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Abstract

Let M C R" be a C?-smooth compact submanifold of dimension d. Assume that the
volume of M is at most V' and the reach (i.e. the normal injectivity radius) of M is greater
than 7. Moreover, let u be a probability measure on M which density on M is a strictly
positive Lipschitz-smooth function. Let z; € M, j = 1,2,..., N be /N independent random
samples from distribution p. Also, let §;, 7 = 1,2,..., N be independent random samples
from a Gaussian random variable in R™ having covariance 021, where o is less than a certain
specified function of d, V' and 7. We assume that we are given the data points y; = x; + §;,
j = 1,2,..., N, modelling random points of M with measurement noise. We develop an
algorithm which produces from these data, with high probability, a d dimensional submanifold
M, C R"™ whose Hausdorff distance to M is less than A for A > Cdo? /7 and whose reach
is greater than c7/d® with universal constants C, ¢ > 0. The number N of random samples
required depends almost linearly on n, polynomially on A~! and exponentially on d.
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1 Introduction

One of the main challenges in high dimensional data analysis is dealing with the exponential growth
of the computational and sample complexity of generic inference tasks as a function of dimension,
a phenomenon termed “the curse of dimensionality”. One intuition that has been put forward to
lessen or even obviate the impact of this curse is that high dimensional data tend to lie near a low
dimensional submanifold of the ambient space. Algorithms and analyses that are based on this
hypotheses constitute the subfield of learning theory known as manifold learning. In the present
work, we give a solution to the following question from manifold learning. Suppose data is drawn
independently, identically distributed (i.i.d) from a measure supported on a low dimensional twice
differentiable (C?) manifold M whose reach is > 7, and corrupted by a small amount of (i.i.d)
Gaussian noise. How can can we produce a manifold M, whose Hausdorff distance to M is small
and whose reach is not much smaller than 77



This question is an instantiation of the problem of understanding the geometry of data. To give
a specific real-world example, the issue of denoising noisy Cryo-electron microscopy (Cryo-EM)
images falls into this general category. Cryo-EM images are X-ray images of three-dimensional
macromolecules, e.g. viruses, possessing an arbitrary orientation. The space of orientations is
in correspondence with the Lie group SO3(R), which is only three dimensional. However, the
ambient space of greyscale images on [0, 1]? can be identified with an infinite dimensional subspace
of £2([0, 1]?), which gets projected down to a finite but very high dimensional subspace through
the process of dividing [0, 1]? into pixels. Thus noisy Cryo-EM X-ray images lie approximately on
an embedding of a compact 3—dimensional manifold in a very high dimensional space. If the errors
are modelled as being Gaussian, then fitting a manifold to the data can subsequently allow us to
project the data onto this output manifold. Due to the large codimension and small dimension of the
true manifold, the noise vectors are almost perpendicular to the true manifold and the projection
would effectively denoise the data. The immediate rationale behind having a good lower bound on
the reach is that this implies good generalization error bounds with respect to squared loss (See
Theorem 1 in [51]). Another reason why this is desirable is that the projection map onto such a
manifold is Lipschitz within a tube of the manifold of radius equal to ¢ times the reach for any ¢
less than 1.

LiDAR (Light Detection and Ranging) also produces point cloud data for which the methods of
this paper could be applied.

1.1 A note on constants

In the following sections, we will denote positive absolute constants by ¢, C', C1, Cs, ¢; etc. These
constants are universal and positive, but their precise value may differ from occurrence to occurrence.

1.2 Model

Let M be a d dimensional C? submanifold of R”. We assume M has volume (d—dimensional
Hausdorff measure) less or equal to V/, reach (i.e. normal injectivity radius) greater or equal to
7, and that M has no boundary. Let x1,...,xy be a sequence of points chosen i.i.d at random
from a measure p absolutely continuous with respect to the d-dimensional Hausdorff measure
H: = Aac on M. More precisely, the Radon-Nikodym derivative dy/d\y is bounded above and
below by ppaz/V and pyi,/V respectively, where pyq. and ppi, lie in [¢, C| and In (dp/dAy) is
C'/T—Lipschitz (as specified in (2)). Thus, we assume that

C < Pmin < Vd:u/d)\M < Prmaz < Ca (1)
and also for all =,y € M,

| In (dps/dDae()) — In (dp/dDoc(y)) |
|z —y|

<

C
=, 2)
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Definition 1.1. Let G denote the Gaussian distribution supported on R"™ whose density (Radon-
Nikodym derivative with respect to the Lebesgue measure) at x is

[ 1)? ]2
7rng>(x)— (27?02) exp (— 557 ) 3)

Let (1, ...,y be a sequence of i.i.d random variables independent of x4, ..., xx having the
distribution G, We observe

yi=x;+¢, fori=12,....N,

and wish to construct a manifold M, close to M in Hausdorff distance but at the same time having
a reach not much less than 7. Note that the distribution of y; (for each ¢), is the convolution of p
and G ). This is denoted by p * G . Let wy be the volume of a d dimensional unit Euclidean ball.
Suppose that

12 . c . Vv B T
o<r.D ,  Wwherer, :=cd T’D—mm(n’—cdwdﬁd>’ﬂ_7 v 4)
and A > Cd(’ . We observe yy,9s,...,yy and for £k > 3, will produce a description of a
% —manifold M, such that the Hausdorff distance between M, and M is at most A and M,
has reach that is bounded below by <& with probability at least 1 — 7). Note that the required upper
bound on o does not degrade to 0 Wlth as the ambient dimension n — o0, but can be controlled by
the intrinsic parameters d, V' and 7. The following is our main theorem.

Theorem 1.1. Let M be a d dimensional C* submanifold of R". We assume M has volume
(d—dimensional Hausdorff measure) less or equal to V, reach (i.e. normal injectivity radius)
greater or equal to T, and that M has no boundary.

Let 1 be a probability measure on M which density with respect to Hausdorff measure of M
satisfies (1) and (2) with bounds paz, Pmin € |¢, C). Let k € [3,C| be a fixed integer. Let x; € M,
Jj=1,2,..., N be N independent random samples from distribution . Also, let§;, j =1,2,...,N
be independent random samples from a Gaussian random variable in R™ having covariance o1,
see (3). Suppose that o < r.D~/% where v, and D are given in (4) and A\ > %"2. Let0 <n < 1.

]\/})ZQIIl(CY‘/)7

wyrd ward

N = <”;A + 72) (%)2 (%)d% (log No) log (1),

Suppose we observe the data points

yi=x;+& fori=1,2,... N.

Then with probability at least 1 — 1), using these data we can construct a C*—manifold M, C R"
such that the Hausdorff distance between M, and M is at most A and M, has reach that is bounded
below by ct/d°.



The above theorem may seem counterintuitive, in that the smaller ¢ is, the larger /V is. However
note that the Hausdorff distance that we are achieving is O(o?), which itself decreases quadratically
as o tends to zero. This is the reason for the anomaly. We believe that going below a Hausdorff
distance of O(0?) in the case of €? manfolds would take different techniques and a significantly
larger number of samples. Indeed that this is the case for sufficiently small Hausdorff distances
was shown in [53]. In Proposition 7.1, we obtain an explicit bound on the magnitude of the third
derivatives of M. We emphasize that in Theorem 1.1 the Hausdorff distance of the constructed
manifold M, and the original manifold M as well as the reach of M, do not depend on the dimension
n of the ambient space. To prove Theorem 1.1 we develop an algorithm, using a number of analytic
tools, which ensures that the degradation of the reach is polynomial and not exponential in the
dimension of the manifold, d. We believe that this is the first time this have been achieved. Secondly
the number of samples required depends almost linearly on the ambient dimension n. This is
the second novel feature of our algorithm. A detailed comparison to earlier results is given in
Subsection 1.3.

1.3 A survey of related work

Let f : K — R be a function defined on a given (arbitrary) set X' C R", and let m > 1 be
a given integer. The classical Whitney problem is the question whether f extends to a function
F € C™(R"™) and if such an F' exists, what is the optimal C"™ norm of the extension. Furthermore,
one is interested in the questions if the derivatives of I, up to order m, at a given point can be
estimated, or if one can construct extension F’ so that it depends linearly on f.

These questions go back to the work of H. Whitney [96, 97, 98] in 1934. In the decades since
Whitney’s seminal work, fundamental progress was made by G. Glaeser [56], Y. Brudnyi and P.
Shvartsman [18, 19, 20, 21, 22, 23] and [86, 87, 88], and E. Bierstone-P. Milman-W. Pawluski [11].
(See also N. Zobin [103, 104] for the solution of a closely related problem.)

The above questions have been answered in the last few years, thanks to work of E. Bierstone,
Y. Brudnyi, C. Fefferman, P. Milman, W. Pawluski, P. Shvartsman and others, (see [11, 17, 18,
20, 21, 23, 41, 42, 43, 44, 45].) Along the way, the analogous problems with C"™(R") replaced by
C™«(R"), the space of functions whose m" derivatives have a given modulus of continuity w, (see
[44, 45]), were also solved.

The solution of Whitney’s problems has led to a new algorithm for interpolation of data, due
to C. Fefferman and B. Klartag [46, 47], where the authors show how to compute efficiently an
interpolant F'(x), whose C"™ norm lies within a factor C' of least possible, where C' is a constant
depending only on m and n.

In traditional manifold learning, for instance, by using the ISOMAP algorithm introduced in the
seminal paper [91], one often aims to map points X to points Y; = F'(X;) in an Euclidean space
R™, where m > n is as small as possible so that the Euclidean distances ||Y} — Y% ||rm are close to the
intrinsic distances dj; (X, X},) and find a submanifold M C R™ that is close to the points Y;. This
method has turned out to be very useful, in particular in finding the topological manifold structure
of the manifold (), g). It has been shown that when the original manifold (), ¢g) has a vanishing
Riemann curvature and satisfies certain convexity conditions, the manifold reconstructed by the
ISOMAP approaches the original manifold as the number of the sample points tends to infinity
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(see the results in [25, 36, 37] for ISOMAP and [101] for the continuum version of ISOMAP). We
note that for a general Riemannian manifold, the construction of a map F': M — R™, for which
the intrinsic metric of the embedded manifold F(M) = M C R™ is isometric to (M, g) is a very
difficult task numerically as it means finding a map, the existence of which is proved by the Nash
embedding theorem (see [71, 72] and [92] on numerical techniques based on the Nash embedding
theorem). We emphasize that the construction of an isometric embedding f : M — R™ is outside
of the context of the paper.

One can overcome the difficulties related to the construction of the Nash embedding by formu-
lating the problem in a coordinate invariant way: Given the geodesic distances of points sampled
from a Riemannian manifold (M, g), construct a manifold M* with an intrinsic metric tensor g*
so that the Lipschitz distance of (M*, g*) to the original manifold (), g) is small. The construc-
tion of abstract manifolds from the distances of sampled data points has also been considered by
Coifman and Lafon [32] and Coifman et al. [30, 31] using “Diffusion Maps”, and by Belkin and
Niyogi [6] using “EigenMaps”, where the data points are mapped to the values of the approximate
eigenfunctions or diffusion kernels at the sample points. These methods construct a non-isometric
embedding of the manifold M into R™ with a sufficiently large m. This construction is continued
in [65] by computing an approximation the metric tensor g by using finite differences to find the
Laplacian of the products of the local coordinate functions. In [50], we extend the results of [49]
that deals with the question how a smooth manifold, that approximates a manifold (), g), can be
constructed, when one is given the distances of the points of in a discrete subset X of M with small
deterministic errors. In this paper we extend these results to two directions. First, the discrete set is
randomly sampled and the distances have (possibly large) random errors. Second, we consider the
case when some distance information is missing.

The question of fitting a manifold to data is of interest to data analysts and statisticians [1, 27,
58, 53, 54, 64, 89]. We will focus our attention on results that provide an algorithm for describing a
manifold to fit the data together with upper bounds on the sample complexity.

A work in this direction [55], building over [74] provides an upper bound on the Hausdorff
distance between the output manifold and the true manifold equal to O((*&X )w+= s )+0(0?log(a™1)).
Note that in order to obtain a Hausdorff distance of ce, one needs more than ¢ /2 samples, where n
is the ambient dimension. This bound is exponential in n and thus differs significantly from our
results.

The results of the present work guarantee (for o satisfying (4)) that the Hausdorff distance
between the output manifold and the true manifold M is less than

Co?d

T

= 0(o?)

with probability at least 1 — & (with less than /N samples). Thus our bound on the Hausdorff distance
is O(c?) which is an improvement over O(o? log(a~')), and also, the number of samples needed to
get there depends exponentially on the intrinsic dimension d, but linearly on n. The upper bound on
the number of samples depends polynomially on o, the exponent being d + 4. Moreover, if the
ambient dimension 7 increases while o decreases, in such a manner as to have no? > c¢72, we have
the exponent of 0! to be d + 2.



The results of [48] guarantee (for sufficiently small o) a Hausdorff distance of

Cd"(o/n)

with less than
cVv

—d
walogimy — O

samples, where d is the dimension of the submanifold, V' is in upper bound in the d dimensional
volume, and o is the standard deviation of the noise projected in one dimension. A preliminary
version of our results, under stronger conditions, and only a part of our algorithm to construct M,,
appeared in the proceedings of a conference [48]. However, the present work improves the results
of [48] in the following two ways. Firstly, the upper bound on the standard deviation o of the
permissible noise is independent of the ambient dimension, while in [48] this upper bound depended
inversely on the square root of the ambient dimension. Secondly, the bound on the Hausdorff
distance between the output manifold and the true manifold is less than CdT"Q rather than C'd"o+/n
as was the case in [48], which for permissible values of ¢ is significantly smaller.

As shown in [53] the question of manifold estimation with additive noise, in certain cases can
be viewed as a question of regression with errors in variables [38]. The asymptotic rates that can be
achieved in the latter question are extremely slow. The results of [53] imply among other things the
following. Suppose that in a manifold that is the graph of y = sin(x + ¢) we wish to identify with
constant probability, the phase ¢ to within an additive error of at most ¢, from samples of the form
(x 4+ m,y + n2) where x, n; and 1), are standard Gaussians. Then the number of samples needed is
at least exp(C'/e).

Definition 1.2. Given two subsets X andY of a metric space (M, dy;), we denote by dist(X,Y),
the one-sided distance from X to' Y which equals sup,¢ x inf,cy dys(x, y). We denote the Hausdorff
distance between X and Y, which equals

max(dist(X,Y), dist(Y, X)) by dpaus(X,Y). When X is a singleton {x}, we abbreviate dist({z},Y)
to dist(z,Y).

It follows that it is not possible to provide sample complexity bounds with a inverse polynomial
dependence on dyaus (M,, M), where the Hausdorff distance is arbitrarily small.

Finally, we mention that there is an interesting body of literature [4, 28] in computational
geometry that deals with fitting piecewise linear manifolds (as opposed to C? — smooth manifolds)
to data. The paper [28] presented the first algorithm for arbitrary d, that takes samples from a
smooth d—dimensional manifold M embedded in an Euclidean space and outputs a simplicial
manifold that is homeomorphic and close in Hausdorff distance to M.

1.4 Overview of sections of this paper.

1. In Section 2 we discuss preliminaries needed for working with G2 submanifolds of positive
reach, as well as record some analytic and probabilistic facts needed subsequently.



2. In Section 3, we start with projecting the raw data points on to a D dimensional linear
subspace S which is such that it minimizes the sum of the squares of the distances to the
points. The span of the eigenvectors corresponding to the top D eigenvalues of the covariance
matrix of the points, is such a linear subspace (the probability of ties in the eigenvalues is 0).
Projection on to this subspace reduces the variance of the noise by a multiplicative factor of
%, while the reach of the projected manifold is almost as large as the reach of the original
manifold (see Lemma 3.3).

