MAT 562: Symplectic Geometry

Solution to Problem 1

(a) Let q: C*—{0} — CP™ ! be the quotient projection as in Problem A on PS1. Suppose
UcCP" ! is an open subset and s: U — C™—{0} is a holomorphic section of q, i.e. gos=idy.

Show that the 2-form

i
WFSmfl‘U = 5881n|5]2,

where | | is the standard (round) norm on C", is independent of the choice of s.

(1)

By (a), (1) determines a global 2-form wgs.,—1 on CP""!, called the Fubini-Study symplectic

form. Show that this form is indeed symplectic and

1
WFS;n—1 = —Wcpnr-1,
™

where wepn—1 is the symplectic form on CP™ ! provided by Problem A on PS1.

Show that the action of S'=R/Z on C" given by

XM (21, .., 2) = (21, e 21, € e 2y ,zn)

is Hamiltonian with respect to the standard symplectic form wen with o Hamiltonian

I;Tk:(C”—HR, ﬁk(zl,...,zn):ﬂzu?.

Show that the actions of T"=(S')" and T"1=(S1)"~! on CP"! given by

(e%itl, e ,e%it”’) 21y z0] = [62”“121, e ,e%it”zn],

(627rit1’ ce ,eth”*l) : [Zla ] ZTL] = [GQWitl Rly«e- 792mtn71zn71> Zn]

(2)

(4)

are Hamiltonian with respect to the symplectic form wrs,,—1. Determine the moment polytopes

for these actions; draw the moment polytopes in the n=3 case, labeling everything clearly.

(a) If s: U — C"—{0} is another holomorphic section of ¢, 5= fs for some holomorphic map
f:U—C*. Thus,

001n 31> = 99 In(ff|s|*) = 00In f—00In f+001In|s|* = 00—90+00 In|s|*.

This shows that the form (1) is independent of the choice of s.



(b) Let p=gq|gen-1: S?»1 — CP""!. Since the 2-form wgpn-1 is symplectic, (2) implies that so
is wrg;n—1. By Problem A(f) on HW1, (2) is equivalent to
. 1
p WFS;n—l‘TS%A = ;wcn|T5‘2n71 ) (5)

. n
i
where wen = 3 E dz;Adz; is the standard symplectic form on C". For each k=1,...,n, the map
=1

Skt UkE{[ZL---,Zn]G(CP"*l: zk7é0} — C"—{0},

sk([zl, .. ,zn]) = (zl/zk, ey Zh—1/ 2k 1y Zhg1 ) 2k - - - ,zn/zk),

is a holomorphic section of ¢ and

{Q|q—1(Uk)}* (001n \sk|2) = 001In ‘{q‘q—l(Uk)}*Sk‘2 = 851112 |2j]? — 90 1n |zk|2>

j=1 g1 (Ug) )
B " zidz; dz; NdZ; B 0|z NO|z|?
o Z(‘) \z|2 Z z|2

4
j=1 YUr) =1 g

?

=1 (Us)

a1 (Us)

the first equality above holds because ¢ is holomorphic. Since d=0+0 and the restriction of d|z|?

to 7'S?"~! vanishes (because |z|?=1 on S?7~1),

8|Z|2/\5|Z|2‘T52n71 = —8|z|2/\8|z|2\T52n71 =0.
Combining this with (6), we obtain
P wrsin—1| Zdz Adz;| lu}(Cn‘ .
n—1l|rg2n— l‘ *1(U ) i ] T82n— l‘ *1(U ) T TS2n71|p71<Uk)

Since the open subsets Uy C CP"~! cover CP"~!, this gives (5).

(c) Let zj=xj+iy;, as usual. Thus,

n
~ d .
wen = E d:nj/\dyj, Ck = &GQWIt'(Zl, e ,Zn)
j=1

0 0
=27 —yk—l—mk>, — 1= wen = w22

Thus, Hy, is a Hamiltonian for the S'-action on (C",wen) given by (3).



(d) The first action in (4) is Hamiltonian if and only if its restriction to each component S' C T"
is Hamiltonian. For k=1, ..., n, define

_ WEs
N |2:1‘2+. . .—sz’Q ’

H,:CP" ! — R, Hy([21, .., 2n))

d .
Go=—(1,...,1,&* 1, 1) [21,...,2,]| er(CpPvLrCP).
F dt(w_/ ) [ o ( )

The S'-action (3) restricts to an action on S?"~! C C" and the projection p: $?"~1 — CP"!
is S'-equivariant with respect to the restriction of the first action in (4) to the k-th component
S1cT™. Thus, B

G (p(2)) = dep(Cu(2)) € Ty (CP™Y) ¥V zes™

Along with (b), (c), and Hy|gen—1 = Hj,op, this gives
p* (LgkaS;n—l) = Lgk (p*WFS;n—l) = lbgk (CL)(CTL’TSQn—l) = —ldﬁk’Ts2nfl = —lp*de
™ T T

Since ¢* is injective, it follows that —i¢, wrs;n—1 = (1/m)dHy, i.e. (1/m)H}, is the Hamiltonian for
the restriction of the first action in (4) to the k-th component S'CT". Thus,

(e Y- CPY Y, i 2]) = Lol
Tyeeey k) 9 FS;nfl 1y---3”<n |Z1|2++|Zn’2’

3| -

HFS;nfl =

is a Hamiltonian for the first action in (4) with respect to wrs;n,—1. The moment polytope
Hps.n—1(CP"1) is then the (n—1)-simplex in R* with the vertices at (1,0,...,0), (0,1,...,0),
etc.; see the first picture below for the n=3 case. Since the second action in (4) is the restriction
of the first to the subtorus T" ! x {1} CT", the composition of Hps,,—1 with the projection to the
first (n—1) components,

(2, 2 l?)

|12+ . .+ 2|2

TRn—1 OHFS;n,y (C.Pn_l — Rk_l, TTRn—1 OHFS;nfl([Zly- ..,Zn]) = s
is a Hamiltonian for the second action in (4) with respect to wgs.,—1. The moment polytope
Tgn—1 (Hpg.n—1(CP™1)) is then the standard (n—1)-simplex in R¥~1 i.e. the simplex with the ver-
tices at the origin and (1,0,...,0), (0,1,...,0), etc.; see the second picture below for the n=3 case.




