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w 1. Introduction 

Let G be a compact  Lie group, $ its Lie algebra and X a compact,  connected 
symplectic manifold. Let G • X - ~ X  be a Hamil tonian  action of G on X and let 

q~: X ~ q *  

be its associated momen t  mapping. (See w for definitions.) The set, @(X), is 
the union of co-adjoint  orbits. The main result of this paper is a description of  
the orbit structure of this set. To describe this result, we first note that the co- 
adjoint orbits in ,q* can be parametr ized as follows: Let t be a Caf tan  
subalgebra of g and let B be a positive-definite G-invariant bilinear form on $. 
By means of B we get a G-equivariant identification, , q ~ * .  Let t* be the 
subspace of  ~q* corresponding to t. Then every co-adjoint  orbit intersects i* in 
a Weyl-group orbit;  so there is a one-one correspondence between co-adjoint  
orbits in ,q* and Weyl-group orbits in t*. To get an even sharper para- 
metrization, let t* be a Weyl chamber  in {*. Then every Weyl-group orbit 
intersects t* in a single point :  so t* is a "modul i  space" for the co-adjoint  
orbits. 

Two orbits in X are said to be of the same type if they are isomorphic as 
homogeneous  G-spaces. Since X is compact,  there are at most a finite number  
of different types of orbits. (See [1113 Let H be a closed subgroup of  T of 
codimension r and let Cit be the set of all orbits in X of  type G/H. 

Theorem 1. q)(Ctt)ni* is the union of  a .finite number of  open r-dimensional 
convex polytopes. 

We conjecture that q q x ) n t *  is itself a convex polytope. We have been 
able to prove this in some important  special cases. (See below.) 

We also prove a number  of related results. In w we show that if G = T = a n  
r-dimensional torus, then X has a "symplectic stratification" such that q~ maps 
each s tratum submersively onto a polyhedral  subset of t*. The proof  makes use 
of the following elementary sympleetic fact. (See also [2], Theorem 1.) 

Offprint requests to: S. Sternberg 

009(I_001 O/R9 i(~NA?/Nd.Q I /~AA AN 



492 V. Guillemin and S. Sternberg 

Lemma 2. The range of dq~ x is the annihilator in g* of the stabilizer algebra of 
X.  

In w we show that the moment map has a "local canonical form" in the 
neighborhood of a fixed point. 1 We use this result to prove the following local 
convexity theory for G =  T = a n  r-torus: 

Theorem 3. Let x be a f ixed point of T and let ~i c t*, i= 1 . . . .  , n, be the weights 
oJ" the linear isotropy representation of T on the tangent space at x. Let 

S(c~ 1 . . . . .  ~,)= {sl c~1 + ... + s,~,, s 1 . . . . .  s, > 0}. 

Then there exists a neighborhood, U, of x in X and a neighborhood, V, of p 
=q~(x) in t* such that q~(U)= V ~ ( p +  S(c~l, ..., ~,)). 

In w 5 we prove a global convexity theorem for the case G = T = an r-torus. 

Theorem 4. The image of cb is a convex polytope. Its vertices are the image of 
the f ixed points of T Jor which S(et 1 . . . .  , c~,) =l=t*. 

The proof of this theorem is based on the following Morse-theoretic result 
which is itself of some interest: 

Theorem 5. Let ~ ~g and let (b ~ be the ~-th component oJ cI). Then eb~ has a 
unique local maximum. 

In w we will show that the action of G on X admits a "global symplectic 
cross-section" and use this fact to prove Theorem 1. In w we study the 
phenomenon of vertex formation at the boundary of 4~(X)c~t*. The interior 
vertices of ~b(X)c~t* are associated with fixed points of T just as in the abelian 
case; however, the boundary vertices are more complicated. To each open face, 
F, of ~?t* corresponds a subgroup H of G such that 

J6F~=~H is the stabilizer group o f f .  

Let H = K  x M where K is semi-simple and M abelian. If we reduce X with 
respect to K (in the sense of [93), we get a symplectic manifold on which M 
acts. We will show that the vertices on F are associated with the fixed points 
of M on this reduced manifold. 

In Sect. 8 we show that if the action of G on X is "pre-quantizable", the 
vertices 4~(X)n ~* are lattice points. Finally, in an appendix we will prove 

Theorem 6. Let X be a connected, non-singular complex projective variety, (2 its 
Kaehler form and G a closed, connected subgroup of the group of complex 
symplectic transformations of  X.  Suppose that for some point, p6X,  the stabilizer 
group of  p in G is finite. Then q~(X)c~t* is a convex polytope of  dimension 
equal to the rank of  G. 

The proof depends upon the fact that one can characterize the rational 
points in ~b(X)c~ t* in terms of the existence of sections of certain line bundles. 

The results we have just described were largely inspired by some recent 
work of Gerrit Heckman: Let K be a compact Lie group and X a co-adjoint 

1 This way also noticed by Arms, Marsden, and Moncrief. See w Lemma 17 
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orbit in [*. If G is a Lie subgroup of K, the projection map, X c [ * - ~ g *  is the 
momen t  map of  the action of G on X. Kostant  proved several years ago that if 
G = T = t h e  Caf tan  subgroup of  K, the image of X in t* is a convex polytope. 
In his thesis Heckman  gave a very simple Morse-theoretic proof  of  this result; 
and also, for such X's, either proved or conjectured most  of  the other theorems 
described above. Our own involvement with these matters started when we 
noticed that Heckman ' s  p roof  of Kostant ' s  theorem could be extended with 
rather little effort to the case of  an arbitrary Hami l ton  T-space 2. 