3. In Section 4, we find a family of d dimensional putative discs D; of radius roughly v/ o/ DT
that approximates the set of projected points to within a Hausdorff distance of order roughly
ov/D. We then view the projected data as points in a fiber bundle over a base space. The base
space is the disjoint union of the discs in the family mentioned in (2). Each fiber is a disc of
dimension D — d and radius ov/D centered at its basepoint.

4. In Section 5, in each disc D;, we consider a set of lattice points and for each lattice point
x € D; we consider the Voronoi region in D; of points closer to = than to the other lattice
points in D; (see Figure 5). This region is a d—dimensional cube unless z is close to the
boundary of D;. We compute the average of all points in fibers that have as their basepoint, a
point in the Voronoi region just mentioned. The distance of individual points in the set Rnet
of averages so obtained is within roughly d%Q of the original manifold, but the points are now
contained in R"™ and not necessarily .S. Using this “refined net” Rnet, we now, for a second
time, find a family of discs {D;}cn,] that approximate the new data in Hausdorff distance.
However this time, the discs have radius roughly v/do. and the Hausdorff distance between
the new data set and the union of the discs is of the order of d;f. Further we prove that the
Hausdorff distance between the union of the discs and the manifold M is also of the order of
Lf (see Lemma 5.6).

5. In Section 6, we design a set of weights {«; };c[n,] associated with the set of discs { D }ic[ny]
to be used in the next step. These weights play a crucial role in obtained a lower bound
on the reach of the output manifold M, that differs from the reach of M by a factor that is
polynomially bounded in d. Since a point on the submanifold M can be contained inside
exponential in d many Euclidean balls of dimension n and radius less than c¢7 in any cover of
M with such balls, if one does not take special care their interaction leads to the reach being
potentially smaller by a multiplicative factor that is exponential in d.

6. In Section 7, we consider n dimensional balls U; C S containing the respective discs D} and
having the same radius. We use the union of these balls to construct the output manifold as
follows. We construct a vector bundle in which the base space is | J; U;, and the fiber at a
point x is a n — d dimensional affine subspace that is roughly orthogonal to the affine span
of the disc D} closest to x. This step is uses partitions of unity for defining a subspace as a
kind of weighted average of subspaces (See Definition 7.1), with specially designed weights
discussed in Section 6. For each disc D}, we consider a bump function supported on U,
corresponding to a partition of unity for [ J, €[Ns] U;, which we use to generate a function F’
that approximates the squared distance to the manifold from the individual squared distances
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to the discs. Finally, the output manifold is defined to be the set of all points x at which F'is
stationary on the fiber at  (see Definition 7.2). This manifold is C* and a lower bound on the
reach of this manifold is obtained that has a polynomial rather than exponential dependence
on d. A concrete upper bound on the third derivatives of the manifold viewed as the graph of
a function is obtained in Proposition 7.1.

2 Geometric Preliminaries

We need the following form of the Gaussian concentration inequality, which may be found in
Proposition 1.5.7 of [90]. Recall from Definition 1.1 that G((,m), 1s the centered Gaussian distribution

with variance o2 supported on R™ whose density at x is given by pg, () := ( 1 ) z exp (—W> .

2mo? 202

Lemma 2.1 (Gaussian concentration). Let g : R™ — R be a 1—Lipschitz function and a = Eg(X)
where X is a random variable having distribution respect to Gom, Then, fort > 0,

GUz : |g(x) —a| > to} < Cexp (—ct?) . (5)
for some absolute constants c, C.

Definition 2.1. For a closed A C R™, and a € A, let the tangent space (in the sense of Federer
[39]) Tan®(a, A) denote the set of all vectors v € RP such that for all € > 0, there exists b € A
such that 0 < |a — b| < e and

b—a
ool - =

Let the normal space Nor®(a, A) denote the set of all v such that for all w € Tan’(a, A), we
have (v,w) = 0. Let Tan(a, A) (or Tan(a) when A is clear from context) denote the set of all x
such that v — a € Tan®(a, A). For a set X C R™ and a point p € R™, let dist(p, X) denote the
Euclidean distance of the nearest point in X to p. Let Nor(a, A) (or Nor(a) when A is clear from
context) denote the set of all x such that v — a € Nor®(a, A).

< €.

Definition 2.2 (Reach). The reach of a closed set A C R™, denoted reach(A), is the supremum of
all r satisfying the following property. If dist(p, A) < r, then there exists a unique q € A such that

lp — q| = dist(p, A).

For a smooth submanifold, the reach is the size of the largest neighborhood where the tubular
coordinates near the submanifold are defined.

The following result of Federer (Theorem 4.18, [39]), gives an alternate characterization of the
reach.

Proposition 2.1 (Federer’s reach criterion). Let A be a closed subset of R™. Then,

reach(A)™" = sup {2|b — a|*dist(b, Tan(a))| a,b € A,a #b} . (6)



Corollary 2.2. Suppose a,b € A and |a — b| < reach(A) := 7. Let I1,b denote the unique nearest
point to bin Tan(a). Then,

. 2
dist(b, Tan(a)) < (|a - Habl) . %)
T T
Proof. We have
dist(b, Tan(a)) < la—b]*  |a—TIb* + dist(b, Tan(a))|? )

T - 272 272

Solving the quadratic inequality in dist(b, Tan(a)), we get

. 2 2
dist(b, fcm(a)) < 1- \/1 B (|CL —THab|) < (\CL —THab’) . 9)

]

Definition 2.3. We say that M is a compact d dimensional C? submanifold of R™ if M is compact
and the following is true. Firstly, for any p € M, the tangent space at p is a d dimensional
affine subspace of R™, and therefore, by an orthogonal transformation, one can choose Euclidean
coordinates in R™ so that the tangent space at p has the form Tan(p) = {(z1,2) € R? @
R™ 4| Az + b = 2} for some matrix A = A(p) and vector b = b(p). Secondly, there exists a
neighborhood V. C R™ of p, an open set U C R® and a C*-smooth function F : U — R™ % such
that in the above coordinates

MNV ={(u, F(u)|u € UNRY. (10

Let G(d,m,V,7) be the set of all d dimensional, compact €? manifolds embedded in R™
and having reach at least 7 and d dimensional Hausdorff measure less or equal to V. Let M €
G(d, m,V, 7). In the remainder of this section, for z € M denote the orthogonal projection from
R™ to the affine subspace tangent to M at z, T'an(z) by IL,.

3 Projecting the manifold on to a D—dimensional subspace

We shall be assuming that o is known exactly, however, all the arguments that we use go through
if o2 is merely an upper bound on the true variance. This assumption, and how it can be made
practical will be discussed at the end of this section. Further, for the purposes of the proof, we may
assume that A = Cd"Q, because if A is larger by more than C' than this, we can simply add i.i.d

T

Gaussian noise of standard deviation 1/(¢”)2 — o2 to each sample, and then assume that we have
samples where the standard deviation of the noise is ¢’ rather than o. Here, ¢’ is chosen so that
A =C(d")?/(dr).

This section describes the effect of Principal Component Analysis (PCA), with sufficiently many
components on the hidden manifold. It is a preprocessing step involving projecting data sampled
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from p on to a suitable D dimensional linear subspace. After this step, one may assume that the
data is D dimensional rather than n dimensional, where D is an integer that depends only of d, V'
and 7 as given in (4).

Suppose that we are in the following setting: there is a manifold in the class §(d, n, V, 7) and
a probability measure  supported on this manifold that has a density with respect to the uniform
measure on the manifold the logarithm of which is L Lipschitz. Let

o= x G,
Definition 3.1. Ifz € R™ and S C R™, we define
dist(z,S) := inf |x — y|.
ist(z,5) == Inf |z —y|
Let S be an affine subspace of R”. Let [1g denote orthogonal projection onto S. Let the span
of the first d canonical basis vectors be denoted R? and the span of the last n — d canonical basis

vectors be denoted R"~?. Let wy be the d dimensional Lebesgue measure of the unit Euclidean ball
in R%. Given a € (0,1), let

B:=pla) = \/<1/10) (O‘;T)Q (O‘f)d (=), (11)

R > Cov/n + o max (C\/log CN/3,C\/log(Cna? /e)> , (12)

where C' is a sufficiently large universal constant. Let

Let

14
D= LudﬁdJ +1. (13)

Let

Ny > C(R*D/€*)\/log(C/0). (14)

Note that due to the slow growth of the the v/log /Ny term in (12), it is possible to set Ny in (14)
in a way that is consistant with the definition of R in (12). Let ¢ < (3 /2. Below, § > 0 will be a
small parameter that gives a bound on the probability that the conclusion sup, ¢y dist(z, S) < a*r
in Proposition 3.1 fails.

In fact, we may choose

R = Cov/n+ Coy/log(Cno?/(ed)), (15)

and

Ny = [C(no? + 02 log(Cno?/(€6)))\/log(C/5)(D/€*)], (16)

where C'is a sufficiently large universal constant, and in doing so simultaneously satisfy (12) and
(14).
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Proposition 3.1. Given N, data points {x1,...,xn,} drawn i.i.d from [i, let S be a D dimensional
affine subspace that minimizes

No .

Zdz’st(xi,S)Q, (17)
subject to the condition that S is an affine subspace of dimension D, and < ct, where [3 is given
by (11).

Then,
Plsup dist(z,S) < a’7] > 1 —6. (18)
xeM

In order to prove Proposition 3.1, we need some tools, which we proceed to develop. We will
present the proof of the above proposition after presenting the proof of Lemma 3.2. We will need
the following form of Hoeffding’s inequality.

Lemma 3.1 (Hoeffding’s Inequality). Let X, ..., Xy, be i.i.d copies of the random variable X
whose range is [0, 1]. Then,

o[ ()

Let P be a probability distribution supported on B := {z € R"|[|z|| < 1}. Let H := H), be
the set whose elements are affine subspaces S C R" of dimension D, each of which intersects 5.
Let H® = HY, be the set of linear subspaces of dimension D. Let Fp, be the set of all loss functions
F(x) = dist(z, H)? for some H € H (where dist(x,S) := inf,es ||z — yl|). Let F}, be the set of
all loss functions F(x) = dist(x, H)? for some H € H°. We wish to obtain a probabilistic upper
bound on

> 1 — 2exp(—2Nye?). (19)

i Flai) _ EpF(x)],

No (20)

sup
FeJy

where {z;}; is the training set and EpF'(z) is the expected value of F' with respect to P. In
our situation, (20) is measurable and hence a random variable because J is a family of bounded
piecewise quadratic functions, continuously parameterized by H,, which has a countable dense
subset, for example, the subset of elements specified using rational data. We obtain a probabilistic
upper bound on (20) that is independent of n, the ambient dimension.

Lemma 3.2. Let x4, . .., xy, be i.i.d samples from P, a distribution supported on the ball of radius

1inR™,
<2 <\/NIO> (1 + 21n(4/(5)>] >1-4.

Then, firstly,
12




Secondly,

Z | ()

P
No

sup —EpF(2)] <

FeFp

(Cﬁ”> (Hm)] Y

Proof. Any F' € Fp can be expressed as F(z) = dist(z, H)? where H is an affine subspace of
dimension equal to D that intersects the unit ball. We see that dist(z, H)?* can be expressed as

(H{L’H2 — xTATAw) ,

where A is the orthogonal projection onto the linear subspace H. Thus, [ is defined using H € HP,
where

F(z) == (||z||* — 2" AT Az) .

Now, define vector valued maps ¢ and W whose respective domains are the space of D dimen-
sional affine subspaces and B respectively.

O(H) = (%) ATA

and
U(x) := ',
where ATA and za" are interpreted as rows of n? real entries.
Thus,
F(z) = (||z]?—2"ATAz) 21)
= lzl® + Vao(H) - ¥(x), (22)

where the dot product is the inner product corresponding to Frobenius norm. We see that since
||| < 1, the Frobenius norm (which equals the operator norm in this case) of W(x) is ||¥(z)|| < 1.
The Frobenius norm ||ATA||% is equal to Tr(AATAAT), which is the rank of A; since A4; is a
projection. Therefore,

d|@(H)|I* < | ATA|? < D

and

S Fla) _EpF(x)

P [sup N
0

Fed9,

> e] <pM +p@

where

2
Li
”z il g

> 6/2] (23)

13



and

ZNO O(H) - V(x;) _Ey®(H) - V()

@ _p
p [ sup N,

HeHY,

€
> 2\/5] . (24)

The first term, namely p{") can be bounded above using Hoeffding’s inequality as follows

NO 2
. xZ;
2171” ’LH _E?HxHZ

P
No

> €/2| < 2exp(—Nye?/2). (25)

In order to bound p®, we will use the notion of Rademacher complexity described below.

Definition 3.2 (Rademacher Complexity). Given a class F of functions f : X — R a measure
supported on X, and a natural number s € N, and an s—tuple of points (1, . .., x,), where each
x; € X we define the empirical Rademacher complexity Ry(F, x) as follows. Let 0 = (o4, ...,05)
be a vector of s independent Rademacher random variables (which take values 1 and —1 with equal

probability. Then,
R (F,x) =FE, (- | |sup oi f(z; )
o1=5(3) g (S

We will use Rademacher complexities to bound the sample complexity from above. Let X = B,,
be the unit ball in R™. Let 1 be a measure supported on X. Let I be a class of functions f : X — R.
In our context, the functions f are indexed by elements H in HJ and f(z) = ®(H) - ¥(x) for
any © € X. Let uy, denote the uniform counting probability measure on {z1, ..., xy, }, Where
T1,..., TN, are No ii.d draws from p. Thus E, f is shorthand for (1/No) >~; f(x;). We know
(see Theorem 3.2, [5]) that for all 6 > 0,

2log(2/6
P(Z‘i)’\/prO sup |E, f — EﬂNof' < 2Ry, (F,2) + % >1-4. (26)
feF 0
Applying this inequality to the term in (24) we see that
> (H) - W(z,) €
P | su —Ep®(H) - V(2)| < —=| >1-09, 27
[HEH% No r®(H) D) 2v D
where
‘ SE su i O(H) - U(z,) _ S ELACTD) (28)
oNT op : i —
2\/3 No He}%j pay | Ny

In order for the last statement to be useful, we need a concrete upper bound on

s (Z o ®(H) - q’(%))] :

14
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which we proceed to obtain. We have

1 Mo 1 [|| o
Egﬁo ;ng% (;aiQD(H)-QJ(mi))] < Egﬁo _ ;ailﬂ(zi) ] (29)
1 B No 2 %
< Eoyr ;o»ﬂ(xi) (30)
{ 3
- % ;H‘If(x»u?] 31)
! (32)

Plugging this into (28) we see that for

e>2(\/NZO><1+¢W)

and

Zj:l F(xl) N Eij(l‘)

P[sup N <€l >1-0.
0

FeJy

The first claim of the lemma similarly follows from (26). Let Py, be the uniform measure on
{x1,...,7N,}. A direct calculation shows that if H is the translate of H containing the origin, and
for any x, the foot of the perpendicular from z to H is ¢, and the foot of the perpendicular from z
to HO is ¢°, then

Egp,, dist(z, H")? — Epdist(x, H)? — (Egy, dist(z, H)? — Egdist(z, H)?)
can be expressed as

(Eoy, — Eo)(dist(z, H)? — dist(z, H)*) = (Epy, —Eo)(lz — q3]* — = — qI?)

= (Eyy, — Ep)(—2(z, ¢z — @) + lazI" — laI).

