MAT 562: Symplectic Geometry

Solution to Problem A

The C*-action on C™ by the coordinate multiplication restricts to a C*-action on C"—{0} and
St-actions on C* and the unit sphere S~ CC". Show that

(a) the quotient topologies on CP"~1 given by (C"—{0})/C* and S*"~1/S' are the same (i.c.
the map S*"~1/St — (C"—{0})/C* induced by inclusions is a homeomorphism,);

(b) CP" ! is a compact topological 2(n—1)-manifold that admits a complex structure so that the
quotient projections

q: C"—{0} — CP" '=(C"—{0})/C* and p:S* ' —CP" =515
are a holomorphic submersion and a smooth submersion, respectively;

(c) the S'-action on C" preserves the standard symplectic form wen on C*;

(d) the orbits of the restriction of this action to S*™~! are compact connected one-dimensional
submanifolds of S*"~1;

(e) for each z€ S*" 1 the wen-symplectic complement of T, S~ 1,
(TZS’Q”_I)W‘C" = {UETZ(C”: wen (v, w) =0 VwETZSQ"_I},
is the tangent space to the S'-orbit at z;
(f) there is a unique 2-form wepn-1 on CP" ! such that p*wepn-1 = wen|pgen—1, and this

form wepn-1 is symplectic.

(a) Let i: 2" — C"1—0 and 7: C" ' —0 — $2"~! denote the inclusion and the natural
retraction, i.e. ¥(v) =v/[v|. We show that these maps descend to continuous maps between the
quotients, i and r below,
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S2n—1 Cn—lio Cn—lio S2n—1
S2n_1/51 __ Z_ — ((C"_l _0)/((:* (Cn_l—O)/C*— _r_ > 52"_1/51

that are inverses of each other.

The map ¢ o1 is constant on the fibers of p, since if v,w € §?"~! and w=g - v for some g€ S*,
then i(w) =g -i(v) for some g’ € C* (in fact, ¢’ =g). Thus, go4 induces a map 7 from the quotient
space S?"~1 /81 (so that the first diagram commutes); since the map ¢ 01 is continuous, so is the
induced map 4. Similarly, the map p o7 is constant on the fibers of ¢, since if v, we C* -0 and
w=g-v for some g€ C*, then 7(w) =g -7(v) for some ¢’ € S* (in fact, ¢’ =g/|g|). Thus, po7



induces a map r from the quotient space (C"~1—0)/C*; since the map p o7 is continuous, so is
the induced map 7. Since 7ot =idg2n-1, 704 = idgen-1,g1. Similarly, for all veCn 10,

Torw) = (1/Phv, 1PleC = qGoi(w) =q(v) — ior=ideriyyc

(b-i) Since S?"~! is compact, so is the quotient space CP"~ 1 =8§2?"~1/§1 (being the image of S?"~1
under the continuous map p). For any AC S?"~ 1,

pil(p(A)) =S A= {gv:veA, geSl} = Ugil(A).

gest

Thus, p~1(p(A)) is the image of the subset S!x A in $?"~! under the continuous multiplication
map
Stx gt g2n—1 (9,v) — g-v,

and is the union over g€ S! of the preimages g~ !(A4) of A under the continuous map
g: St 5 gt v —> g-v.

If A is closed in S?"~ !, then S'xA is closed in the compact space S'xS?*~1 and thus compact. It
then follows from the first statement above that p~!(p(4)) is a compact subset of the Hausdorff
space S?"~! and thus closed. We conclude that p(A) C S?"~1/S! is closed for all closed subsets
A cC 8?1 ie. the quotient map p is a closed map. Since S?"~! is normal, by Lemma 73.3 in
Munkres’s Topology the quotient space CP"~! is normal as well (and in particular, Hausdorff). If
A'is open in $?"~1 then g~1(A) is also open in S?"~1. Tt then follows from the second statement
above that p~1(p(A)) is open in S?"~! as well. We conclude that p(A4)CS?"~1/S1 is open for all
open subsets A C 82”71 i.e. the quotient map p is an open map. Since S?"~! is second countable,
the quotient space CP™ ! is therefore also second countable.

(b-ii) We now construct a collection of charts {(U;, ;) }iz1,.., on CP"™1 that covers CP"L.
Given a point (Xq,...,X,)€C"—0, we denote its equivalence class in

cprt = (Cc"-0)/C*
by [X1,...,Xp]. Fori=1,...,n, let
U = {[X1,...,Xn]€CP": X;5#0}.