Example: 

Shaded region = O(X) n t* 
6 =SO(4), 
X is a co-adjoint orbit 
in so(5)*. 
The positive quadrant 
is t*. 

Notice that O ( X ) n t *  is not convex. 

w Symplectie Preliminaries 

Let X be a symplectic manifold with symplectic form, Q. Given a C ~ function, 
f on X, let ~s be the symplectic vector field, ~s_df2=df The map 

~: C ~ ( X ) ~ S y m p l e c t i c  vector fields, (2.1) 

sending f into ~s, is a morphism of the Poisson algebra (C~(X) with its 
Poisson bracket) into the Lie algebra of symplectic vector fields. Suppose now 
that a connected Lie group, G, acts symplecticly on X. Let 9 be its Lie al- 
gebra. Associated with the action of  G is a Lie algebra morphism 

/3: g~Symplec t i c  vector fields. (2.2) 

The act ion of  G is said to be Hamiltonian if there exists a Lie algebra 
morphism 

~: 9 ~  C~176 (2.3) 

2 Atiyah has also proved this result independently. (See [3].) Atiyah's proof has some features in 
common with ours, but is a good deal shorter due to his more perspicacious use of Morse theory 
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such that c~=rofl. To each point, x e X ,  we can associate an element, l~, of the 
dual space, g*, by the identity 

lx(~) = q~(x), g~eg (2.4) 

where q~=e(~)eC~ If we let x vary, we get a mapping 

q': X~g* ,  x ~ l  x. (2.5) 

This mapping is called the moment mapping. It is easily seen to be G- 
equivariant. A somewhat more pedestrian way of describing it is as follows: 
Let ~eg and let Q: g*--,R be the linear form on g*' f~g*---,f(~). Let qb~=e~o q~ 
and let ~ be the vector field on X associated with ~ by (2.2). Then 

~ _J (2 =d  q5 ~. (2.6) 

This equation determines 4r up to an additive constant. 
We will use (2.6) to prove an elementary lemma which is in some sense the 

key to why the moment map is as rigid as it is. 

Lemma 2.1. Let  x ~ X .  Let G x be the stabilizer group of  x in G and let gx be its 
Lie algebra. Then the image o f  d~bx: 7~,--,g* is the annihilator space in ,q* of  ,%. 

Proof. Consider the map 
g--+ 7~,, (2.7) 

which maps ~ into r ~ (x), and the linear isomorphism 

L - - - - ,  7;* (2.7)' 

which sends veT~ into v_Jf2eT*. The composition of(i) and (ii) is a map 

g ~  T~*. (2.7)" 

By (2.6) this map is the transpose of d~x: T ~ g * ;  so the image of d ~  x is the 
annihilator space of the kernel of (2.7)". By (2.7) this kernel is the space of 
vectors, {eq for which ~ ( x ) = 0 ;  i.e. it is just the stabilizer algebra of 
x. Q.E.D. 

Corollary. The moment map is a submersion at x !f and only !f the stabilizer 
group of  x is discrete 3. 

w Global Properties of the Moment Mapping 

By combining Lemma 2.1 with some standard facts about actions of compact 
groups we can, with little effort, obtain quite a lot of information about the 
moment mapping. Let X be a connected manifold and G a connected compact 
Lie group acting differentiably on X. For each x e X  let G~. be the stabilizer 
group of x. We recall the following well-known facts: 

3 Arms, Marsden and Moncrief, [2], also have this result 
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Proposition 3.1. Let r = m i n d i m G ~ .  Let X i be the set of  x's ,for which d imG~>i  
+ r. Then X i is a subset of  X (?]" codimension > i + 1  for  i = 1 , 2 , . . . .  

Proof. See Montgomery et al. [10]. 

Proposition 3.2. I f  X is compact, then up to conjugacy, only a f inite number of. 
subgroups of  G occur as stabilizer groups of points o[" X .  

Proof. See Mostow, I11], or Yang, [13]. 

Proposition3.3. Let  H be a closed subgroup of  G and let X n = { x e X ,  G = H  }. 
Then X H is a subman(]'old of  X.  Moreover, if x 6 X ~ ,  the tangent space to X u at 
x is the space of  H-/~xed vectors in the tangent space to X.  I f  X is compact, X ~  
has f ini te  connectivity. 

Proof  See Sternberg [12], p. 212. 
Suppose now that X is a symplectic manifold and the action of G on X is 

Hamiltonian. Let @" X-~fl* be the moment  mapping. Combining proposition 
with Lemma 2.1 we get 

Theorem3.4. Suppose mincorankd4)  =r .  Let S~ be the set o f  x e X  ,['or whieh 
corankd4) _>_r+i. Then S i is o f  codimension > i +  1 in X for i =  1,2 . . . . .  