This is in magnitude less than [2(Ep, — Eg)(z)| which by the first claim of the lemma is

bounded by A (\/NIO) (1 + \/W>

with probability greater than 1 — §. The second claim of the Lemma follows.
[

Proof of Proposition 3.1. Let x; = y; + z; where for each i € [Ny], y; is a random draw from
w supported on M and z; is an independent Gaussian sampled from G(0, 02), and the collection
{(yi, z;)} is independent, i. e. comes from the appropriate product distribution (p x G(0, 0%))*™.

15



For each i, let z; equal z; if |z;| < R and let Z; = 0 otherwise. Let the distribution of Z; be

denoted G.
We shall first establish the following claim.

Claim 3.1. [f
a2\ [ a2\
Eywﬂdi‘gt(y7 8)2 < (T) (T) WdPmin-

then
sup dist(x, S) < a’r.
zeM

Proof. 1f
sup dist(x, S) > o’r,
xeM

since M is compact, the supremum is achieved at some point . Thus, any point within B .2, (z¢)
2

is at a Euclidean distance of at least a*7/2 from S. Observe that, for any z € M, B2, (z) N M
2
is the graph of a function over the orthogonal projection of B 2, () N M onto T'an(x), which, by
2

Federer’s reach criterion, contains a d dimensional ball of radius at least O‘TQT. Consequently,

E,..dist(y,S)* = /Mdist(y,S)2u(dy) (33)
2 2
= () o (o720 “
2 2 2 d
> (%) (%) WiPmin- (35)
OJ

Definition 3.3 (e—net). Let (X, dist) be a metric space. We say that X, is an e—net of X, if
X1 C X and for every x € X, there is an x1 € X1 such that dist(x,z1) < €.

Note that M can be provided with 33 /2 net with respect to Euclidean distance of size D because
the volume of the intersection of an n dimensional ball of radius 33/2 centered at a point in M with
M is greater than wy 3™ (by Federer’s reach criterion), and w,(" is greater than % by (13). Next, let

S C R" be the linear span of a minimal 3/ net of M. Then,
E,..dist(y, S)? < 982, (36)

Let € < (3%/2. By the definition of S,
N N R
Z dist(z;, S)? < Z dist(z;, S)?. 37)
i=1 i=1

Claim 3.2. By our choice of R and Ny, with probability greater than 1 — /2, for all i € [Ny,
Ti = Yi + %

16



Proof. 1t suffices to show that
I = / (2m02)™2 exp(—|2]2/(20%))dz < 1 — (1 — §/2)1/M0, (38)
|z|>R
The left hand side Ir can be bounded above as follows.

Inexp(R*/(40%)) < /n(27ﬂ72)”/2 exp(—|z]*/(20%)) exp(|z|*/ (40%))dx

2n/2,
From (12),
R > Cov/n+ Cov/log(CN/§),
and so
I < 22 exp(—R?/(46%)) < 2" exp (—Cn — C'log(CNy/d)) (39)
4]
< 40
S (40)
< 1—(1—6/2)YNo, (41)
]
By Lemma 3.2 with probability greater than 1 — 0/2, we have
No
sup|(1/No) Y _ dist(y; + %, 5)* = E(, 2 _adist(y + 2, 5)°| < ¢/2. (42)
S i=1
Claim 3.3. By our choice of R,
sup |E,~pdist(x, S)? — B, 2)uxcdist(y + Z, S)?| < ¢/2. (43)
5 ;

Proof. For any fixed Sand z € R",
—E,dist(z,S)? + B 2uxadist(z + 7, 5)? = E_ adist(Z, S)2,
because for the vector valued random variable p = = — Ilgz, |p| = dist(x, S) and we have
Elp|* = Elp — Ep|* + [Ep[.
Therefore,

~dist(y + %, 9)?|

sup |E,udist(z, S)? — E(y,z)N#xG
S

= supE__adist(Z, S5)?
S

.....

22(2m0?)" 2 exp(—|z|%/(202))dx
< L|>R||<2 Y72 exp(— 2]/ (20%))d

= JR.

17



Proceeding as with the preceeding claim,

Jrexp(R?/(40%)) < / |2 (2m0®) 2 exp(—|2[*/(20%)) exp(|2[*/ (40°))dx
= 2no?2m?.
Since by (12), R > Co+/n + Ca\/m, we have Jg < ¢/2 and the claim follows. O
Thus, with probability greater than 1 — 9,

No
sup |(1/Np) Zdist(xi, S)? — Epopdist(z;, S)?] < e (44)
S i=1
Therefore, by (37) and the above, with probability greater than 1 — ¢,

E,pdist(z,S)? < Eyopdist(z, S)? + 2¢. (45)

Therefore, expanding x = y + 2, we have

By idist(y, S)? < Epepdist(y,S)? + 2e (46)
< 9B% + 2 (by (36)) (47)

T 2 a’r d WdPrmi
< (%5) (°F) (2=, )

Therefore, by Claim 3.1, with probability greater than 1 — ¢,

sup dist(x, S) < a’7.
zeM

This proves Proposition 3.1. [l

Lemma 3.3. Suppose M is a C* submanifold of R™ having reach T and S is a D dimensional
linear subspace such that sup,c dist(z,S) < o1 where o < }1. Then I1s(M) is a submanifold
of R" having reach at least (1 — 4a*)T.

Proof. Without loss of generality, set 7 = 1. Since M is compact, and I1g is continuous, IT5(M)
is compact. We will first show that the reach of ITg(M) is greater than 1 — 4. Note that for any
x,y € M such that |z — y| > «,

|z —y| lz —y|?

— _ 2
Hs(z—y)| _ \/1 ~ M (z —y)| > V1= 4a2, (49)
Let |z — y| < a. Let
U:={y eR"||y—Ty| < 1/4} N{y € R"||z — T,y| < 1/4}.

18



As M is a C? submanifold of R", by Lemma A.2, there exists a C* function F, i from Hx(ﬁ ) to
I 1(I1,(0)) such that

{y+ F,p()|y € M(U)} =MnU.
By Corollary 2.2,
Fowl < lo—ThyP <o (50)
Therefore, the Hausdorff distance between M N U and the disc T an(x) N U is less or equal to o?.
Consequently,

sup  dist(z,S) < o’ + a® = 2a%. (51)
:EGTcm(:r)ﬂﬁ

In particular, this implies that the dimension of S is at least d. We observe that

a(y—z) a(z—y)
[z — ] |(z + 5 ;?) (z + 5= ym
a(y—x a(T— 2
s (o + S20) — (2 + 5=))
- |- - — (53)
(@ +557) — @+ 50
4a?
> 1= () = viae (54)
For € > 0 let
U.:=A{y e R"|Jy — I,y| < 1/4} N{y € R"||z — ILy| < €}. (55)
Then,

U.N{z € R"|dist(z,5) < o’} = {y € R"||z — ILy| < e} N {z € R"|dist(x, ) < a’}.

Therefore, by (51) and the Lipschitz nature of the gradient (by (227)) of Fz,ﬁ if we choose a frame
where the origin is I15(z) and R? is TIg(Tan(x)), we see that for sufficiently small ¢, ILs(U, N M)
is the graph of a C? function. Since z € M was arbitrary, this proves that IIgM is a submanifold of
R". Finally, we note that the reach of IIgM is given by
. s (z —y)[?
reach(llsM) = Maiﬁigem 2dist(llgz, gTan(y)) (56)
(1—4a?)|z —y|”

S 57

- Maglcr;iyeM 2dist(gx, [IgTan(y)) 7

= Maayem 2dist(z, Tan(y))

= (1 —4a®)reach(M). (59)
[
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3.1 Estimating o.

As we mentioned in the beginning of this section, we have assumed knowledge of o. However in an
interesting regime, namely the regime where the values of n, D, 7 and o satisty

2
n_D> (2)
0-2

we shall now show how an upper bound on ¢ can be obtained which is good enough for our purposes.
Let S be the D dimensional subspace defined in the statement of Proposition 3.1. Let

. dist(z,5)?
g = \/]Ezwﬁ (ﬁ)

It then follows from Proposition 3.1 that with probability at least 1 — ¢,

(n — D)o* < (n — D)é* < a*7? + (n — D)o?.
This implies that
0® < 6% < (a* +1)0%.

The Monte-Carlo method can be used to estimate 62 to within a prescribed error with high
probability.

4 Learning discs that approximate the data

4.1 Properties of I1p X.

In what follows, we shall, without loss of generality, identify .S constructed in Proposition 3.1 with
RP C R™. We will denote the orthogonal projection IIgzp of R™ on to R” by IIp.
Let

T

Ty € \/07D1/4,W . (60)

Here 7, is a preliminary radius that will be subsequently be replaced by a smaller radius r.. Let [V

be chosen to be an integer such that

cv

No/ In(N, _—
0/ n< 0> ~ pminwd(r'ﬂg/,r)d7

(61)

where wy is the volume of a Euclidean unit ball in R%. We will assume that D is large enough to
that we can choose Ny such that

N, < €P. (62)
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Lemma 4.1. Let )N(O be a set of Ny i.i.d random samples from the distribution . Let X be a set of
Ny i.i.d samples from i * G((,n), obtained by adding i.i.d noise sampled from GS,") to the points in
Xo. With probability 1 — NO_C, [Ip Xy will be C’rg/T—close to I1pM in Hausdorff distance.

Proof. By the coupon collector problem applied to the Voronoi cells corresponding to a 67’12, /T net
of M that is also 7"]% /27 separated (such a net always exists, and can be constructed by a greedy

procedure), we see that if we examine the set 11 D)A(; of Ny i.1.d random samples from the push
forward of i under ITp, with probability at least 1 — N, ©, every Voronoi cell has at least one
random sample. Therefore the Hausdorff distance of II D)/(YO to IIpM is less than 121”12, /7. Due to
Gaussian concentration (see Lemma 2.1), the maximum distance of a point I1y; of I1p X to the
corresponding I1px; in I1 D)Z) is bounded above by

o (\/BJr \/M) < Cri/,

with probability at least 1 — N . This is an upper bound on the Hausdorff distance between IT5 X,
and IIp X. Therefore, we have proved the lemma. L]

4.2 Putative discs

Let X be a finite set of points in £ = R? and X N By(z) := {z,7,...,Z,} be a set of points
within a Hausdorff distance 0 of some (unknown) unit d-dimensional disc D;(x) centered at x.
Here B (x) is the set of points in R” whose distance from z is less or equal to 1. We give below a
simple algorithm that finds a unit d-disc (i.e. a ball in a d— dimensional isometrically embedded
Euclidean space) centered at x within a Hausdorff distance C'dd of X, := X N By(z), where C'is
an absolute constant.

The basic idea is to choose a near orthonormal basis from X where x is taken to be the origin
and let the span of this basis intersected with B;(x) be the desired disc. This algorithm appeared
previously in [49] but been included in the interest of readability.

Algorithm FindDisc:

1. Let x; be a point that minimizes |1 — |z — 2’|| over all 2’ € X,.

2. Given x1, ...z, form < d — 1, choose z,, 1 such that

max(|1 — [z — &[], [{z1/]z1], ), . [(@m/ |l 2))
is minimized among all 2’ € X, for 2’ = 1.

Let Zx be the affine d-dimensional subspace containing x, x1, . . ., x,, and the unit d-disc 151 (x) be
A, N By (z). Recall that for two subsets A, B of R, dy (A, B) represents the Hausdorff distance
between the sets. We will denote large absolute constants by C' and small absolute constants by c.

Lemma 4.2. Suppose there exists a d-dimensional affine subspace A, containing x such that
Di(z) = A, N By(x) satisfies dy(Xo, Di(x)) < 6. Suppose 0 < § < 55. Then dy(Xo, Dy(z)) <
C'dé, where C is an absolute constant.
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Proof. Without loss of generality, let = be the origin. Let d(z, y) be used to denote |z — y|. We will

first show that forall m <d — 1,
<£7xm+1>‘7..., <_l'm ,xm+1>'> < 0.
|21] ||

To this end, we observe that the minimum over D; (z) of

(s (G e

is 0, because the dimension of D;(z) is d and there are only m < d — 1 linear equality constraints.
Also, the radius of D (z) is 1, so |1 — d(z, z;,+1)]| has a value of 0 where a minimum of (63) occurs
at y = z,,41. Since the Hausdorff distance between D;(z) and X is less than § there exists a point
Yma1 € X whose distance from 2, is less than §. For this point y,,, 1, we have

<%ym+1>‘ <%,ym+1>‘> <. (64)
() Kio)

is no more than the corresponding quantity in (64), we see that for eachm + 1 < n,

<%’xm+1>‘ <%xm+1>’) <4

Let V be an D x d matrix whose it" column is the column x;. Let the operator 2-norm of a matrix
Z be denoted || Z||. For any distinct i, j we have |(z;, ;)| < 6, and for any ¢, |(z;, z;) — 1] < 20,
because 0 < 1 — ¢ < |z;| < 1. Therefore,

max <|1 —d(z, Tpma1)|,

g e ooy

max (|1 R —)

Since
max (|1 —d(z, Tmt1)|,

max (|1 —d(z, Tpma1)|,

V'V — I|| < Cyds.
Therefore, the singular values of V lie in the interval
Ic = (exp(—Cdod),exp(Cdd)) 2 (1 — C1dd, 1 + C1d9).

For each i < n, let z} be the nearest point on D;(x) to the point x;. Since the Hausdorff distance
of Xy to D;(x) is less than 0, this implies that |2} — x;| < 0 for all i < n. Let Vbean D x d
matrix whose 7" column is z7}. Since for any distinct 4, j we have |(z}, )| < 30 4 ¢°, and for any
i, |2, 2f) — 1] < 46,

V'V — I|| < Cdo.

This means that the singular values of V lie in the interval Ic..
We shall now proceed to obtain an upper bound of C'dd on the Hausdorff distance between X
and D (z). Recall that the unit d-disc D;(x) is A, N By(z). By the triangle inequality, since the
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Hausdorff distance of X, to D;(z) is less than §, it suffices to show that the Hausdorff distance
between D; () and D, () is less than C'dé.

Let 2/ denote a point on D;(z). We will show that there exists a point 2’ € D (z) such that
|2’ — 2| < Cdé.

Let o € R be such that Vo = 2. By the bound on the singular values of ‘7, we have
la| < exp(Cdé). Let ¥ = Va. Then, by the bound on the singular values of V, we have
|y/| < exp(Cdd). Let 2/ = 2/ = min(1 — §, [¢/|)|y'| ~'¢/. By the preceding two lines, 2’ belongs to
D, (z). We next obtain an upper bound on |2/ — /|

2" =2 < [a’ =] (65)
' - 2. (66)
We examine the term in (65)
|2 — | = ]‘704 - ‘704]
d
< supla; — 2D o))
% =1
< ddexp(Cdo).
We next bound the term in (66).
' =2 < [Y|(1 - exp(—Cdo))
< Cdé.

Together, these calculations show that |z' — 2| < C'd). A similar argument shows that if 2" belongs
to D1 (z) then there is a point p’ € D;(x) such that |p’ — 2| < CdJ; the details follow. Let

VB = Z2”. From the bound on the singular values of v, |8 < exp(Cdod). Let ¢’ := VA. Let
p' :=min(1 -6, |¢|)|¢'| "¢ Then,

|p/_Z//| < |q/—z//]+|p'—q'\
< !Vﬁ—VﬁHll—Vﬁ\

IA

sup|xz—x I( ZW] )+ Cdd

7=1

< ddexp(Cdd) + Cdd < Cod.
This proves that the Hausdorff distance between X, and Dy (x) is bounded above by C'dé where C
is a universal constant. O
4.3 Fine-tuning the discs

In this subsection, we will assume that the discs are centered at the origin and have a radius 1. We
also assume that that we have constructed a disc D1 such that dy (D1, By N X) < ¢ and we know
that there exists some disc DD; (which we have not constructed) such that
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1. dy(D;, By N X) = §; < cis the Hausdorff distance between a unit disc D; and B; N X.

