of the following explicit examples:
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But are Hermitian, toric hypotheses really needed?
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Peng Wu’s criterion still applicable this setting. . .
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Theorem (Biquard-Gauduchon-L). Let (M, g0) be
any toric Hermitian ALF gravitational instan-
ton. Then any Ricci-flat metric g on M which
is sufficiently C3

1 close to g0 must be another
one of the gravitational instantons classified by
Biquard-Gauduchon.
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‖g − g0‖C3
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‖f‖C3
1

:= sup
M

3∑
j=0

(1 + dist)j+1|∇jf|g0

|f|g0 = O(%−1), |∇f|g0 = O(%−2), . . .
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Theorem (Biquard-Gauduchon-L). Let (M, g0) be
any toric Hermitian ALF gravitational instan-
ton. Then any Ricci-flat metric g on M which
is sufficiently C3

1 close to g0 must be another
one of the gravitational instantons classified by
Biquard-Gauduchon.

This improved statement of our result also depends
on a result of Mingyang Li, arXiv:2310.13197.
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Many thanks for the invitation!

It’s really a pleasure to be here!
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