Corollary. Suppose dq) is surjeetive at some point, x o. Then the set o f  x ~ X  at 
which dcl) is suljective is open and connected, and its complement is (~ codimen- 
sion > 2. 

Theorem3.5. Let  H be a closed subgroup of  G and let X u = { x e X ,  G ~ = H  }. 
Then X u is a symplectic subman!/i)ld of  X.  

Pror This is an immediate consequence of Proposition 3.3 and the following 
elementary lemma. 

Lemma 3.6. Let  V be a symplectic vector space and H a compact subgroup o f  
Sp(V).  Let W be the subspace of  H- f i xed  vectors in V. Then W is symplectic. 

Proof. Let f2 be the symplectic form on V and let B be a positive-definite 
bilinear form on V which is H-invariant. There exists a unique linear map A" 
V ~ V  such that for all v, w~V 

B(v, w)= ~2(v, A w). 

Clearly this map is H-invariant. Suppose w W  and f2(v,w)=0 for all weW. If 
w~W, A w ~ W ;  so B(v,w)=~2(v, A w ) = O  for all w6W. Thus ~=0. Q.E.D. 

Combining Theorem 3.5 with Lemma 2.1 we get 

Theorem 3.6. Let l) be the Lie algebra of  H and let h I be its annihilator in 
,q*. Then cI) maps each connected component of  X u into an ~![])'ne subspace of  g* 
of the J~)rm p + b  • Moreover, if H is a normal subgroup of  G, this map is a 
submersion. 

Proof. By Lemma 2.1, dcb~ maps the tangent space to X at x onto b • for all 
x c X n ;  so the first part of the theorem is obvious. 
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If H is a normal subgroup of G, X n is G-invariant, and the restriction, 4)1, 
of 4) to X n is the moment  map of the action of G on X n. By Lemma2.1,  
( d 4 ) l )  x maps the tangent space to X n at x onto the space, b • Q.E.D. 

Remark. Of special interest is the case, H = G .  The theorem then says that 
4)(Xa) is discrete, and in fact, finite if X is compact. The points in 4)(XG) are 
called the vertices of 4). 

If X is compact and G = T = a n  r-dimensional torus, the manifold, X, can 
be stratified so that on each stratum, 4) has an extremely simple form. Ex- 
plicitly, let T a . . . . .  7) be the subgroups of T which occur as stabilizer groups of 
points of X. (By Proposition 3.2 these groups are finite in number.) Let X~ be 
the set of points, x, for which the stabilizer group of X is T~. By relabeling we 
can assume that the X[s are connected. (The T[s then get relabeled somewhat 
redundantly; i.e. T~ can equal Tj for i4=j.) With this notation: 

N 

X = [J X i (disjoint union). (3.1) 
i = l  

Theorem 3.7. Each X i is a T-invariant symplectic submaniJold of  X .  Moreover 
there exists a vector, aist* , such that 4) maps X i onto an open subset o f  the 
affine subspace, a i + t{ o f  t*. 

Proof  Since T/is a normal subgroup of T, Theorem 3.6 applies. Q.E.D. 

Let v 1 . . . .  , v k be the vertices of 4): X- , t* .  As a corollary of Theorem 3.7 we 
get: 

Theorem 3.8. 4)(Xi) is the union of  a f inite number of  convex sets each of  which 
is the convex hull o f  a collection of  Vk'S. 

Proof  We will prove the assertion by induction on the codimension of T/ in T. 
For Ti=T, 4)(X) is v k for some k. Suppose the theorem is true when the 
codimension is less than m. If the codimension of T/ is m, then by Theorem 3.7, 
4)(Xi) is an open subset of the m-dimensional affine plane a~+t{, and its 
boundary components are connected components of the set 

U4)(xA = 7;. 

By induction the theorem is true for each 4)(X~); so it is true for 
4)(X,). Q.E.D. 

In Sect. 5 we wilt prove that each 4)(X) (including 4)(X) itself) is the convex 
hull of certain of the Vk'S. Not all the Vk'S are necessarily genuine vertices of 
4)(X). Some can lie in the interior of 4)(X). A criterion for a vertex of 4)(X) to 
be a genuine vertex will be given in Sect. 4. 

w 4. Local Convexity Results 

Let X be a manifold, G a compact  Lie group and G x X - , X  a differentiable G- 
action. Let x e X  be a fixed point of G. We will need below the following G- 
equivariant Darboux theorem. 
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Theorem 4.1. Let s o and Q1 be G-invariant symplectic forms on X with s 1 
at x. Then there exists a G-invariant neighborhood, Uo, of  x and a G-equivariant 
map ~:  (Uo,x)--+(X,x) such that ~*Q1 =Qo.  