2. 6y := sup dist(z, Dy).

zeB1NX
We will describe an algorithm that produces a disc D such that

1. sup dist(z,D) < 26,.
zeB1NX

2. dy(D, D;) < 126,.

This algorithm will be applied to X = 1Ip Xy, from Lemma 4.1. Note that in this context,
0y < CT’”Q, while we only need ¢; < cr. Consider the family D of all unit d—dimensional discs
centered at the origin defined by

D :={D|( sup dist(z, D) < 26,) and (dp(B1 N X, D) < 2dy (D1, By N X))}
zeB1NX

We will obtain an estimate ¢ of the diameter of this family in the Hausdorff metric. By the triangle
inequality applied to the Hausdorff metric, there exist D € D and = € 9D, such that

diSt([L‘,Dg) = dH(Dl,DQ) € [5/2,3]

Let ¢ : Tan(0,D,) — Nor(0,D;) be a linear map from the tangent space of D; at the ori-
gin to the normal space at D; at the origin such that Dy C {(z,¢(z2))|z € D;}. Then, ¢ is

0/\1— 5 —Lipschitz (measured with respect to the Euclidean metric on the range and domain of

). ~ -
Lety € X N By be such that |y — x| < 2dy (D1, B1 N X). Since 2dy(Dy, B N X) < ¢, we
have B
|z —TIp,y| < 2dy(D1, BN X) < ¢,
implying that B
dist(Ilp,y, Ds) > 6/4.

Also |y — IIp,y| < ds. Therefore,
205 > dist(y, Dy) > 6/4 — 6.

Therefore, 3/4 < 38,. Thus, § < 128, < c. )
Therefore, by the preceding bound on the Hausdorff diameter and D; € D, it suffices to find
any one element of D to obtain an additive approximation D to D; to within 120, in the Hausdorff

metric which also satisfies sup dist(z, D) < 2d,. . This is done as follows. Let the linear span
zeB1NX

of 51 be identified with R? with the canonical Euclidean metric. Then, we consider the set f) of
discs of the form

D= By n{(Z, 2)|Az, — Iz, = 0}, (67)
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where A is a d x (D — d) matrix, such that the operator norm of A is bounded above as follows:
IA|l < 2dp(Dy, By N X).

By (4.3), D D D. It suffices to find one element of D in 5 We do this by solving the following
convex program using Vaidya’s algorthm [93]:
Find A such that

1. ||Alls < 2dy(Dy, BN X), and
2. forall x = (2, 25) € B; N X, where 7; € R? and 2, € RP~1,

||Al’1 — ]IEQHQ S 252

Once such an A is found, the corresponding D given by (67) satisfies the following. For any
(1’1,1‘2) =rx € BNJX,

< 20. (68)

2

dist(l', ﬁ) = H([ + AAT)71/2<A$1 — [.TQ)

5 Obtaining a refined net of M

We recall the setup. M is a submanifold of R". RP C R" is a coordinate subspace such that the
orthogonal projection I1, of R™ onto R” satisfies

sup |z — [px| < o’r,
xeM

where we choose o to be less than &. Let the set of all points within a distance of 2v/Do of
IIpM, be denoted (IIpM), /5, Let x € (IIpM), 5, Recall that X is a set of Ny independent,

randomly sampled points from g * G, Let 7. satisfy

%

T 1

= —— >40D>2. 69
T  Cd° o ©9)
Let Bp(z,r.) denote the Euclidean D—dimensional ball of radius r., centered at x, contained in

RP. Let x be an arbitrary point in (IIpM), 5,. Let Dy be a d—dimensional disc centered at x,

having radius . and having a Hausdorff distance to I1p(X,) N Bp(z, r.) that is less than 6 = 0:3 :

that is

[\

dyaus (Do, IIp(Xo) N Bp(z,r.)) < 6 = CTC. (70)

T

Disc Dy can be obtained using the algorithm in the Section 4.

Lemma 5.1.
P [dyaus (Do, Bo(x,7.) NTp(M)) < 28] > 1 — eNy©.
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Proof. Since o(v/D + /In(NS)) is less than § = Cr? /7 < zac» by Gaussian concentration (see

C
Lemma 2.1), with probability at least 1 — NOC , every point y; = x; + (; satisfies

lyi — zi| = |G| < o(VD + /In(N§)) < Cr? /.

By replacing r, by r. in Lemma 4.1, we see that

P [dpaus (T1p Xo, Tp(M)) < 6/2] > 1 — Ny ©.
Therefore, in particular,
P [dnaus (TTpXo N Bp(z,7.), Ip(M)) < 8] > 1 — N, ©.
By the triangle inequality with respect to dyays,

dhaus(D[b BD(:Ea rc) N HD(M)) S dhaus(D07 HD(XO) N BD(J:7 Tc))
+ dhaus<HD(X0) N BD<I7 TC)? BD('ru TC) N HD(M))

The Lemma now follows from the last two inequalities and (70). ]

We now translate the origin to = and denote by R?, the affine span of D,. Let II; : R* — R¢

denote the map that projects a point in R™ orthogonally on to R¢. Let S, denote the cylindrical set
given by

Sy := Ba(0, %) x Bp_a(0,¢) ¢ RP, (71)

where B,(0, %) is the ball of radius & contained in R centered at the origin, and Bp_4(0, %) is the
ball of radius ¢ contained in R”~¢ centered at the origin. Here R”~“ is the orthogonal compliment
of R¢ inside R”. Note that

;'S € R™

We will obtain a refined net of M N II;'S,. Let Yp, = By(0,%) N 106Z?. Due to volumetric
considerations,

Vi, | < (%)d (72)

For y € Yp,, let V,, denote the “truncated Voronoi cell” defined by

Vy ={y' € SolVy" € Yp,,ly —¢| < |y —v"|.} (73)

Thus, V}, is the set of all points in Sy that are at least as close to y as they are to any other member
of YDO .
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Bp(0,r
y eV, p(0,7)

Bp_q(0,7/2)

SO Bd<07 7“/2)

The points of X, have the form ¢; = p; + ;, where p; is a sample from g supported on M and
the v; are i.i.d samples from the measure whose density is G Define the net

ZSO = {Zy|y S YD0}7

where 2, is defined to be the expectation of a random point ¢; conditional on it belonging to HBIVy.
Let us first focus on IIpz;, and its distance to [T, M. The push-forward of Gf,") under I, is a
Gaussian density G restricted to RP , the measure corresponding to which is Np (0, 0?). Further
IIpM has already been shown to be of reach at least (1 — 4a)7 in Lemma 3.3. Secondly, by (50),
ITp applied to a unit tangent vector v at a point on M satisfies

[Tpo] — 1] < [[(TIpv) —v|| <1 - V1 —4a2 < 4a* < %i

Due to the consequences of this on the Jacobian of the restriction of 11, on the tangent space at a
point on M, the push forward of 1 under 11, has a Radon-Nikodym derivative with respect to the
Hausdorff measure on IIpM that takes values in [222, 2p,,,,].

In this section, we will use the fact that that the logarithm of the Radon-Nikodym derivative of 1
with respect to the Hausdorff measure on M is %—Lipschitz.

As a consequence of Lemma A.2, [T (M) N 170—*22 is the graph of a C*—function f from B4(0, %)
to the orthogonal compliment of R? in R?, (which we henceforth denote by R”~4). This function f,
when restricted to B4(0, %) has a C°—norm of at most C'd with probability 1 — N “ by Lemma 5.1.
Thus, we henceforth assume

Vo € By(0,7), |f(x)] < Co. (74)

The bound on the reach together with Lemma A.2 implies the following for all = € B,(0, 27_0)
Firstly,
Clul?
vaRdeER"*d <812)f($)7 w> < M

T
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Secondly,
Colol , Clvl|

Te T

Yo € RY, 19, f(x)] < (75)

This implies that Vz,y € B4(0, 55), and Vw € B,,_4(0, 1), denoting z — y by v,

Clo*

[(f(x) = fy) = 0uf(y), w)| < (76)

Let Xéz) be a set of

d
N()Tc

2
Ny = C’dn< ) Nomax |Yp,|log Ny log

o
o?/T
d

2 d N,
< Cn <L> No (E> log Ny log OZ;C
o g

o?/T

independent random samples from p (which are hence independent to X). Let
y |V;/ N HDX62)|-

We will be interested in the case where
nr?
#, > 100 ) log Ny,

since the complimentary event will be absorbed in the error probability.

Lemma 5.2.

2
P |:<II1111 min #y) < 100 ( nr ) log NO] < NO_IOO. 77

D yEYD

Proof. By (75), p(IT5H(V,)) N M) > —Lmint" >

Ny max; ‘YDi|

rdN If z € I, (V,) N M, and ( is a random

sample from the measure associated with ng), then
Pz +¢€V,] >

since V,NR? is a cube of side length more than co. Therefore, if  is a random sample from . and ( is
CdO'd
rdNoy*
Nor

a random sample from the measure associated with G ™ and z = x + ¢, then P[z € TI,'V,] >

The lemma follows from the solution to the coupon collector problem with Ny max; |Yp,| <
bins, corresponding to the different V. D
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Recall from (71) that Sy = By4(0, %5) x Bp_4(0, % ). We split V,, N HDX(()2) into two sets. Let
S consist of those points II(p; + ;) such that ITp(p; + ;) € V, N1Ip X, and I1p(p;) € fgf’c,
where we recall that p; € M. If #, > 1, let

If #, = 0, we define z,,; = 0. Let
Zy,l = E [/Z\y,l] .

Let S, consist of those points IIp(p; +;) such that [T (p; +7;) € V, and I1p(p;) & 1750 If #, > 1,
let

If #, = 0, we define 2, » = 0. Let

Let
Zy = Zy1 t 22

Let 1/ be the pushforward under II, of the restriction of y to IT,' <%), normalized to be a

probability measure. Thus y is the push forward of a measure (derived from ) supported in M.
We will also need to work with an analogous measure derived from g G((,”), which we denote by
1" below.

Let Plz € A] = p/(A) for every Borel set A C By(0, 55). Let IIp_4 denote the orthogonal

projection of R™ onto RP~¢, which we define to be the orthocomplement of R? in R”. Let 1’ be
the probability measure supported on 5,4(0, 75) given by

@A) = Plre A +x+ f(z) €V,),

where = + f(x) is a sample from the pushforward of p via I and 2’ is the image via I, of an
independent sample from G((,”). Thus

Pl(z € A)A (@ +x+ f(x) € V)]
Pl(«' + 2+ f(z) € V)]

Pl(z € A) A (Ilgz" + 2z € I1;V,) A (Ip_ga’ + f(x) € Hp_4V,)]
P[(Ilgz’' 4+ x € I1;V,) A (p_gx’ + f(x) € IIp_4V})] '

p'(A) =

Let 4 and vp_g denote Gaussian measures in R? and R”~¢ having covariances 02/, and 021 p_g4
respectively. Note that the denominator in the above expression

]P)[(Hdl'/ +zx € Hd‘/y) VAN (HD_dl‘/ + f(f) € HD—d‘/y)]
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equals

/ (T4, ~ 21 alTTp-aVy — () (dr) =: T (78)

Let BS°(z, R) denote £, ball in R? whose center is z and side length is 2R. Then, the Radon-
Nikodym derivative % at = € B,(0, =) is given by

du )20
IV, — 2)yp—a(Ip_aVy — f(x)). (79
Moreover,
)= oo~ (1 =2
Ya(lgVy — x) = (V2mo) % exp( 5 YAq(dz). (80)
B (y,5Vdo) 20

Assuming the D — d is larger than a sufficiently large universal constant C', we see by Gaussian
concentration (Lemma 2.1), (74) and the fact that I[Ip_4V, € Bp_q4(0, §) thatif z € By(y, %), then
f(z) < 06 < %, implying that

0_2

Y-a(lp-aVy — f(x) > 1 —. (81)

It follows that T~1 < C\y(B(y, 5v/do)). We observe that due to the symmetries of the lattice
10074, provided that B (y, 5v/do) C Sy,

va(IlqVy — x) = va(llgVy, — (2y — x)). (82)

Let us first analyze |z, »|. Since V}, is contained in Sy, this is clearly in the interval [—%, %]. We
see that

2

el = 5 (VB0 P (=S masoh)) < (Z).

202

by Gaussian concentration (Lemma 2.1), since 5= > ov/D.
We will now fix one y € Yp, = Bq(0, %) N 10077, and translate the origin to this point. Next,
let us analyze
ey = 1p_a(zy1 + 2y2)-

5.1 Controlling the distance of ¢, to [Ip M

Let @%_ 4 be arandom variable, whose distribution is that of a a mean 0 Gaussian of covariance
02Ip_q4, conditioned to be in I1p_4V,, — f(z). Then,

Mp-i(z) = [ o B+ G ),

25)
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and so

ey =Tp_qzys + / E(f(z) + G%_)u" (dx). (83)

IeBd(nglo)

By (74), for z € B,4(0,r), we have | f(z)| < C4. Recall that

= % >40\/5.

S st

Let g : B4(0, &) — RP~% be given

on

y
g(z) == E(Gp_y)-

Lemma 5.3. If x € By(0,1.), then |g(x)| < "72

Proof. Let all lengths be rescaled so that /270 = 1. Let & = Gﬁgil, and denote | f(x)| by 7. By
(74), for z € B4(0,r.), T < C4. Then,

(B [ (z—Tz,7%) exp(—7r||z—T:/E||2))\D_d(dz)) 7

p—da(*£)

9(r) = T exp(—nlz — TZ|2)Ap_aldz)
Bp_q(%5
Fott € R, let
h(t) = / (= — 12,3) exp ()| — 12]%) Ap_a(dz).
Bp_a(%)
Then,

Oh(t) = 2w / (z —tZ,2)(z — 12, %) exp (—7||z — tZ]*) Ap_a(d2)
Bp_a(%)
- exp (—7l|z — tZ|*) Ap_a(dz).
Bp_a(%¥)
Let
Jp =27 / (z —t2,2)(z — 12, Z) exp (—7||z — tZ)|*) Ap—_a(d2)

RD_d\BDfd(Tc)

Letr’ = > (%) o7rD7. Note that



Then,

x D—d
Iy exp(wr'2/2) < 27T/D dl)‘ | dexp(—7r|1:|2)exp(7r|w|2/2))\D_d(dx) =273 .
. _
Therefore .
I < 277 exp(—ﬂg ).
Let

I ;:/ exp(—lz[2)Ap._a(dz).
|z|>r!
The left hand side I, can be bounded above as follows.

Loexp(mr'?/2) < / exp(—|z|?) exp(r|z|*/2)Ap_a(d2)
RD—d

D—d

Therefore )
D—d D—d T 7“/

I, <277 exp(—mr'?/2) <272 exp(— 5 )-

We see that .J,» and I, are trivially non-negative. It follows that for ¢ € [0, T,

wr’?

2)'

Oh(t)] < 277 exp(—

D—d

Since h(0) = 0, we see that |h(T)| <272 exp(—%&)T. Therefore, Vo € By(0, 1),

—d

275" exp(— )T

~ 2

g(z)| < = ,
| | 1 — 2% exp(—%Q)
12 2
< 275 exp(———)T <
= exp! 4#02) -7

The following lemma shows that dist(e,, [IpM) < %"2.

Lemma 5.4.

Cdo?

|HD—d€y - f(y)} < -
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Proof.