Since

) = {(X1,..., X,)€C"—0: X;#0} = U

is an open subset of C*—0, f; is an open subset of CP"~!. Define

B 1/7@ _, ol oR2(n-1) by
&i(Xl, .. 7X7'L) - (Xl/Xz,XQ/Xl7 .. .,Xi_l/Xi,Xi+1/Xi7 .. 7X7‘L/X”L)

Since @;(c-v) = @i(v), the map @; induces a map ¢; from the quotient space U; of Z/~{Z



Since @; is continuous, so is ;. Define
~1
Yi:C"'— U by Wiz, ) = 2, 2im, Xi=1 20, 2]

Since 1); is a composition of two continuous maps, ; is continuous. Since ;0 p; = idy, and
p;oh;=idcn-1, the map
©: U, — (Cn_l

is a homeomorphism. For every p = [X1,...,X,] € CP"! there exists i = 1,...,n such that
X;#0, i.e. peU;. Thus, {(Ui, ¢i)}i=1,..n is a collection of charts on CP™ that covers CP"~!. In
particular, CP" ! is locally Euclidean of dimension 2n. Since this collection of charts is countable
(actually, finite), it follows that CP™~! is second countable (since each open subset U; is second
countable).

(b-iii) We now determine the overlap maps
;0 <pj_l = @i 0 Y @i (UiNU;) — pi(UsNU;).
Assume that j <i. Then,

Untty = {[X1,...,X,)€CP" ' X;, X;#0} —
(pj(uimuj) = {(21, B 7Zn—1)€(cn71: Zi—1 7'&0} = C?:117
(pi(uz‘ﬁb{j) = {(zl, - ,Zn_l)ECnfll Zj;éO} = (Cy_l;

the assumption j <i is used on the last two lines. By (b-ii), the map
;0 gojfl: C, —C}
is given by

Y5 © @;1(21,. . .,anl) = @i O’(ZJj(Zl, .. .,anl) = Sﬁi([zla .. .,ijl,ijl,Zj, e 7Zn71])

= (21/2’1’,... ,zj_l/zi,l/zi,zj/zi,... ,zi_l/zi,ziﬂ/zi,...,zn_l/zi).

Thus, the overlap map gp,-ogoj_l is holomorphic on its domain, as is its inverse, o, L. both maps
are given by rational functions on C"~!. We conclude that the collection Fy = {(U;, ©i)ti=1,..m
determines a complex structure on CP"~ L.

(b-iv) For each i=1,...,n, the composition <pioq|ai = @; is a holomorphic submersion (even when
restricted to the slices with X; fixed). Thus, q|l7¢ is a holomorphic submersion. Since the open
subsets Uy, ..., U, cover C"—{0}, it follows that the entire projection ¢ is a submersion. Since
p:qo?7 the projection p is also smooth. Since g=por, p is a submersion as well.



(c) For ue St,
‘.l n

urwen = u <2 jz::ldzj/\dzj) =3 Zd(u zj)Nd(u*Z;) = 3 Zd(uzj)/\d(uzj)

j=1 j=1

. n N n
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=3 E uudz; Adzj = 3 g dzjAdzj = wen.
Jj=1 Jj=1

(d) The orbit through ze€C™ is the image of the map
St — cn, et — e'tz.

This is an embedding (it is smooth, injective, with everywhere injective differential) if z # 0.
Thus, the orbits of the restriction of this S'-action to S?”~! are embedded circles.

(e) Define H: C" — R by H(z)=|z|?/2. For each z€C", the composition of the map in (d) with
the projection
R — St t — e,
determines the time t flow ¢, : C* — C™ for the Hamiltonian vector field (. For each
z€ 5?71 = H~1(2), the tangent space to the S1-orbit at 2 is thus R(y(z). If in addition w € T, 5?71,
then
w(Ch(z),w) = —d.H(w) = 0.

Thus, the tangent space to the S'-orbit at z is contained in (7,5%*~1)wc" . Since
dim 7,$*" ' + dim (7,8 1)**" = dim 7.C",
it follows that (7,5%"~1)“c" is the tangent space to the Sl-orbit at 2.

(f) Since p is a smooth submersion, the homomorphisms
pr A (THCPY) — A*(T*S*"7!)  and  p*: QF(CP"T) — QF(SPT)
are injective. Thus, there is at most one 2-form wgpn-1 on CP" ™! with p*wepn-1 =wen |pgen-1.
Furthermore, if such a form wcpn—1 does exist, it must be smooth and satisfy
p'dwepn-1 = d(p*wepn-1) = d(wen|pgzn—1) = (dwen )| pigen—1 = 0.

Since p* is injective, wepn-1 must also be closed.

We define a 2-form wepn—1 on CP™~! by the condition p*wepn—1 =wen |pgan-1, i.e.
wepn-1 ‘p(z) (d-p(v), dzp(w)) = wen ‘Z(v, w) Vou,weT,5*" 1 zes* 1.

Since ker d,p=R(y () is the tangent space to the S'-orbit at z and is contained in (7,527~ 1)~cn
by (e), the right-hand side above depends only on z, d.p(v), and d.p(w). Since the S'-action on C"
preserves wcn, the right-hand side depends only on d.p(v) and d,p(w), i.e. the 2-form wepn-1 is
well-defined by the above. If z€ $?"~1 v€T,5?""1, and d.p(v)#0, then v is not tangent to the
Sl-orbit at z, i.e.

ve TS —R¢u(z) C T8 — (187" 1)*"

by (e). Thus, there exists w € T,5?" ! such that wen (v, w) # 0. We conclude that wepn-1 is
nondegenerate.