Proof  The proof  is by an a rgument  due to Moser  and Weinstein. This 
a rgument  has by now become fairly s tandard;  so we will just  give it in its bare 
outlines: Join f2 o to (2j by the linear homotopy ,  Q + = ( 1 - t ) Q o + t Q  1. Let us 
a t tempt  to find a G-invariant  neighborhood,  U, of x and a G-equivar iant  
mapp ing  ~ : ( U ,  x)--,(X, x) depending smoothly  on t such that  ~*  f2, = ~2 o. Let 

~, = 71 ' 1 (d ~ /d  t). (4.1) 

By differentiating the equat ion ~*  (2, = N 0 we get 

~ + Q ,  =d({ ,  ~ (2,) = - Q, = ~'~1 -~Qo. (4.2) 

The two form, f21-f20,  is closed, G-invariant  and zero at x. Restrict  it to a 
contractible,  G-invar iant  ne ighborhood,  U, of x. By the Poincare l emma  we 
can find a smooth  one-form, ~,, on U depending smoothly  on t such that  (21 
- f2o=dc~  + and c~,=0 at x. By "averaging over the group  G" we can arrange 
that  ct, is G-invariant .  Since ~ , = Q o = ~ l  at x, f2 t can be assumed to be non- 
degenerate  on U. Let gt be the unique vector field on U satisfying 

~, A Q, = ~,. (4.3) 

Then (4.2) is clearly satisfied. Restricting, if necessary, to a smaller  G-invariant  
neighborhood,  Uo, we can integrate the O D E  (4.1) with intitial conditions, ~0 
=ident i ty ,  to obta in  a map  ~ :  (Uo, x ) -+(X,x)  satisfying (d /d t )~*f2 ,=O.  Since 
~ * f 2 , = f 2  o when t = 0 ,  I//~Q 1 =~Qo. Q.E.D. 

Now let X be a symplectic manifold with symplectic form, f2, G a compac t  
Lie group and G x X - + X  a Hami l ton ian  G-action. Let q~: X-+g* be the 
associated momen t  mapp ing  and let x be a fixed point  of  G. We will use the 
result above to show that  q~ is r ight-equivalent to the m o m e n t  mapp ing  
associated with the linear act ion of G on the tangent  space V= TxX. Let X be 
equipped with a G-invariant  R iemannian  metric and let 

exp: V--+ X (4.4) 

be the exponent ia l  map  defined by this metric. This map  intertwines the act ion 
of G on X and the linear act ion of G on V, and it maps  a G-invar iant  
ne ighborhood,  Uo, of zero in V diffeomorphical ly onto a neighborhood,  U, of x 
in X. Let Q1 be the linear symplectic form on V and let Qo=(exp)*Q.  For  U o 
sufficiently small there exists, by Theorem 4.1, a G-equivariant  mapp ing  q': 
(Uo, 0)--+(V, 0 ) such that  t/,*Q~ =f2o. Let ~bo=4~ exp and let q~l be the m o m e n t  
mapp ing  associated with the linear act ion of G on V and the linear symplectic  
form, s2 1. F r o m  (2.6) we obtain:  

Theorem 4.2. The mappings q~o: Uo-+g* and ~bl: U l--+g* difJer by a translation. 



498 v. Guillemin and S. Sternberg 

Corollary. Let U t = ~(Uo). Then the image of 4): Uo-+g* is, up to a translation 
identical with the image of ebb: U 1-+g*.4 

The moment  mapping, 4~: V-+g*, is rather easy to describe. Let Sp(V) be 
the group of symplectic linear transformations of V and let sp(V) be its Lie 
algebra. There is a standard identification of sp(V) with the space of homo- 
geneous quadratic polynomials of V. (See [1].) For each point p6V,, let 
qSz(p)Esp(V)* be the linear functional on sp(V) which assigns to each qua- 
dratic polynomial its value at p. As p varies, we get a mapping 

q~2: V-+sp(V)*. (4.5) 

Lemma 4.3. The mapping, eb2, is the moment mapping associated with the linear 
symplectic action of Sp(V) on V. 

Proof Left to the reader. 
Since G injects into Sp(V) via its linear isotropy action, g injects into sp(V) 

and by duality we get a linear map: 

sp(V)* -+g*. (4.6) 

Proposition 4.4. The moment mapping qq: V-+g* is the composition qf (4.5) and 
(4.6). 

Proof Immediate consequence of Lemma 4.3. 
The maximal compact subgroup of Sp(V) is U(V). Let H be the Caftan 

subgroup of U(V) and b its Lie algebra. As we have already pointed out sp(V) 
can be identified with the space of quadratic polynomials on V. It is possible to 
choose a system of linear symplectic coordinates, x~,...,x,,, Yl .... ,y,, on V 
such that 

b~-R" 

={al((x2 + y~)/2)+... +a,((x~ + yZ,)/2),(al .... , a~)eRq. (4.7) 

Suppose now that G =  T = a n  r-dimensional torus. One can choose the group, 
H, so that the image of T in Sp(V) lies in H. Since T injects in H, t injects in 
i1; and, by duality, there is a linear map the other way 

I?* -~ (R")* --,t* --+0. (4.8) 

Proposition4.5. The moment mapping q)1: V-+t* is the composition of the 
quadratic mapping 

(x, y)--*((x~ + y2)/2,..., (x 2 + y2)/2) (4.9) 

and the linear mapping (4.8). 

Proof This is just a restatement of Proposition 4.4. 