Mo-aley = 52) = 1) = | [ B(f@) = 1) + Cp_w"(do)
2€B4(0,45)
<[ EG@ - )+ G utds) (88)
xEBd(y’%)
T / E(f(z) - f(y) + G%_u"(dx)|. (89)
2€B4(0,55)\Ba(y,3)
Observe that the signed version of (88) can be rewritten as follows.
[ U@ - )+ ) %)
x€B4(y, )
1 ~
- (3) ( [ B - ) - 0 ) +Gz%_d>u”<d:v>> o1)
meBd(lh%)
1 —~
+(3) ( [ By -0~ ) = 0y + G2 - x>>><9z>
xGBd(yv%)
1
+(3) ( [ o) - itz - x))) . ©3)
xGBd(yvg)
We observe that twice the magnitude of (91) satisfies,
/ E(f() = F(5) — Doy f(y) + G )" (d2)| <
:EGBd(y,%)
2
[ @ ) -0+ < (©4)
ZBGBd(%%) 7
Cler —yl*\ o, , o? _ Cdo?
/ (—) DIV, — 2)vp-a(Tp_aVy — f))l(de)| + = <S4
x€Bq(y, ) T T g

By symmetry, The same bound applies to twice the next term. Now we need to bound (93). To do
so, observe that

[ P s) = a2y =)

< / 00y F(0)] - | (" (d) — 1" (d(2y — )|
r€By(y, %)

CS|z — Clz — y[? -
< / < 2=yl Clz—yl )Fl,yd(ﬂdvy_@(lx y|>u,(d$)
z€Bq(y,§)

Te T T

(CdaQrC Cagdg) Co?
< + < .

T2 T2 T
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In the last step, we used the fact that r. < Z. Lastly, from the tail decay of ‘%,/ as expressed by (79)

and (80) and the fact that & > |E(f(z) — f(y) + G2_ )|, it follows that the term (89) is bounded
above by é [

We define the “refined net” of IIpM N Bp(0, %) to be {e, |y € Yp,}. To extend this to a net of
I[TpM, we take the union over all such refined nets corresponding to balls of radius r. with centers
in.)(b
5.1.1 The ¥, norm

A random variable Z in R that satisfies for some positive real &,
Elexp(|Z[*/K?)] < 2
is called subgaussian.

Definition 5.1 (15 norm). We define
|Z]|y, = inf{t > 0: Elexp(|Z]/t*)] < 2}.

That this corresponds to a norm is known, see for example, Exercise 2.5.7 of [94]. For a
subgaussian random variable, by Proposition 2.5.2 of [94],

—ct?
PZ >t <2exp | =5 | 95)
12115,
forall ¢ > 0.
We appeal to Theorem 3.1.1 from [94], which implies the following.

Proposition 5.1. Let Z = (Zy,...,Z,) € R" be a random vector with independent Gaussian
coordinates Z; that satisfy EZ? = . Then

H|27|__'\/7_7:0-H,¢,2 < (70)

where C'is an absolute constant.

5.2 Controlling the distance of a point in the refined net to M

We now proceed to obtain a refined net of M. We split (V, & R"?) N X(()Q) into two sets.
750

Let ST consist of those points p; + +; such that p; +v; € (V,, @ ]R"*D) C R"and IIpp; € 152

Let 2, be #Ly ezsn zif #, > land be 0 if #, = O and 2z, := E [’z\gl} . Let S§ consist of those
ZEoy

points p; + ~; such that I (p; +v;) € V, and I1p(p;) ¢ %. Let 2, , be #iy > zif #, > 1 and

2€8%

be 0if #, = 0. Let 2, := E [2,] . Let



Let us first analyze |z} ,|. We see that there is a distribution ' supported on [c7, o), such that

gl < [ (w%)f’ (-5l ) < (Z). o9

Let us next analyze
ey = ey + 1l p(zy1 + 2,5).

Definition 5.2. Let C/J\ﬁ_ p denote a mean 0 Gaussian of covariance o*I,,_p. Then,
Wople) =)= [ B(f@)+Gpdn) = [ P,
z€B4(0,%) 2€B4(0,2)

As a consequence of Proposition 3.1, M N 11} (%) is the graph of a C?>—function f"~P

from B,4(0, &) to the orthogonal compliment of R” in R", (which we henceforth denote by R"~?).

In order to show that

2
dist(el, M) < Ci" , 97)

it suffices to prove the following lemma. Note that the difference between Lemma 5.4 and the
following Lemma 5.5 is that in the latter we have the projection II,,_p from R” to R”, while the
former involves the projection I1p_4 from R? to R<.

Lemma 5.5.
Cdo?
‘anfoZ — fniD(y)’ < 7_0 .
Proof of Lemma 5.5. We see that
oenies =P = | [ o B = P )
S d
< / U P(a) - 1P ) ©98)
2€By(y
e / E( ) - PP ©9)
x€B4(0,55 )\ Ba(y,5)
Observe that the signed version of (98) can be rewritten as
/ (f"P(x) = [P (y)u" (dw) = (100)
x€Bq(y,"§)
1
(5) / ("7 (@) = 7P (y) = Ouy "D ()1 (d2) | + (101)

EBd(yv%)
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! n—b n—D n—D I
(5) ( / eBd(y’%)(f 2y — ) = ["7(Y) = Oy—a /" (y)) 1" (d(2y — :c))) +

(%) (/xeBdW;) Oay " P ) (" () — "2y - x>>) - (102)

We observe that twice the magnitude of (101) satisfies,

/ i E(f*P(x) — f*Py) — 0y f"P(y) + G2_p)p" (dz)| =

IN

[ = ) = P )

Clr —y|? , Cdo?
/ (i—ﬂ)rﬂmmw—wwamww—ﬂ”wmwm < Yo,
z€B4(y,"5)

T T

By symmetry, the same bound applies to twice the next term. Now we need to bound (102). To do
s0, observe that

‘ / Oay /7P (y) (W' (d) — 1" (d(2y — l‘))’
r€B4(y, <)

IN

/‘ Doy P ()] - | () — 1(d(2y — )|
r€Bq(y, %)

I
&\
m
oy
au

&

w‘;
VR
Q
8
|
=
+

Q
)
<
o
~~

-

\é—t

is9

—~

—

<

|

=

I
S
=

=
~~_

=

IN

T T2 T

<0d02 003d3> Co?
+ <22

Lastly, as we show below, from the tail decay of %, proceeding in a way that is analogous to (96),
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it follows that the term (99) is bounded above by "72 Thus,

[ @ )

z€Ba(y,55)\Ba(y,5")

_ (;) [ @ - )~ P )

xeBd(yvg%))\Bd(yv%)

B[ e s - 0)

2€By(Y,55)\Ba(y,§)
1
i (5) / Oy /"~ (y) (0" (d) — " (d(2y — x))‘
Cle — yl2
< / (M) )

mEBd(y,%)\Bd(yv%)
2€Ba(y,35)\Ba(y,5)
(C’|x —y|?

+

€Bq(Y,55)\Ba(y,5)

Cle — 2 2
+ / (C’|x —y| + M) ' (dx) < 07.

IEBd(Zﬁ%)\Bd(y?%)

T

) W (d(2y — 1))

Definition 5.3. We define the “refined-net” Rnety of M N (S + R*~P) by
Rnety := {y + 2z, + 2|y € Yp, }.
Note that E[y + Z, + 2] = €} .
Definition 5.4. We extend this to a net Rnet of M, by taking the union over all refined nets Rnet;
corresponding to balls of the form Bp(x,r) where the center v € X,.

We observe that 3?’; can be expressed as the sum of two random variables, one that is a sample
(1 from the push-forward of 1 via the orthogonal projection onto R"=? and another that is an
independent Gaussian (', belonging to R"~P having the distribution N,,_p(0,c?). Due to the
bound on the distance of any point on M to R, we see that conditional on the correctness of the
Principal Component Analysis step in Proposition 3.1, |}, | < &5

Recall from Definition 1.2 that for two subsets X and Y in a metric space M, we define
dist(X,Y) to be

ilelXp ;g}f/ dyi(z,y).

Thus dpaus (X, Y) = max(dist(X,Y), dist(Y, X)).
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Lemma 5.6.

Cdo?

T

P | (dist(Rnet, M) < ) and (dist(M, Rnet) < Co)| > 1 — Ny ™.

Proof. We know that assuming the Principle Component Analysis step does not produce an erro-
neous output, dpus (M, IIpM) < o7, from Proposition 3.1 and hence the function f"~2 (which
was introduced in discussion immediately following Definition 5.2,)when restricted to 5,4(0, ) has
a C°—norm of at most &. This, together with Lemma 5.5 implies that

Cdo?

P[dist(U{eyw €Yp,}, M) <

)

| >1—N;™. (103)

It also implies that

Pldist(M,|_J{e,ly € Yp,}) < Co] >1— Ng™. (104)

We next show that with probability at least 1 — Ny ™, dpays (Rnet, Ui{e, |y € Yp,}) < CT”Q This
follows from Lemma 5.2, (95) and Proposition 5.1 applied separately to the random variables z,
and z;. Indeed Z, is the average of independent samples contained inside 11V}, and hence ||z, ||y,

is less than \/C?Ly On the other hand 2}, is the average of #, random points, each of which is the

sum of two independent random variables, one that is a sample from N,,_p(0, 0?), and the other
that is absolutely continuous with respect to the push forward of ;4 under I1,,_p. Since II,,_pM
is contained in a ball of radius Z; if the Principal Component Analysis step in Proposition 3.1

executes correctly (which is a high probability event), this implies ||2} |, is less than LRAVATRAN/S

VAt
conclude that with probability at least 1 — Nj °, dpays (Rnet, U {e, |y € Yp,}) < CT"Z The lemma
follows from (103) and (104). OJ

5.3 Boosting the probability of correctness of Rnet to 1 — &.

Now consider G to be metric space whose elements are finite subsets of R”, and the metric is the
Hausdorff distance. Let p = U;{e,|y € Yp,}, and e = CT"Q We have a procedure (see Definition 5.4)
by which we can produce independent py, po, . .. in G such that for each i, P[dist(p;, p) < €] > %
Then, we may take C'log(£~!) points p; and search for an index j such that at least a % fraction of
all the points p; lie within a 2¢ ball of p;. If no such p; exists we declare failure, but if such a p; is
found, as will happen with probability at least 1 — f—o, this p; has the property that it is within 3¢ of
p with probability at least 1 — f—o.
In what follows we set r to a much smaller value than r., namely

ro= O\/EO', (105)

and apply the algorithm in Section 4 to the refined net obtained in Section 5.
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5.4 Using discs to approximate )M

Let X3 = {p;} be a minimal c¢r/d—net of Rnet. Such a net can be chosen greedily, ensuring at
every step that no element included in the net thus far is within 7 of the point currently chosen.
The process continues while progress is possible. Let the size of X3 be denoted V3.

We introduce a family of n dimensional balls of radius 7, {Ui}ie[ N3] Where the center of U is p;
and a family of d—dimensional embedded discs of radius r, denoted {Di}ie[ Ns]» Di © U; where
D; is centered at p;. The D, are chosen by fitting a disc that approximately minimizes among
all discs of radius r centered at p; the Hausdorff distance to U; N X, by a procedure described in
Subsection 4.2. We will need the following properties of (D;, p;), which hold with probability at
least 1 — N, “:

1. The Hausdorff distance between U; D; and M is less than CT’"Q =4.
2. Forany i # j, [p; — pj| > 5.

3. For every z € M, there exists a point p; such that |z — p;| < 3inf,;, |p; — pj|.

6 Computing weights used to define output manifold M,

Forv € R, let f(v) = (1 — |U|2)d+k

function ¢&; : R" — R given by

for [v| < 1, and A(v) = O for |v| > 1. Consider the bump

&;(p; +1v) = ¢;0(v).

Here k is some fixed integer greater or equal to 3. Let

[oN

i(z)

a(x)

a(z) = Z &;(x), where o;(z) =

i€[N3)

, for each i € [N3].

Lemma 6.1. It is possible to choose c; such that for any z in a 1 neighborhood of M,

where c is a small universal constant. Further, such c; can be computed using no more than
No(Cd)** operations involving vectors of dimension D.

After appropriate scaling, we will assume that » = 1. We will need the following claim.

Claim 6.1. Let \y denote the Hausdorff measure supported on M and let \ denote the Lebesgue
measure on RP. There exists k € R such that the following is true. For all z in a 13 neighborhood
of M,

4 d(Awx0)

—1,.—1
R < = (2) <c K.

Proof. We make the following claim.
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Claim 6.2. If |v| < \/Li’ then exp(—2(d + k)|v|*) < 6(v). Also
Vo € RP exp(—(d + k)[v]*) > 0(v).

Proof. To see the first inequality, note that

o] <

|
- Sl

= (=2)1—]]") <

— (“2)(d+ k)] < (d+k) (_1%;2)

— (—2)(d—|—k)|v|2 < (d+k) (ln(1—|v|2))
— exp((=2)(d+k)o]>) < (1—[u]>)"™" =0(v).

To see the second inequality, exponentiate the following inequality for |v| < 1:
—(d+ k) > (d+k) (In(1—]v*).
When |v| > 1, 8(v) = 0, so the inequality holds.

We now provide the proof of Lemma 6.1.

We will need the following Proposition which follows from Theorem 3.2.3 in [40].

(106)

(107)
(108)
(109)

(110)
(111)

(112)

Proposition 6.1. Let L™ denote the m—dimensional Lebesgue measure and H™ denote the
m—dimensional Hausdorff measure. Suppose f : A — R" be an injective C? function with
m < n where A is a L —measurable subset of R™ and J,, f is the Jacobian of f. If wis a L™

integrable function, then

/A ()T f () £7(d) = / u(f ()30 (dy).

f(4)

Proof. We will use the preceding claim to get upper and lower bounds on

/ O(v)\(dv) =: ¢; ",
Rd
where A corresponds to the d—dimensional Lebesgue measure.

O(v)A(dv) = O(v)A(dv)

R By

< / e+ Ko@) < ().

Also,

/BQ(U))\(dv), > / exp(—2(d+k)v))\(dv)20(2#)51/2.

(d+ k)

d

R
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(114)
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Using numerical integration the value of ¢y can be estimated to within a multiplicative factor of
2 using (Cd)? operations on real numbers.

