
MAT 562: Symplectic Geometry

Solution to Problem I

(a) Let q : C
n−{0} −→ CPn−1 be the quotient projection as in Problem A on PS1. Suppose

U⊂CPn−1 is an open subset and s : U−→C
n−{0} is a holomorphic section of q, i.e. q◦s=idU .

Show that the 2-form

ωFS;n−1

∣∣
U
≡

i

2π
∂∂ ln |s|2, (1)

where | · | is the standard (round) norm on C
n, is independent of the choice of s.

(b) By (a), (1) determines a global 2-form ωFS;n−1 on CPn−1, called the Fubini-Study symplectic

form. Show that this form is indeed symplectic and

ωFS;n−1 =
1

π
ωCPn−1 , (2)

where ωCPn−1 is the symplectic form on CPn−1 provided by Problem A on PS1.

(c) Show that the action of S1≡R/Z on C
n given by

e2πit ·(z1, . . . , zn) =
(
z1, . . . , zk−1, e

2πitzk, zk+1, . . . , zn
)

(3)

is Hamiltonian with respect to the standard symplectic form ωCn with a Hamiltonian

H̃k : C
n −→ R, H̃k(z1, . . . , zn) = π|zk|

2.

(d) Show that the actions of Tn≡(S1)n and T
n−1≡(S1)n−1 on CPn−1 given by

(
e2πit1 , . . . , e2πitn

)
·[z1, . . . , zn] =

[
e2πit1z1, . . . , e

2πitnzn
]
,

(
e2πit1 , . . . , e2πitn−1

)
·[z1, . . . , zn] =

[
e2πit1z1, . . . , e

2πitn−1zn−1, zn
] (4)

are Hamiltonian with respect to the symplectic form ωFS;n−1. Determine the moment polytopes
for these actions; draw the moment polytopes in the n=3 case, labeling everything clearly.

(a) If s̃ : U −→ C
n−{0} is another holomorphic section of q, s̃ = fs for some holomorphic map

f : U−→C
∗. Thus,

∂∂ ln |s̃|2 = ∂∂ ln
(
ff |s|2

)
= ∂∂ ln f−∂∂ ln f+∂∂ ln |s|2 = ∂0−∂0+∂∂ ln |s|2.

This shows that the form (1) is independent of the choice of s.



(b) Let p= q|S2n−1 : S2n−1−→CPn−1. Since the 2-form ωCPn−1 is symplectic, (2) implies that so
is ωFS;n−1. By Problem A(f) on HW1, (2) is equivalent to

p∗ωFS;n−1

∣∣
TS2n−1 =

1

π
ωCn

∣∣
TS2n−1 , (5)

where ωCn ≡
i

2

n∑

j=1

dzj∧dzj is the standard symplectic form on C
n. For each k=1, . . . , n, the map

sk : Uk≡
{
[z1, . . . , zn]∈CPn−1 : zk 6=0

}
−→ C

n−{0},

sk
(
[z1, . . . , zn]

)
=

(
z1/zk, . . . , zk−1/zk, 1, zk+1/zk, . . . , zn/zk

)
,

is a holomorphic section of q and

{
q|q−1(Uk)

}∗(
∂∂ ln |sk|

2
)
= ∂∂ ln

∣∣{q|q−1(Uk)

}∗
sk
∣∣2 =

(
∂∂ ln

n∑

j=1

|zj |
2 − ∂∂ ln |zk|

2

)∣∣∣∣
q−1(Uk)

=

n∑

j=1

∂
zjdzj
|z|2

∣∣∣∣
q−1(Uk)

=

n∑

j=1

dzj∧dzj
|z|2

∣∣∣∣
q−1(Uk)

−
∂|z|2∧∂|z|2

|z|4

∣∣∣∣
q−1(Uk)

;

(6)

the first equality above holds because q is holomorphic. Since d=∂+∂ and the restriction of d|z|2

to TS2n−1 vanishes (because |z|2=1 on S2n−1),

∂|z|2∧∂|z|2
∣∣
TS2n−1 = −∂|z|2∧∂|z|2

∣∣
TS2n−1 = 0.