4 The recent paper, [2], of Arms, Marsden and Moncrief contains a result similar to Theo- 
rem 4.2 
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We can describe the mapping in still another way: Let t: t -*b be the 
inclusion of t in b. Given ~ t  let 

z(~) = ~ ~(~)(x{ + y~)/2. (4.10) 

The ~i's are linear functionals on t or, in other words, elements of  t*. By 
definition they are the weights of the representation of T on V. Then Proposi- 
tion 4.5 amounts  to the statement:  

Proposition4.6. Let ~1, . . . ,% be the weights of  the representation of  T on V. 
Then, in terms of  the (x,y) coordinates, the momem mapping q~l: V ~ t *  is the 
mapping 

(x, y) ~ ~,((x{  + y{)/2) ~,. (4.11) 

Corollary. The image c?]" ~ I is the convex region 

S(~ 1 . . . .  , % ) =  ~i, Sl . . . .  , s ,>O (4.12) 
i 

in t*, the ~f's being the weights g[" the representation o.1" T on V. 

Combining this result with Theorem 4.2 we obtain the main theorem of this 
section : 

Theorem 4.7 (Local Convexity Theorem). Let  X be a symplectic man~fld, T an 
r-dimensional torus, T x  X--*X a Hamihonian action o[ 7" on X and ~:  X-~t* 
the associated moment mapping. Let x be a f i x ed  point of  T and let p=cb(x). 
Then there exists a neighborhood, U, of  x in X and a neighborhood U' o f  p in t* 
such that 

4 , (u )=  u ' ~ ( p + s ( ~ ,  . . . .  ,~.)) 

where ~1 ... .  ,~,, are the weights associated with the linear isotropy representation 
of  7" on the tangent space ~?f X at x. 

We will need later on a relative form of this theorem. As above let X be a 
symplectic manifold, T an r-dimensional torus, Tx X--*X a Hamil tonian  action 
of T on X and x a point  of  X. Let T 1 be the stabilizer group of x. The 
inclusion of  11 in t dualizes to give a linear mapping the other way 

~: t*-~t*.  (4.12) 

Let ~1 . . . .  , ~,, be the weights of the representation of 7] on the tangent space of 
X at x. Let S(~ 1 .. . .  ,%,) be the convex region (4.12) in 1" and let 

S ' ( ~  . . . . .  ~ o ) = ~ - 1 S ( ~ 1  . . . .  , ~ , )  
in t*, 

Theorem 4.8. There exists a neighborhood, U, of  x in X and a neighborhood, U', 
o f  p = cb(x) in t* such that 

�9 ( u ) =  u ' ~ ( p + s ' ( ~ l  . . . .  , ~.)). 
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Proof Let V be the tangent  space to X at x. We will make  a few simplifying 
assumptions.  We will assume: i) X is an open subset of V; ii) x is the origin in 
V; iii) the act ion of T1 is the linear isotropy action, and iv) the symplectic form 
on X is the restriction to X of the linear symplectic  form on V. These 
assumpt ions  are warran ted  by Theo rem 4.1. Let X 1 be the subset of X consist- 
ing of all points in X which have T~ as stabilizer group. It is clear that  X~ is 
the intersection of X with a linear subspace W of V. By Theorem 3.6, 4": X-* t*  
maps  X~ submersively onto an open subset of p + t ~ .  In part icular  

d4"0: W-*t~-*O. (4.13) 

Let 4"1 =Tro4"= the  m o m e n t  m a p  associated with the linear act ion of T 1 on 
V. The  act ion of T 1 on W is trivial; so 4"~ is constant  on the affine subspaces 

W+a, a~V (4.14) 

of V. Therefore  4" maps  the affine subspace, (4.14), into the affine subspace 

~z- 1 (4", (a)) = t~  + q, q =  4"(a). (4.15) 

By (4.13) this mapp ing  is a submers ion  near  a - - 0 ;  so the image of (4.14) 
contains an open ne ighborhood  of q in (4.15). This being true for all points, a, 
sufficiently close to zero, the image of 4,: X-* t*  contains an open neigh- 
bo rhood  of 4"(x) in rc-l(4"l(X)). Q.E.D. 

w Global  Convexity 

Let X be a connected compac t  symplectic  manifold, G a compac t  Lie group, G 
x X-*X a Hami l ton ian  act ion of G on X and 4": X-*g*  the associated 

m o m e n t  mapping.  For  each ~eg  let q~r be the ~-th c o m p o n e n t  of 4". (See (2.6).) 
In this section we will p rove  the first of our  main  convexity results. The  p roof  
is based on a l emma  concerning the m a x i m u m  values of  the function, ~b r 
Variants  of  this l e m m a  occur  in all the papers  cited in the introduction,  i.e. 
Kos t an t  [7], H e c k m a n  [5], and Atiyah [3]. 

Definition. Let X be a manifold  and f :  X - * R  a smooth  function. A real 
number ,  a, is a local maximum of f if there exists a point  xoeX and a 
ne ighborhood,  U, of  x such that  f(Xo)=a and f (x )<a for xeU. 

L e m m a  5.1. The function, 4) r has a unique local maximum. 

Before proving this l emma  we will make  an appl ica t ion of it. Let G = T =  an 
r-torus. 

Theorem 5.2. The image of the moment mapping, 4": X-*t*, is a convex polytope. 