Next consider a unit disk B; C R" equipped with the measure cy\. We consider a point ¢ at a
distance A from the projection of ¢ onto By, which we assume is the origin. As a warm-up, we will
be interested in

((coMp,) *0)(q)  Jp,0 q—v (coN(dv))

117
(coXn) <0)0) ~ Jy, B0)(eoA(d)) .
as a function of A. We observe thatv € B; = 6(—v) > 0(q — v), and so
(e +0)(a) _ | .
((coN ) +0)(0) = e
Let A% < 5. Suppose [v]? < 1 — o5, then
2 1—|vf?
AZ < ( ). (119)
Therefore,
| Ba=ven@) = [ (1= - A5 L s @A(@)
By By
1
> 1—[v)(1 = =) *(coA(d
> [ (P = e @)
> / c(1 = [v]))H* (coM(dv)) (120)
1-4 By
> o [ (@ oP) ). (121)
By

In the above sequence of inequalities the last step comes from dilating the disk 4/1 — Z—IdBd to By

and observing that 0(vy) > 0(ve) if |vy| < |va].
We thus have

¢ < ((coAlp,) x0)(q) fB (g — v)(coA(dv))

((coAlp,) x 0)(0) fB ) (coA(dv)) <1 (122)

for some absolute constant ¢ > 0 provided A? < 8%

Next consider a point ¢ at a distance < 1/(2d) from M. We let ¢ be the origin. Consider a
unit disk B; C RP that is parallel to the tangent plane to M at the point nearest to ¢. We will be
interested in

(coHe L) #0)(@) _ Jrunmy O(—0)(cs73(dv))
(A ln) +0)(0) [, 00-0)coh(dv))
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as a function of A. Let I1; denote the projection onto B,. Let

sup
zeMNB,

|z — gz| =

(124)

Then, by Federer’s criterion for the reach, A < 1/d. Also, M N B, is the graph of a function f(z)
from I1;(M N B,,) to the n — d dimensional normal space to By. For v € M N B, let w = I v,

and by the definition of f, v = w + f(w).
| oot -
MNBy,
<
<

Since || Df|| is of the order of ==

Then,
[ B+ f@) et
I13(MNBy)
/ o, A )
/ O(—w)(coJ (w)A(dw)).
I1,(MNB)

by Lemma A.2 and the upper bound on r, the Jacobian

— V/det(T + (D7 (@) (D (@)))

is less or equal to an absolute constant C'. This, in view of Proposition 6.1, implies that

/ O(—w)(coJ (w)A(dw)) < C’/ O(—v)(coA(dv)).
T14(MNBy,) By

This in turn implies that

C—l > fMﬁB

9(—@)(095{d (dv))

Js, 6

—v)(cgA(dv))

for an appropriately small universal constant c.
We now proceed to the lower bound. As noted above, A < 1/d. Then,

/ B(—0)(esT(dv)) = / 6(—(w + F(w))) (coHe(dv))
MNB,, (MNBy,)

AV
5 g
=
<
&.

v v v

v

(w + f(w)))(coH5c(dv))

/B 1) 1—|w|2 A2)d+k(c(9j(w)/\(dw))

/ (1= |wP)(1 — 1/d))**(e,pA(dw))
By(1— l/d

/ (1 [w?)**(eoA(dw))
Ba(1-1/d)

2 / (1 — o) (cpA(duw)).
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The last step comes from dilating the disk (1 — 1) B, to B, and observing that 6(v;) > 6(v,) if
|v1| < |ve|. In dropping J(w), we used the fact that J(w) > 1.

Relabelling ¢? by c, the above sequence of inequalities shows that

S, 0(—v)(coT(5(dv))

> c. (132)
S, 0(=v) (coA(dv))
[
We next, using the fact that the Hausdorff distance of the set {p;} to M is less than % show the
following.

Claim 6.3. There exists a measure [ip supported on {p;} such that

d(pp * 0)

-1
c<—x (2) <™,

for all z in a 5 neighborhood of M.

Proof. For any ¢ € (0,1), let 0.(erv) = cco(1 — ||v]|?)** if |v] < 1, and O (erv) = 0if Jv| > 1.
Here c. ¢ is chosen so that 6, integrates to 1 over R".

Definition 6.1. Fori € [N3), let Vor; denote the open set of all points p € R™ such that for all j # 1,
P — il <|p—pjl. Let

pp(pi) = (csH5 * Be) (Vor;).
d * . . . . . .
‘We note W(z) isa g—Llpschltz function of z, and so is also the function

d(coHd % 0% 0,)

for any € € (0, 1). Further, there exists an ¢, € (0, 1) such that

d(coHd x0%0.)  d(ceH *0)

Ve € (0,60), 3\ 3\

< ¢(e),

£ (RM)
where lim,_,o %6) exists and is finite. It thus suffices to prove that for all € € (0, €),

H d(coHd x0%0.)  d(up*0)

d\ dA

— c(e)

Lo (RY)
for all z in a ;; —neighborhood of M. For any 4,

diam(supp(ceﬂ-% * 0.) N Vor;) < %

Let 7 denote the map defined on supp(cef]{?v[ * 0.) from Vor; to p;. Then,
d(coHd, % 0% 0.) d(pp * 0) | d(((coH * 0.) — pp) % 0)
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For any w € supp(caH§ * 0.) N Vor;, |m(w) — w| < <. Let ¢yH; * 0 0, be denoted v. Then,

(v—pp)*0
T(Z) a /z+supp(6) Aot = 0 = / =)

z4-supp(6)

- / e v(dz)f(z — ) — / v(dr)f(z — (x)).

z+supp(0)

The Lemma follows noting that 6 is £ —Lipschitz.

Let )\, denote the d—dimensional Lebesgue measure restricted to the disc D;.
Recall that from Definition 6.1 that

1p(pi) = (cody; * 6)(Vor;),

where the Vor; C R™. Let
1p(pi) = (coAy)(Vor; N D).
By making = < chlC for a sufficiently large universal constant C', and ¢ a sufficiently small quantity,
we see that for each i, .
. < Fr(pi)
~ pr(pi)
for a suitable universal constant c. We see that (c,\})(Vor; N D;) is the volume of the polytope
Vor; N D; multiplied by cy, and membership of a point in Vor; N D, can be answered in time (C’d)d.
Thus by placing a sufficiently fine grid, and counting the lattice points in Vor; N D;, up(p;) can be
computed using (C'd)*¢ deterministic steps. Even faster randomized algorithms exist for the task,
which we choose not to delve into here. This concludes the proof of Lemma 6.1. [

< ¢ h

7 The output manifold

For the course of this section, we consider the scaled setting where » = 1. Thus, in the new
Euclidean metric, 7 > C'd°.

Let IT° be the orthogonal projection of R™ onto the n — d—dimensional subspace containing the
origin that is orthogonal to the affine span of D;. Recall that the p; are the centers of the discs D; as
i ranges over [N3]. We define the function F; : U; — R" by F;(z) = II'(z — p;). Let U;U; = U.
We define

F:U—R"

by
F(z)= Y oiz)Fi(x). (133)
i€[N3)

Given a symmetric matrix A such that A has n — d eigenvalues in (1/2,3/2) and d eigenvalues
in (—1/2,1/2), let I1;,;(A) denote the projection onto the span of the eigenvectors corresponding to
the largest n — d eigenvalues.
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Figure 1: A “vector bundle” over a neighborhood of the data, used to produce the output manifold.
In the figure, z is the gray point and = + Range(II,) is the gray line segment containing z.

Definition 7.1. For x € U,U;, we define 11, = 11;,,(A,) where A, =Y, ai;(x)II"

Let (71 be defined as the < —Eucidean neighborhood of D; intersected with U;. Given a matrix
X, its Frobenius norm ||.X || ¢ is defined as the square root of the sum of the squares of all the entries
of X. This norm is unchanged when X is premultiplied or postmultiplied by orthogonal matrices
(of the appropriate order). Note that IT,, is C? when restricted to | J, U;, because the «;(z) are C?
and when  is in this set, ¢ < >, @;(z) < ¢!, and for any ¢, j such that o;(x) # 0 # «;(z), we
have ||TT" — TV || < Cd0.

Definition 7.2. The output manifold M, is the set of all points x € | J, U; such that 1L, F (x) = 0.

As stated above, M, is the set of points z € |, (7, such that

(> (@) (Y ay(x)T(z — pi)) = 0. (134)

i€[Ns] i€[Ns]

We see that

M (3o = 5. [ ]{ - e 1dz]

using diagonalization and Cauchy’s integral formula, and so

271m [% Zozz 1dz] (Za )T ( x—pz)> =0 (135)
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where 7 is the circle of radius 1/2 centered at 1.
Let

> ai(@)I = M(x), (136)

and as stated earlier, IT(xz — p;) = F;(x). Let IT;;(M(z)) be denoted II,.
Then the left hand side of (135) can be written as

}1{;—; (Z a;(z)(21 — M(x))lﬂ(x)) . (137)

for any v € R” and and f : R® — R" where 7,7 € N__ let

Opf(x) := lim flo+av) = f(x)

a—0 0%

Then,

. 21

d, j’{ Az (Z a;(z) (21 — M(x))—lﬂ(x)> = ) oi(2)L(0,Fi(x)) (138)
+ Y i(@)(0,11,) Fy(x) (139)

+ > (Dueu(x))IL Fi(). (140)

Let v € R™ be such that ||v]| = 1. Let M denote the set of all projection matrices of rank d.
This is an analytic submanifold of the space of n x n matrices.

Claim 7.1. The reach of M C R™" is greater or equal to 1/2.

Proof. Let
MH = U Mg

d=0
The various connected components of My are the different M¢, (whose dimensions are respectively
(n — d)d), and by evaluating Frobenius norms, we see that the distance between any two points on
distinct connected components is at least 1. Since it suffices to show that a normal disc bundle of
radius less than 1/2 injectively embeds into the ambient space (which is R"("~1)/2 y it suffices to
show that
reach(Mp) = 1/2.

Let v € M%. Let 2 belong to the normal fiber at x and let ||z — 2|z < 1/2. Without loss of
generality we may (after diagonalization if necessary) take = = diag(1,...,1,0,...,0) where the
number of 1s is d and the number of Os is n — d. Further, (using block diagonalization if necessary),
we may assume that z is a diagonal matrix as well. All the eigenvalues of z lie in (1/2,3/2) and
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further the span of the corresponding eigenvectors is the space of eigenvectors of x corresponding
to the eigenvalue 1. Therefore I1;;(z) is well defined through Cauchy’s integral formula and equals
x. Thus the normal discs of radius < 1/2 do not intersect, and so reach(M¢) > 1/2. Conversely,
MY, is the origin and M{; contains the point diag(1,0,...,0). We see that diag(1/2,0,...,0) is
equidistant from MY, and M}; and the distance is 1/2. Therefore reach(M¢) < 1/2. Therefore,

reach(M$) > reach(My) = 1/2.
]

In what follows, we will make repeated use of Holder’s inequality for ¢, norms and ¢, norms:
Letp,g € Rand | + ; = 1, then,

Vo, y € R", (z,y) < [lzlpllyllo-

Secondly, we will use the fact that for any ball U;, the number of j such that U; N U; is nonempty
is bounded above by (C'd)? because of the lower bound o < on the spacing between the p; and p;
for any two distinct 7 and j. A consequence of this is that any vector w € R that is supported on
the set of all j such that U; N U; # 0 will satisfy

lwllarr < Cllwllso,  Nwllese < Cd*llwlloo,  [Jw]|ess < CdlJw]|oc.

Thirdly, we will use bounds on the derivatives of the bump functions at points x that are within a
distance of c¢r/d of M. Recall that ), &;(z) is denoted &(z). Then we know that ¢ < &(x) < C'if
the distance of = from M is less than c¢r/d. Recall that N3 is the total number of balls U;.

Lemma 7.1. We have for any v € R such that |v| = 1, and any x € RP such that dist(z, M) < <
1(@u0ri () )ieny || sz < C?. (141)
Proof. We have
a;(z)
1(0oci(2))iepg | are = [[(De A 2) Jielns || Jazk
IOl gty IO il
= & a2
d+k—
< (EDICAE el + (DI el g 10,5
< Cd+ Cl|o,al
< Cd+ Cll(9pai)ier] [ az2 [|(Dieing) llare
< Cd°.
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Recall that as the F; are affine maps, OF;(x) = IT. We first look at the right hand side of (138).
This can be rewritten as

> (@)L = v + I, (M(z) — I, v. (142)

i€[N3)
It follows from properties of the Frobenius norm that
Ipi(As) = arg n%l\% [ Az — 11| .

Thus, recalling from (136) that

(]

dist(M(x), Tan(Il,, M%)
sup dist(IT;, Tan(I1,, M&))

[M () — sl <

IN

IN

sup [|TL; — IL, [/ (2 reach(Mf))

IN

4sup |[TT; — IL; || %
17]

8do>.

IN

We look at (139) next. Observe that

%XZ% z[MU)WWM

Lemma 7.2. We have for any v € R" such that |v| = 1, and any x € R" such that dist(x, M) < %,

<

105 u(2) ierms | a2 < Cd™. (143)

Proof. We have

(6%}
105 exi(@) )ierva | e = ||(83M)16N31|| -k

d+k—2

_ 1 &ale) | (ED0a@)06) | 8le) o5 a0 g20) @) epl] s

a() a(a)? a()? it

We use the triangle inequality on the above expression, and reduce the task of obtaining an
upper bound to that of separately obtaining the following bounds.

Claim 7.2. We have

))ie[Ng]Hﬂ < Cd?, (144)
d+k—2
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Proof. This follows from ¢ < & < C, and the discussion below. Suppose = belongs to the unit ball
in R, Then,

Or(1 = [l = 0u((k +d)(1 — [J2]*) (2w, v))) (145)
= (k+d)(k+d—1)1 = [lz]*)"(4z,v))?) (146)
+ (k+d) (1= [|l2[")* 7 (2(v, 0))). (147)
Therefore,
|02 el e, < C (2 + dI(Oui(@)icpwl] ez ) (148)
< O (@ + dl@in(@)epmg | e ) S Cd% (149)
H
Claim 7.3. We have
(=2)(0ai(2)) (Fpir(x)) 3
H( &($)2 )16[N3]H% < cd’. (150)
Proof. We have seen that |9,a(x)| < C'd?. Therefore,
(—2)(0pti(x))(Opar(x)) -
(SN, e, < ORIl i,
< OP|(Dis(@))icimo| s (5D
< Cd’. (152)
O]
Claim 7.4. We have
1) 3(0,0)° — 26 () (@) ermal g, < Ct (153
Gy DTS el e, < OF
Proof. The only term that we have not already bounded is |9&(x)|. To bound this, we observe that
Cloyal < CllOyaa)iems || e |(Liernsll@rr 2 (154)
< Cd. (155)
Therefore, the entire expression gets bounded by C'd* as well. [
This proves Lemma 7.2. [

Recall that F'(z) = > a;(x) Fi(x).
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7.1 A bound on the first derivative of 11, F'(x)

We proceed to obtain an upper bound on 0,11, |, for « € |J; U;. Recall that this implies that
¢ < &(x) < C. Recall that the radius of the circle y is 3. Thus,

10,1 <

IN

IA

IA

IN

<

where C is an absolute constant.

Therefore,
fi (et

(5) lou(er = 2rcan )
(%) (21 — M(2))"'0,M (z)(zI — M)~}

(%) (=1 = M) |2 0.M ()]

8[10.M (x)]]

8“28@1' )+, ZO‘Z ML
82|8 a;(2)|5 + 0

811 @uas(acl_ese [ G)icpwn v
C'd3s,

((2I = M(x))~ ))E(x)) < Cd®.

Finally, we bound (140) from above,

. 21 -

IN

< |, |!Z|a ai(x

& (Z (Ouri(2)) (=T — M(a:))-lﬂ(w)) '

+ ‘(Z 8v(xi(x)> Fi(z

I, (Z(a oul@) iz >—F1<x>>>

o)[[|[Fi(z) — Fi(z)] + 0

< @it >>zew3]||diﬁl||< Fiw) = Fu(@))ieimllase

< Cd®.

Therefore,

18, (IL F(2)) — Mo < Cd®s.

Note also by (156)-(163) that

10,11, ]| < Cd?o.
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7.2 A bound on the second derivative of 11, F'(z)

We now proceed to obtain an upper bound on ||9? (IT, F'(z)) ||. To this end, we use that

We first bound from above the right side of (167). To this end, we observe that

(Q%Hx) = 0;

v

21

o

Therefore,
1(O1L,) F(z)|| <
<
<
<
<
<

and

107 (ILF(x)) | < [(871L) F ()

+ ||2<asz>avF(x)H
+ |TLE2F(x)]|.

[QLM 7{ (2] — M(a:)]‘ldz]

[L ]{(21 — M(2))"'0,M(2) (2] — M(z))""dz

271

(2] — M(2)) 10> M (x)(2I — M(x)) 'dz.

(167)
(168)
(169)

2(z1 — M(x)) ' 0,M (x)(2I — M(z)) 0, M (x)(2I — M(z)) 'dz

sup (CllzI — M ()| [0, M (2))*|| + Cll=I — M (2)[| 7| (M (x))]])

zey

C([10,M (2)|* + (|07 M ()]])
Cd®6® + C|| 0> M (z)|

Cd®6® + C107 ) o)
Cd°6* + C )y |050u(x)(IL; — T0y))|

(2

Cd°6® + CH(aiai(x))iH% H(é)i\@
Cd%s% 4+ Cd°s.