Combining this with (6), we obtain

p∗ωFS;n−1

∣∣
TS2n−1|

p−1(Uk)
=

i

2π

n∑

j=1

dzj∧dzj
∣∣
TS2n−1|

p−1(Uk)
=

1

π
ωCn

∣∣
TS2n−1|

p−1(Uk)
.

Since the open subsets Uk⊂CPn−1 cover CPn−1, this gives (5).

(c) Let zj=xj+iyj , as usual. Thus,

ωCn =
n∑

j=1

dxj∧dyj , ζ̃k ≡
d

dt
e2πit ·(z1, . . . , zn)

∣∣∣∣
t=0

= 2π

(
− yk

∂

∂xk
+xk

∂

∂yk

)
, − ι

ζ̃k
ωCn = πd|zk|

2.

Thus, H̃k is a Hamiltonian for the S1-action on (Cn, ωCn) given by (3).
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(d) The first action in (4) is Hamiltonian if and only if its restriction to each component S1⊂T
n

is Hamiltonian. For k=1, . . . , n, define

Hk : CP
n−1 −→ R, Hk

(
[z1, . . . , zn]

)
=

π|zk|
2

|z1|2+. . .+|zk|2
,

ζk ≡
d

dt

(
1, . . . , 1︸ ︷︷ ︸

k−1

, e2πit, 1, . . . , 1
)
·[z1, . . . , zn]

∣∣∣∣
t=0

∈ Γ
(
CPn−1;T (CPn−1)

)
.

The S1-action (3) restricts to an action on S2n−1 ⊂ C
n and the projection p : S2n−1 −→ CPn−1

is S1-equivariant with respect to the restriction of the first action in (4) to the k-th component
S1⊂T

n. Thus,
ζk
(
p(z)

)
= dzp

(
ζ̃k(z)

)
∈ Tp(z)(CP

n−1) ∀ z∈S2n−1.

Along with (b), (c), and H̃k|S2n−1 =Hk◦p, this gives

p∗
(
ιζkωFS;n−1

)
= ι

ζ̃k

(
p∗ωFS;n−1

)
=

1

π
ι
ζ̃k

(
ωCn |TS2n−1

)
= −

1

π
dH̃k|TS2n−1 = −

1

π
p∗dHk.

Since q∗ is injective, it follows that −ιζkωFS;n−1 = (1/π)dHk, i.e. (1/π)Hk is the Hamiltonian for
the restriction of the first action in (4) to the k-th component S1⊂T

n. Thus,

HFS;n−1≡
1

π

(
H1, . . . , Hk

)
: CPn−1 −→ R

k, HFS;n−1

(
[z1, . . . , zn]

)
=

(|z1|
2, . . . , |zn|

2)

|z1|2+. . .+|zn|2
,

is a Hamiltonian for the first action in (4) with respect to ωFS;n−1. The moment polytope
HFS;n−1(CP

n−1) is then the (n−1)-simplex in R
k with the vertices at (1, 0, . . . , 0), (0, 1, . . . , 0),

etc.; see the first picture below for the n=3 case. Since the second action in (4) is the restriction
of the first to the subtorus Tn−1×{1}⊂T

n, the composition of HFS;n−1 with the projection to the
first (n−1) components,

πRn−1◦HFS;n−1 : CP
n−1 −→ R

k−1, πRn−1◦HFS;n−1

(
[z1, . . . , zn]

)
=

(|z1|
2, . . . , |zn−1|

2)

|z1|2+. . .+|zn|2
,

is a Hamiltonian for the second action in (4) with respect to ωFS;n−1. The moment polytope
πRn−1(HFS;n−1(CP

n−1)) is then the standard (n−1)-simplex in R
k−1, i.e. the simplex with the ver-

tices at the origin and (1, 0, . . . , 0), (0, 1, . . . , 0), etc.; see the second picture below for the n=3 case.
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