Proof Let p be a point  of  the bounda ry  of 4"(X) and let x e X  be a pre- image 
point  of p. Let T 1 be the stabilizer g roup  of x, and let 

~iet*, i =  1 . . . . .  n 
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be the weights of  the isotropy representation of  T~ on the tangent space to X 
at x. By Theorem 4.8 there exists a neighborhood,  U, of x and a neighborhood,  
U', of p such that ~(U)=U'ca(p+S'(~ 1 . . . .  ,~,)). For  each ~ t ,  let e~: t*-+R be 
the linear functional, f~ t*-+f(~) .  Let S i be a boundary  componen t  of  
S'(cq . . . . .  c~,). We can choose ~et  such that e~=0 on S i and e~ is negative on the 
interior of S'(e I . . . .  ,%). Then if er 

qS~ (x) = (e~ o @)(x) < a 

for xeU;  so a is a local maximum of 4r By Lemma 5.1, @r Applying 
this argument  to all the faces, Si, of S'(cq . . . . .  %) we conclude that eb(X)~_p 
+S'(e~ . . . .  ,%). This proves that (b(x) behaves as a convex set relative to its 
boundary  and hence is convex. Q.E.D. 

To prove Lemma5.1  we will need to review some elementary Morse 
theory. Let X be a connected compact  n-dimensional manifold and f :  X - + R  a 
smooth  function. Let C: be the critical set of f 

Definition. f is clean if each connected component  of C :  is a submanifold of X 
and if in addit ion at each critical point, xeC: ,  the Hessian, dZfx, of f is non- 
degenerate in directions normal  to C: at x. 

Let C be a connected componen t  of  C:. If f is clean the index of dZfx is 
constant  along C; and its value is called the index of the critical set, C. 

Suppose X is equipped with a Riemannian  metric. Then f defines a 
gradient vector field on X. Let 0t: X-+X, - o o < t < o o  be the flow generated 
by this gradient vector field; and, for each component ,  C~, of C: let 

W i = {xeX,  0~(x)-+ Ci as t-+ + oo}. 

One of the fundamental  theorems of Morse theory is the following. (See, for 
instance, [4].) 

Theorem. I f  f is clean then each W i is an immersed cell of dimension equal to 
the index plus the dimension of Ci, and 

X = ~) W i (disjoint union) (5.1) 

is a eell decomposition of X. 

Corollary. Let f :  X-+R be clean. Suppose that the indices oJ" all the critical 
manifolds of f are even. Then f has a unique local maximum. 

Proof Let C~ .. . .  , Q  be the critical manifolds of  local maxima n and 
Ck+ ~ . . . . .  C N the remaining critical manifolds. Then f =  constant  =a~ on Cg, and 
a~, . . . , a  k are the local maxima o f f  By the theorem quoted above 

X=WlU.. .u~u~+,u. . .uw= 

with W~ open for i<k  and W i of codinaension > 2  for i>k. But if W i is of 
codimension > 2  it cannot  disconnect X, so 

x-Uw  
i>!r 

is connected. Hence k =  1. Q.E.D. 



502 V. Guillemin and S. Sternberg 

Therefore,  to prove the L e m m a  5.1 it is enough to prove 

Theorem 5.3. The funct ion ,  ~b ~, is clean and the indices o f  its crit ical manifi)lds 
are all even. 

P r o o f  Let ~* be the vector  field on X associated with ~ by (2.2) and let p,: 
X~X,  - o Q < t <  3o, be the flow generated by ~ .  If x is a critical point  of qb ~, 
then ~ ( x ) = 0  by (2.6) and hence p t ( x ) = x  for all t. Let V be the tangent  space 
to X at x and let L: V - - , V  be the infinitesimal genera tor  of the linearized flow 

(dp,)x: V~V. (5.2) 

L e m m a  5.4. The Hess ian  o f  ch ~ at x is the quadratic .form 

v ~ V ~ f 2 x ( L v  , v). (5.3) 

Proof.  Left to the reader  (See [1], p. 572.) 
Let X be equipped with a G-invariant  R iemann ian  metric and let 

exp: V ~ X  (5.4) 

be the exponent ia l  map. This map  intertwines the flow, p,, on X and the 
linearized flow, (5.2), on V. Therefore,  if W is the subspace of V on which L = 0 ,  
(5.4) maps  a ne ighborhood  of the origin in W diffeomorphical ly onto  a neigh- 
b o r h o o d  of the zero set of ~ ~ on X. By (2.6) the zero set of  ~ ~ is identical with 
the critical set of 4~; so we have proved that  the connected componen t s  of the 
critical set are manifolds. Moreover ,  by L e m m a  5.4, d 2 qS~ is non-degenera te  on 
V / W ;  so the critical manifold  is "c lean"  at x. Finally it is clear from (4.7) that  
the index ofd2~b~ is even. Q.E.D. 

We will illustrate Theo rem 5.2 with a simple example.  Let X = C P  u and let 
T be the ( N +  1)-dinhensional torus group 

{(e i~ . . . ,  el~ 01 . . . .  , ON+ 1 eR}. 