Next, we bound (168) from above. Note that

0. F@) < I (Ovai(a)(Filx) — Fu(x))) + o]

)

< 1+Cd%

1(0IL) 0, F(2) || < [[(QIL) |0 F ()]
< (Cd*O)(1+ d%)

= COd*§ + Cd°s>.

(170)

(171)

(172)
(173)
(174)



Finally, we bound (169) from above by observing that

< [g;F ()]
< [0;(F(x) = Fi())]
< Z|32ai( IF(x) = Fu(a)]]

Zzwa o (@)|[19,Fi(x) — 0,F (@)
b Y @)

)

MO0 F ()

+

We first bound (177) from above.
Z |05 i) [[| Fi(z) — Fi ()]

< 1105 ei(x 2)ieina | e [(1E:(x) = Fr(@)]Diers [ ags
< (Cdh)(d*)

= Cd%.
Next we bound (178) from above.
ZI(‘? ai(@)||0,Fi(x) — O F1 ()|

1(1Duei(x)ier) || azs_[[([|0uFi(x) = OuFr (@) )iein) lase
< Cd(do)
= Cds.

IN T

Observe, that the term (179) is equal to 0. Therefore,

102 (I, F(2))|| < Cd°.

7.3 A bound on the third derivative of II, ()

We now proceed to obtain an upper bound on ||93 (IT, F'(z)) ||.

Claim 7.5.

H(ag&i(af))ie[Ng]de% < Od.

52

(175)
(176)
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(178)

179)

(180)

(181)
(182)

(183)

(184)

Proof. This follows from ¢ < & < C, and the discussion below. Suppose = belongs to the unit ball



in RP. Then,
(L — [lzHM = 82((k +d)(1 — ||lz[*)* 1 (2(x, v)))
= (k+d)o, ((/f +d— 1)1 = [Jz]*) 2 (42, 0))?

. H:v\|2>’“+“<2<v,v>>>

= (k+d)((k+d—1)(0((1 = [|=[I)**7*) 44z, v)))
+(k +d) (@, ((1 = [l2]*)* 1) (2(v, v))-

Therefore,

k-3
< O (@ + @) el ess, + dll (026 ey ass )
< C (ds@ + ([ (0uui () )ieiny || _ase + dll (050 (x)) ey | dﬁ;g)
< C ().
[l
As a consequence, we see the following.
(@a@)] < 105 )il oo [1(1ieglase (185)
< Cd. (186)

Lemma 7.3. We have for any v € R" such that |v| = 1, and any x € R" such that dist(x, M) < &,
||(83ai(x))i€[N3]”$7& < Cdl. (187)
Proof. We see that
Oy(aict) = (Oy0u)a + (3070:)(0ut) + (30u0:) (0;) + () 06k (188)
Therefore,

(@) [(Oyu(x) iei || aps

= [1(=0:(&) + (3070:)(0u) + (30,01:)(0;6) + ()0, k)

iG[A%]||dizﬁs

The right hand side above can be bounded above by

O + [[((3070:)0@)ill_ass + [1((30u0)Fya)il_ape + ()6 )ieqy | ase.

d+k—3

This is bounded above by

O + [0,3|((30200))ll_ass + 102 (380u0))ill s+ 103 (0) el
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which is in turn bounded above by

Cd® + (Cd*)(Cd*) + (Cd*)(Cd) + (Cd°),

in which the dominant term is C'd®.

Lemma 7.4.

Proof. We have

105 (L. F'(=)) |

103 (I F(2)) || < Cd%.

(021, F ()]
13(0211,)0,
113(8,11,,)
|TLOE ().

|
(@)l
(

F
)l

(189)

(190)
(191)
(192)
(193)

We first bound from above the right side of (190). Let A := 21— M (z) and B := (21— M (z))~".

Then,

Thus,

and so,

Thus,

and

0 = 02(AB)

= (82A)B+3(82A4)(9,B) + 3(9,4)(82B) + A(J.B).

~A(0’B) = (02A)B + 3(02A4)(0,B) + 3(0,A)(9B),

9B = —B(9>A)B — 3B(9*A)(9,B) — 3B(9,A)(6*B),

10,81 < C [0, A]l + 10, Allll0. B + |0, All 0, Bl ]

lo;Al

)

< (0w )ierny |

< Cd.
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We already know by (166) that
10,IL || < Cd®s
and
|01, < Cdb.
We have shown that
10,F ()] < 1+Cd*.
We have also already shown in (179) that
I03F ()| < Cd%.

We proceed to get an upper bound on ||I1,02 F(x)

)

LI F ()| < O3F(x)]| (194)
< ||0}(F(z) — Fi(x))|| (195)

< Zla%u( )||F(z) — Fi(2)]] (196)
+Z3|82az W0uFi(z) — 0,Fu(x)| (197)

+Z3I0 a;(2)||02F; ()| (198)

+Zlaz |O2F (). (199)

For each 1, 83 F; 1s 0, and so, the above expression reduces to

> 10ai()|| Fia ||+ZS|32% MOuFi () — OuFi ().

Here, we have
> Ras@IF @) =A@ < 10080 Dieral g, I ) = Filo) el

< (CdS)(d*s) = Cds, (200)

and
> P2ai(@)[|0,Fi(x) — D Fa(x) |

101050 (@) Diepall_ape 1(10uFi(x) — OuFi () )iy || 2y
< Od*(d*) = Odb.

IN
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Recall that )V, is the set of points x € Uiﬁi such that

Hhi(z ai(2) ) () ay(x) Tz — p;) = 0. (201)

)

In particular, z € M, N U; if and only if h(z) = LI, (3", a;(2)IT) (X, ci ()T (2 — py)) = 0,
where II is the orthogonal projection onto the subspace orthogonal to D;, containing the center
of D;. We take U; to be the unit ball and the center of U, to be the origin and take the linear span
of D; to be R%. We split z into its  component (projection onto R?) and 3y component (projection
orthogonal to R?), thus z = (x,y) € R? x R"~%. We define g(z,y) = (x, h(z,y)). This function is
then substituted into the quantitative inverse function theorem of Subsection B.

7.4 Hausdorff distance of M, to M and the reach of M,.

For this subsection, we choose a new length scale so that 7 = 1. Let r = C'v/do. Suppose that
dist(X3, M) < 6 := Cr?, and dist(M, X3) < cr. These are the parameters for the refined net.

Theorem 7.5. The Hausdorff distance between M, and M is less than %"2.

Proof. Since dist(X3, M) < § := Cr?, and dist(M, X3) < cr the Hausdorff distance between
U; D; and M is less than § = Cr? by Subsection 4.3. The Hausdorff distance between | J; D; and
M, is less than C'9 by the quantitative implicit function theorem (Subsection B), applying Taylor’s
theorem together with (251) and (254). Thus, by the triangle inequality, the Hausdorff distance
between M, and M is less than Cr2. O

Next, we address the reach of M,. By Federer’s criterion (Proposition 2.1) we know that
reach(M,) = inf {|b — a|*(2dist(b, Tan(a))) ™| a,b € M,,a # b} .

Leta,b e M,,a # b.

If |a — b| > &5, then [b — a|*(2dist(b, Tan(a))) ™! > =, because

|b — a| > dist(b, Tan(a)).

Therefore, we may suppose that |a — b| < #. By the bound on the Hausdorff distance
between M and M,, the distances of a and b to their projections onto M, which we denote a’ and b’
respectively, are less than C'9. By the quantitative implicit function theorem (Subsection B) and the
covering property of {U;}, M, is a C?—submanifold of R". Therefore T'an(a) is a d—dimensional
affine subspace. By (165), (251) and (254) the Hausdorff distance between the two unit discs
Tan(a) N B(a,r) and (T'any(a’) N B(a’, 7)) + (a — a’) which are centered at a, is bounded above
by C'd35. Therefore, the Hausdorff distance between the two unit discs Tan(a) N B(a, 1) and
(T'any(a") N B(a',1)) + (a — a’) which are centered at a, is bounded above by 0%35.

Then, M, and M are 6 close in Hausdorff distance and (M,NB(a, 2|a—b|)) and (MNB(d’, 2|a—
b|)) are C(d36/r) close in C*! as graphs of functions over (T'an(a) N B(a, 3|a — b|/2)). Let these
functions be respectively f; and f Note that the range is Nor(a), the fiber of the normal bundle at a;
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please see Lemma A.2 in Section 2. We know that the C* norm of f on (T'an(a) N B(a,3la—1b|/2))
is at most %35 + Cla — b|. Therefore, the C'* norm of f, on (T'an(a) N B(a,3|a — b|/2)) is at
most C%?"S + Cla — b|. But using this and the Hessian bound of C'd® from (183), we also know
that the Hessian of f, is bounded above by C'd®. But now, by Taylor’s theorem, dist(b, Tan(a)) <
sup HHessfo\Ha — b|?/2, where the supremum is taken over (T'an(a) N B(a,3/2]a — b|)). This,
we know is bounded above by C'd®|a — b|?. Substituting this into Federer’s criterion for the reach,

we see that reach(M,) > #. Thus, we have just proved the following.

Theorem 7.6. The reach of M, is at least ﬁ.

Finally, we provide an estimate on the third derivatives of M,. Since our guarantee about the
true manifold is only that it is €2, it is inevitable that as the Hausdorff distance between the output
manifold and the true manifold tends to zero, the guarantees on the third derivatives of M, viewed
as the graph of a function tend to infinity. The inverse dependence on ¢ in the following lemma
reflects that fact.

Proposition 7.1. Let a € M, and [, be a function from (Tan(a) — a) to Nor(a) such that (M, — a)
agrees with the graph of f, in a %—neighborhood U of a. Then, for any unit vector v in the domain,
and any unit vector w in the range, the third derivative (03 f,, w) at v € U satisfies

Ccd®  Cd¥®

(O3t w)| < S < =

Proof. This follows from Lemma 7.4 and the quantitative implicit function theorem from Subsec-
tion B.3. U

Concluding remarks

We have studied the problem of reconstructing a compact embedded d dimensional C? submanifold
M of R™ from random samples. These random samples are obtained from sampling the manifold
independently and identically at random from some density ;¢ and adding Gaussian noise having
a spherically symmetric distribution where the standard deviation of any component is 0. In the
present paper, we developed an algorithm that uses O(o~%~*) samples and produces a manifold M,
whose reglch is no more than C'd° times the reach of M and whose Hausdorff distance to M is at
most £4o°
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A Some basic lemmas
Lemma A.1. Suppose that M € G(d, m,V,T). Let
U:={ye€ Rmﬂy — Tyl <7/4}N{y € Rme —y| < 7/4}.

Then,
I, (UNM) =IL.(U).

Proof. Without loss of generality, we will assume 7/2 = 1, and = 0, and T'an(r) = R% Let
N = U N M. We will first show that ITo(N) = By, where By is the closed unit ball in R?.
Suppose otherwise, then let ) # Y := B, \ IIj(N). Note that N is closed and bounded and is
therefore compact. The image of a compact set under a continuous map is compact, therefore
Io(N) is compact. Therefore R? \ TI,(N) is open. Let z; be a point of minimal distance from
0 =IIp(0) C IIp(N) among all points in the closure Z of B, \ T1o(N). In order to prove this lemma,
it suffices to show

1
2] 2 5. (202)

Since Y # () and By \ II(N) is open relative to By,

|zq| < 1. (203)
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Since T'an(0) = R? and M is a closed imbedded C?—submanifold, 0 does not belong to Z.
Therefore #; # 0. By Federer’s criterion for the reach, (i. e. Corollary 2.2) Vy; € ;" (21) NN,

[l

dist(yy, Tan(0)) < 1 (204)
Therefore, Vy; € 11, 1(951) NN,
dist(y;, RY)? 2
mwmﬁﬂgzs%’Z'ﬂmw (205)
Noting that 2 > 1 > dist(y;, R?) and solving the above quadratic inequality, we see that
|21 ’ 1] ’
i — T = - V) =5 -
| /2 < 1 1 ( ) < < ) (206)
2 2
This implies that
1 7
lyp— o] < 2 < (207)

-8 8

Again by Federer’s criterion, for any z € II;*(|z1|Bg) NN,

2 2
e— T, ()2 < 1—%—(@) g(@) e

By (203), there exists no neighborhood V' C R™ of y;, such that there exists an open set
Up C RY containing z; and a €2 function F' : Uy — R™ ¢ with DF(u) of rank d for all u € Uy
such that

NNV ={(u, F(w))|u € UNR}. (209)

Therefore, we have the following.

Claim A.1. Let y; € I, (x1) N N. Then there exists v € OBy such that if yj, € Tan(y,) then
(Y1 —y1,v) = 0.
The cause behind the preceding claim is that the only way N is locally not the graph of a function

over a neighborhood contained in the interior of By, is if such a vector v exists.
Let ¢ = {\v|\ € R} and let II; denote the orthogonal projection on to ¢. Then,

e(|21|Ba) = {Av|d € [=|2], [z}

By Claim A.1, ITy(T'an(y;)) is the single point IT,(y;). Let ITy(y1) = Agv. Let 2y = |zq|v if Ag <0
and 2o = —|x;|vif \g > 0. Let y, € II5*(z2) N N. Note that (3, — x2) and (z; — y1) are both
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N

T

orthogonal to (x5 — x7), which will be used to obtain (213) below. Then,

lz1] < [e(y1) — 2| (210)
< dist(ye, Tan(y,)) (211)
2
< Y2 43/1’ (212)
< 2|y2—x2\2+!m1—4332\2+2\y1—x1|2 213)
2 (ﬁ)Q + dfas |2 + 2 (M)Q

2 1 2

< . (214)
4
Therefore,
a =[] < fa[/4 4 fan .

Therefore, 1 < a?/4 + «. This implies that || > %, which proves Lemma A.1 (see (202)).
]

Lemma A.2. Suppose that M € G(d, m,V, 7). Let x € M and
U:={yeR"|ly —y| <7/8}n{y € R"|jz — Iy| < 7/8}.

~

There exists a C? function F, 5 from T, (U) to T, 1 (T1,(0)) such that
{v+ FpW)ly € L0} =MNT.
Secondly, for § < 7/8, let = € M N U satisfy |I,(z) — x| = 6. Let z be taken to be the origin and

let the span of the first d canonical basis vectors be denoted RY and let R? be a translate of Tan(x).
Let the span of the last m — d canonical basis vectors be denoted R™¢. In this coordinate frame,
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let a point z' € R™ be represented as (2, 25), where 2 € R and 2, € R™~%. By Lemma A.1, there
exists an (m — d) X d matrix A, such that

Tan(z) = {(z1, 25)|A.2] — 125, = 0} (215)

where the identity matrix is (m—d) x (m—d). Let z € MN{z||z—1I,z| < §}N{z||z — 12| < 6}
Then ||A.||2 < 156/7. Lastly, the following upper bound on the second derivative of F, i holds for

~

y € I, (U).
\d \v4 Clvl?|w
veRE VyeRm—d <8§Fxﬁ(y), w) < M

Proof. We will first show that there exists a function F, ; that satisfies the given conditions and

then show that it is C2. Let z € M N U satisfy |I1,(z) — x| = J. Let z be taken to be the origin and
let the span of the first d canonical basis vectors be denoted R and let R be a translate of T'an(z).
Let the span of the last m — d canonical basis vectors be denoted R™~¢. In this coordinate frame, let
a point 2’ € R™ be represented as (21, z5), where 2| € R? and 2, € R™~“. By Lemma A.1, there
exists a matrix A such that

T

Tan(z) = {(z1, 25)| Az} — Iz = 0}. (216)

Further, a linear algebraic calculation shows that
dist(, Tan(z)) = |(I + AAT)"V2(AZ, — I2)]. (217)

Let S§ ! denote the (d — 1) dimensional sphere of radius & centered at the origin contained in R?.
By Lemma A.1, for every 2’ € ngl there is a point z € M, such that z € U, I,z = 11,2’ and

z — 11,2 < 462

17— 10,3 < | (218)

-
The last inequality holds because

|z — 11,2 < |z — 2| + |,z — 12| = 20.