T acts on C P  u as a g roup  of collineations, and it is easy to see that  it 
preserves the Kaehler  form associated with the Hermi t i an  inner p roduc t  <z, w> 
=z1~7~ + . . .  +zu+~ @N+l on C u+l.  The  one-pa ramete r  subgroup  

T~ = {(0 . . . .  , eiOr,.. . ,  0)} 

is globally Hami l ton ian ,  and in terms of homogeneous  coordinates  its generat-  
ing function is Iz~li/[zL2; so the act ion of T itself is globally Hami l t on i an  and 
its associated m o m e n t  mapping,  ~:  X-- ,R  N+~ is 

(zl . . . .  , zN+ 0--'(Iz~[2 . . . .  , IzN+ll2)/Izl 2- 

Its image is the simplex 

{(s~, . . . ,  sN+ O, s1 + . . .  + SN+ ~ =1,  S l . . . .  , SN+ I >O} 

and the vertices of  this simplex are the images of the fixed points, x~ 
= (0 . . . .  , z~ . . . .  ,0), of 7: 
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w 6. The Moment Mapping and the Cartan Subgroup of G 

Let G be a connected, compact Lie group and T a Cartan subgroup of G. Let 
G act on 9" by its co-adjoint action and let 1" be the subspace of g* consisting 
of vectors in a* which are stabilized by 7'. Let t* be the set of vectors in ,q* reg 

whose stabilizer group is precisely T. It is easy to see that 

tre ~ -  t - -a  finite number of hyperplanes. 

We will denote by t* one of the connected components of t* (for instance the reg 
interior of the positive Weyl chamber) and by t* its closure in t*. 

Now let X be a compact connected manifold on which G acts in a 
Hamiltonian fashion, and let q~: X ~ q *  be the associated moment  mapping. 
Let H be a closed connected subgroup of T and let 

X u = {x ~ X, the stabilizer group of x in G is H}. 

We will prove the following theorem in this section. 

Theorem6.1. ~(Xn)fSt* is a .finite union of r-dimensional convex polytopes 
where r = dim T/H. 

The first step in the proof will be to describe cb(Xu) more explicitly. Let b 
be the Lie algebra of H and let b • be the annihilator of b in g*. Let [* be the 
subspace of 9" consisting of all vectors, v e 9*, which are stabilized by H. 

Theorem 6.2. Let X l ,  . . . ,  X m be the connected components of" X H. Then there 
exist points, p~, ...,Pro in f* such that 4) maps X~ submersively onto an open 
subset of f* ~ (Pi + [~• 

ProoJ~ Let ~1 . . . .  , % be the positive roots of the Lie algebra 9. Then 9" can be 
decomposed into a direct sum of T-invariant subspaces 

9*=t*+ ~, g* (6.1) 
i=1 

each 9" being two-dimensional and the representation of t on 9" being the 
representation 

0 10t 

Let 4)i: X-*g* be the composition of the moment  mapping and the projection 
of 9" onto g*. We can think of q5 i as a complex valued function which trans- 
forms under T according to the rule 

{6.2) 

If ~eb ,  then ~ = 0  on XH; SO by (6.2) 0 i - 0  on X H if c~(~)+0. This shows that 
the image of X H lies in f*. To prove the second half of the theorem, let K be 
the centralizer of H in G. We can canonically identify [* with the dual of the 
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Lie algebra of K. Since K preserves X n we can view X n as a Hamil tonian K- 
space. By Theorem 3.6, for each connected component,  X i, of X n there exists a 
point, pl, in f* such that ~b~ maps X~ submersively onto an open subset of 
[* n(pi+b• Q.E.D. 

Applying this argument to the boundary components of J(n we get: 

Corollary. I f  the centralizer of H is T, there exist Pt, ...,Pro ~t* such that cb 
maps X i onto an open, convex polyhedral subregion of  t* ~(p~ +[?l). 

To prove Theorem 6.1, we observe first of all that if the centralizer of H in 
G is T, Theorem 6.1 is a special case of the corollary to Theorem 6.2. If the 
centralizer of H is bigger than T but is not equal to G, we can assume the 
theorem is true by induction. (Replace G by K in Theorem 6.2.) Therefore we 
are reduced to proving the theorem when G centralizes H. Furthermore, by 
Theorem 6.2 we can replace G by G/H in Theorem 6.1 or, in other words, can 
assume H is trivial. For the theorem to be non-vacuous, there has to exist 
some point p ~ X  such that the stabilizer group of p is trivial. If such a point 
exists, then by Theorem 3.1 the set of points for which this is not true is of 
codimension > 2  in X. Therefore to prove Theorem 6.1 it is enough to prove 

Theorem 6.3. Let X be a compact connected Hamihonian G-space with the 
property that there exists some point, p 6X ,  such that the stabilizer of p in G is 
trivial. Then ~(X)c~t* is a finite union of convex polytopes. 

An element, ~ g *  is regular if its stabilizer is a Caftan subgroup of G. 
Every regular element of g* is conjugate to a unique element of t*. Let g*e~ be 
the set of all regular elements of g* and let X,e g = q~- 1 (g*).  

Lemma.  The complement of XrCg in X is of codimension >2. In particular X~g 
is dense. 

Proof. By Theorem 3.1 the complement of g* in g* is of codimension >_2. Let �9 reg 
X o be the set of points, p ~ X ,  such that the stabilizer group of p in G is 
discrete. By Theorem 3.1 the complement  of X o is of codimension > 2  and by 
Lemma 2.1, 4 :  X 0 ~ g *  is a submersion; so the complement  of XoC~X~g is of 
codimension _>-2. Q.E.D. 