. 2
Therefore, denoting = by (z1, x3), where 1 € R? and 2, € R™ ¢, we have |z,| < @ = %, and
)

45% 5% 542
74 =17 - ((II,2) — <—+4+—=—. 21
P = (LD - < 2 DD @19)
Therefore,
dist(z', Tan(z)) < dist(Z,Tan(z))+ |z — 7| (220)
a2 2
< A 5 221)
T T
2 I 32 2
_ |z — 2|+ |2' — 2] +ﬁ 222)
T T
2 2/.\2 2
el L R L (223)

T T
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Therefore, for any 2| € S,

2 2 2 2
(I +AAT)T2(Az)| < o (6 + 250 ) < o (6 + 640 ) : (224)
T T

T2 T2

Thus,

2

(1 +AAT)12A]|, < 0 < 640 ) =40 (225)
Therefore, we see that

(I + AAT)V2PAAT(T + AAT)72|, < 6™ (226)

Let ||A||2 = ). We then see that \? is an eigenvalue of AA”. Therefore
/\2

, HAQ < . This gives us

< 1= 5,2 , which implies that

A< \/%&2 (227)

We will use this to show that 11 (IT,z) N MM N U contains the single point z. Suppose to the
contrary, there is a point Z # z that also belongs to IT* (IT,z) N M N U. Then,

212
dist(z,Tan(z)) < |z — z|] < @, (228)
T
where |2y| < |T1,z] + |[1,2| < 262 /7. Thus,

|22 B

11+ AAT|IY? — 7

Therefore,
| < Bl /A —om)r < — 22 (229)
- T 72y1 — 42
Hence,
242
—P < (230)
T

and so &' > 1 —26%/72. Assuming 0 < T we infer from (225) that

5 < 3 (231)

T

Therefore
20% /7% + 75T > 1.
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This implies that 6/7 > 1/8. This is a contradiction. This proves that IT,(IT,z) N M N U contains
the single point z. Further, (227) and (231) together imply that || A, ||» < % < 1% Since M is a
C? submanifold of R", by (216), F, pis C?. Fory € Hx(ﬁ ), we shall obtain the following upper
bound on the second derivative
Clv|?|w
VoertVuwern-t (02F, 5(y), w) < #
below. Given v € R, let 2 = y + 5y
LetZ = (y + ev, F, 5(y + ev)). Then,

6_2

Fmﬁ(y + ev) — Fmﬁ(y) —eAv

= ’(y +ev, Fp(y+ev)) — (y+ev, Fp(y) + eA.v)| e
= ||+ A ATy |dist(Z, Tan(z))|e >

e (12 =2*\ s
< [T+ AAZ; €

2T
< |+ AAT|L? (||AZ2“72_|U|2> < Sl
This yields
0,F, 5(y) = lim (F”’ﬁ(y te) _EQF =0 W) - EAZU) . (232)
Therefore,
Voerd 83Fxﬁ(y)] < %UP,
implying by Cauchy-Schwartz that
Voeai¥uesn-s (O2F, py). ) < L1
]

B Quantitative implicit and inverse function theorems

In this subsection, we provide for the reader’s convenience, versions of the implicit and inverse
function theorems with quantitative bounds on the derivatives that do not depend on the dimensions
involved. We think it is very likely that such theorems exist in the literature, but are not aware of a
specific reference.

We begin with the inverse function theorem.

Let g : R? — RP be a C2 function on whose derivatives the following bounds hold.
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Atany point x € B,(0,1),
|Jac, — I|| < e1/4 (233)

for some ¢; € [0, 1].
For any non-zero vector v and x as before,

1

By (233), for any = # 2’, both belonging to B, (0, 1),

l9(x) — g(a) — (x — )| < [& — 2'|(1/4),

which implies that g(z) # g(«’). Applying the Inverse Function Theorem ([73]), there exists a
function f : g(B,(0,1)) = B,(0, 1) such that f(g(z)) = =, forall z € B(0,1). Let ' = w - f for
some fixed non-zero vector w. Let g = (g1, ..., g,), where each g; is a real-valued function. The
Jacobian of the identity function is /. Therefore, by the chain rule,

df;
<( f ) ) Jacy =1, (235)
495/ s jepp)
dgﬂ i,j€[p]

The second derivative of a linear function is 0 and so

82 EF  (dg;\ (dg; dE [ d2g;
0= ] —(=Z). 237
ngzdgg( )(dv)Jr;dgj(va) @30

9%g(x)
0v?

< (2) bl (234)

implying by (233) that

< (1— e /). (236)

Therefore,

BPEF (dg\ (dg; dE [ d2g;
i ) = (—1 — = 238
ngzdgj(dv)<dv) ( )Zj:dgj(dUQ)7 (239

and so by Cauchy-Schwartz inequality,

2 . .
S (@) )G ) e
o 19i49; v v 93 ielp] J€(p]
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By (233) there exists a unit vector v such that

BPF (dg\ (dg;
297 — 240
dg; ( ) <d5 ) (240)
~I . dg 2
> HH@SSF‘ inf |29 (241)
loll=1 || dv
Together (234), (236), (239) and (240) imply that
~ d
HHessF‘ inf fl w|| sup (6—2) |v]|* < < © ) ||w]|-
lv]|=1 dg] ijelpl v]|=1 4 4 — €
It follows that
-2
~ € dg 16¢,

HessFH < ( ) wl sup ||— < (—) wl|. 242)

| g ) el s |27 o) el (

Next, consider the setting of the Implicit Function Theorem. Let h : R™™™ — R" be a
C?—function,
h:(z,y) = h(z,y).

Let g : Bin — R™" be defined by
9: (x,y) = (2, Mz, y)).
Suppose the Jacobian of g, Jac, satisfies
|Jac, — I|| < €1/4

on B,,., and that for any vector v € R™*",

| < () ol

where €, €1, €3 € [0, 1]. Suppose also that ||g(0)|| < 53

9%g(x)
ov?

Let p = m + n. Then, applying the inverse function theorem, we see that defining f and F as
before, and choosing ||w|| = 1,

N 1
HH@SSFH < 10 (243)

T (4—e)

Lemma B.1. On the domain of definition of f, i. e. g(Bpin)
f((z,y)) = (z,e(z,y))
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for an appropriate e and in particular, for ||z|| < 3, where n € [0, 1],

f((x,0)) = (z,e(x,0))

and

(e, 0 < 5 (52 +7).

Finally, for any w € R" such that ||w|| = 1,

1662

||Hess(e - w)| <
Proof. Tt suffices to prove that if z = (z,y) € R? and ||z|| < 7/2, where n € [0, 1], then there exists
a point Z, where ||Z]| < £ (52 + %), such that g(Z) = z. We will achieve this by analysing Newton’s
method for finding a sequence 2y, . . ., 2k, . . . converging to a point Z that satisfies g(z) = z. We
will start with Z, = 0.
The iterations of Newton’s method proceed as follows.
For: > 0,

Zim =2 — J; (Z)(9(Z) — 2). (245)

Claim B.1. Forany i > 0,

All<S(5+14)

Proof. Observe that

1Z — 2l = 17,1 (Z)(9(Z) — 2)]I. (246)
For: =0,
~ €0 n
D)=zl < =+ —=. 247
lg(z) — 2l < 22+ 7 247)

and since ||.J, " (Z;)]| < ?11/4 < 4/3, therefore

~ ~ 4 € N
o —l< (2 (2 L)
[Zi41 — Zil| < (3) (20 + 2) (248)
Suppose 7 > 1.
9Z) =z =g (G — J; (i) (9(Eimn) — 7)) — 2. (249)

Using the integral form of the remainder in Taylor’s theorem, the right hand side of (249) equals
9G )+ J,Gin) (=7 G 9(Ea) — 2) + A= 2,

which simplifies to A, where
1
A= / (1—-1%)(z — 2,1)TH6359(2,1 +t(z; — 2i1)) (2 — Zi—1)dt.
0
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The norm of A is bounded above as follows. Note that by the induction hypothesis, ||Z;]| <
S (55 +3) and 2] <

(20 + ) which places both Z; and z;_; within the unit ball. Therefore
|(Zi — Zi1)" Hessy(Zio1 —|— t(zi — Zio1)(Z — Zis)|| < (ea/)||Z — Zi1]|? for any ¢ € [0,1]
Moreover,

Al < / (1= = Z-) P (e/dt = (2) I1E = Z-0)]”

Therefore

Zi1 = Zill = 17 B (9(Z) — 2)]| <

4

() (2) e -z0r = (2) 16 - 201
R EQi )
-2l < (2 13 - %

By recursion,

i

(250)
Therefore,
|Zisall = 121 — 2l <D _1Zm1 — 5l <
j=1
H/Z\I_E\OHS é<€_0+ﬂ) 6 _8<€0+ﬂ)
1-2 3\20 2 5 5\20 2
O

Recall that g : B,,,, — R™" is given by

g:(z,y) = (x,h(z,y)).

Since ¢ is injective, it follows that on the domain of definition of f, i.e. g(Byin)

f(z,y)) = (z,e(z,y))
for an appropriate e. By (248) and (250) (Zp, . - -, Z;, - -

.) is a Cauchy sequence and therefore has a
unique limit point. By the preceding Claim, thlS hrmt Z satisfies ||z < 2

< 1. Therefore any point
in B,,, X B, of the form (z, 0) where ||z|| = < 1 belongs to g(BmM) Further,

€& 7
<5 (5+3):
(@ opl < 5 (5043
In particular, setting 7 = 0, we have

< S (251)



By (236) the function e satisfies, for ||z|| < 1/2,

[Dgell” = [ID.f]* =1 (252)
< (I—e/4)?-1 (253)
< e (254)

By (243) the function e satisfies, for any w € R” such that ||w|| = 1,

]_662

|Hess(e - w)|| < A=y

(255)

]

We next obtain bounds for the m**—order derivatives. Our focus will be in the case of m > 2.
In the remainder of this section, all norms on Euclidean spaces RY, RM R ... are Euclidean

norms. L
N 2
(01, ..., on)| = (Zﬁ) .

1

Note that the usual implicit function theorem gives the function ¢(x, z) that solves the equation
F(z,%(x, 2)) = z at the end of this section. The purpose of this section is to derive bounds for the
derivatives of v in terms of the derivatives of F'.

B.1 Differentiating composed maps

Lety = (y1,...,ynm) = ®(z1,...,2N).

z=Gy) = God(x).

Let vy,..., v, be vectors in RY. Let 9, denote the directional derivative in the direction v.
Then, 0y, ...0,, (G o ®)(z) is a sum of terms

© Y Um

Vmax

Z H (awl,v e 8wsl,,uypu)('r) : (aypl o aypymaz G(y))|y:q>(x)7
v=1

P1s--ey Pvmaxzx

where each s, > 1, and the list

W11y ee - Wsy 1, W12y -0 oy Wsg 25+ o o s Wl ppny o+ o5 Wsy o vinan s

may be permuted into the list vy, . .., v,,. This follows by induction on m.
So
Opy « - O, (G o D),

is a sum of terms
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(A) O, .. .8§VWZG(y)‘y: (xyr Where ¢, € RM is the vector whose p'"—coordinate is (,, =
Ow, -+ Ow,, ,Yp- Thatis ¢, = Oy, ,, .. Oy, Y-

* Y Wsy v

where, as before, the concatenated list of all the w’s may be permuted into the list of v's.
The only term of the form (A) in which y is differentiated m times is

oG
a[ﬁvl---i%my]G(y) = Z(a'Ul S &mep)(@(y)”y:q)(x)'
D p
Suppose we know that
(*1) |Owy - - - Ow,y| < C for s < m, whenever |wy|, ..., |w| <1,

(*2) 10¢, .- O, . G| < CF for Vpee < m,all |(,| < 1.

Then,
|a<1 st 8<DmaxG| S O:n|<1| te |CVmaw|

for any (’s provided v,,,4, < m.
Then (x1), (¥2) and our discussion of ,, ... 0, (G o ®) (see (A)) together imply that (for

* Y Um

lvi|, ... |vm| < 1) together imply that (for |vq], ..., [v,] < 1)

+ 50)
y=o ()

Doy -+ O (G 0 D)) = Z(avl c e OuYp) (g_?i)

p

where |dy] is less or equal to a constant determined by the C, and C?,. We write C,, to denote any
such constant. Write

G(z) = (Gi(2),...,Cu(x)).

Then,
oG, =
Dy, - - - Oy, (Gyo ®)(z) = Z(avl o Oy Yp) 5 + 1641,
> Yp / ly=a(2)
where (3, 10412)2 < Cp.
Let €2 be the M x M matrix that inverts the matrix %—i’ ‘y: o(z)- Assume that (€27) has norm

< 10 (say) as a linear map from R to RY. Then, we find that

+ O,
y=2(x)

(*3) 32, 0, - 00 (Gyo @) () = 32 (Do, - Do) - U (%)

which is equal to 9, . .. d,, yr(z) + 6, where -, 10,2)2 < C,,. Here is what that means:
Let ® : RN — RY, and let G be the inverse function of ® in some neighborhood.
Suppose we have bounds on

(11) |0y, - .. 0y, G| for k < m and |vy,..., |vg| < 1.
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(12) |0y, .. 0y, ®@| for k < m — 1l and |vq],...,|vx| < 1.

Suppose the inverse of the Jacobian VG has norm < 10 as a matrix (i. e. as a bounded linear
operator on RY).
Then, we obtain bounds on

(13) |0y - .. 0y, ®@| for k = m and |vy, ..., |vg| < 1.

This holds for m > 2. Our bounds for (!3) depend only on m, and our bounds for (!1), (12).
Starting from m = 2, we may now use induction on m to obtain the following result.

B.2 Quantitative Inverse Function Theorem.

Let m > 2, and let G, ® be inverse images of each other in a neighborhood of a point in R,
Suppose

e |(V.G)~Y(v)| < 10v| for all values v € RY.
* [0y, ...0,,G| < Cfork <m,|vq],..., || <1

Then, |0,, ...0,,®| < C' for k < m, |vy],...,|vx] < 1, where C’ depends only on C' and m.
In particular, C” does not depend on N (unless C' does).

Now for € RN,y € RP, let G(z,y) take values in R”.

We want to solve the equation

G(z,y) = 2,

for the unknown y. Say the solution is y = ¥(z, z). So
G(z,¥(z,2)) = 2.

Then, the following maps from RY x RP to itself are inverses of each other.
(@,y) = (z,G(z,y)),

(z,2) = (x,Y(z, 2)).

Applying the quantitative inverse function theorem to these two maps, we obtain the following.

B.3 Quantitative Implicit Function Theorem

Letm > 2. Let
G(.Z‘,y) = (Gl(w7y)7 .. '7GD($7y>>7

forx = (z1,...,2x),y = (Y1,---,YD)-
Suppose y = W (x, z) solves the equation G(z,y) = z. Assume that

18y, ...0,,G| < C
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fork < m,vy,...,v; € RVTP of length < 1. Assume that the inverse of the matrix

(8Gp)
0y, )’

has norm at most 10 as a linear map from RP to itself. Then also

0y, ... 0, V| < C,

for k < m,and vy, ...,v; € RVTP of length < 1, where C is determined by C and m.
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