Let Y=~-~( t* ) .  By definition Y is contained in X~g. We will show it is a 
kind of"symplect ic  cross-section" to the action of G on X~g. 

Theorem 6,4. Y has the following properties: 

i) It is a T-invariant symplectic submanifold of X.  

ii) Every G-orbit in X~g intersects Y. 

iii) ~b(Y) is a dense subset of ~(X)c~t*.  

Proof. It is obvious that Y is T-invariant and that every G-orbit in X~g 
intersects it. To see that it is a submanifold of X, observe that if p e t~, the co- 
adjoint orbit of G through p intersects t~ transversally; so if q~(x)=p, q~ is 
transversal to t~ at x. Since Y is the pre-image of t* it has to be a submanifold 
of X. To see that ~b(Y) is dense in ~b(X)c~t*, let p be a point in q0(X)c~t* and 
let p=q~(x). Since X~g is dense in X there exists a sequence of points, x~, in 
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Xreg such that x i converges to X. The orbit through x i intersects Y in some 
point, Yi, and since X is compact we can assume the y[s converge to a point 
z~X. Since the Yi'S are conjugate to the xi's, z is conjugate to x, and q=~b(z) is 
conjugate to p. But p and q are both in t* so they are Weyl-group conjugate. 
Replacing the y[s by their images with respect to an appropriate Weyl-group 
element we can assume q~(y~) converges to p. 

We must still show that Y is symplectic. For this we will need: 

Lemma 6.5. Let x be a point of X and let g~ be the image of g in T x under the 
map (2.7). The kernel of the map d4ox: Tx--+g* is the annihilator of g2 in TxX 
with respect to the symplectic form Qx. 

Proof. The map (2.7)" is the transpose of dq~: T g*; so the kernel of d4~ x is the 
perpendicular space to g2 in T x with respect to f2 .  Q.E.D. 

Lemma 6.6. Let x be a point of X and let b be the Lie algebra of the stabilizer 
group of eb(x). Let 11#~ be the image of tt in Tx under (2.7). Then kernel d~xcag ~ 

_ _  # 

- - ~ ) x  " 

Proof. Let p = q)(x). If ~ e g then 

d q,~ (~-2) = ad (~)* p (6.3) 

because q~ is G-equivariant. Thus ~# is in the kernel of d~x if and only if 
ad(~)*p =0. Q.E.D. 

Lemma 6.7. Let x be a point of Y. Then T~Yc~g~x =t~.  

Proof. If ~2 e T~ Y, d4~ ( ~ ) e t * .  On the other hand by (6.3), dq~(~2 ) is tangent 
to the co-adjoint orbit of G through p. However, the co-adjoint orbit intersects 
l* transversally in the single point, p, so dq~(~2)=ad(~)*p=0  and 
~et .  Q.E.D. 

We will now prove that Y is symplectic at x. Clearly kernel d~b T~ Y; so by 
Lemma 6.3, (T~ Y)• g~. (The perpendicular sign refers to Q~.) By Lemma 6.5 

(T~ Y) c~ (T~ y)s __ t~ (6.4) 

so the left hand side of (6.4) is contained in (gx~)• l by Lemmas 6.3 and 
6.4. On the other hand the orbit of G through x is transversal to Y; so 

# T g~ + ~Y=T~X;  

hence (g*)zc~(T~ Y)• and the left hand side of (6.4) is zero. Q.E.D. 
Let 4~r: X-+t* be the moment mapping associated with the action of T on 

X. It is clear that ~b=4~ r on Y. By Theorem 6.4, Y is a Hamiltonian T-space 
and 4~r: Y~ t*  is its moment map. Moreover 

q~(X)c~t* = the  closure of q~r(Y); (6.5) 

so if Y were compact, Theorem 6.3 would be an immediate consequence of 
Theorem 3.8. Since Y is not compact, we will get at the conclusions of Theo- 
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rem 3.8 in a slightly roundabout  way. If H is a closed subgroup of T, let 

X~ = {x e X, H is the stabilizer group of x in T}. 

By Theorem 3.5, X~ is a symplectic submanifold of X. Since 

X'ur~ Y = { x e Y ,  H is the stabilizer group o f x  in T}, 

we can apply Theorem 3.5 to Y to conclude 

Theorem 6.8. X'  u c~ Y is a symplectic submaniJold o f  Y. 

Let 

T~ . . . . .  T N (6.6) 

be a list of all subgroups of T which occur as stabilizer groups of points. (Since 
X is compact, there are finitely many such groups by Proposition 3.2.) Let 

X i = {x e X, 7~ is the stabilizer group of x in T}. 

The Xi's are finitely connected by Proposition 3.3; so, allowing for dupli- 
cations on the list (6.6), we can assume Xi is connected. The disjoint union 

N 

X = U X i  
i = l  

is a stratification of X by connected symplectic submanifolds. Moreover, by 
Theorem 3.7, there exists an open set, i, in t* and a point aie t*  such that 
4T: X ~ t *  maps X i submersively onto (glc~(ai+t/l). Let Y /=Xi~  Y. By Theo- 
rem 6.8, the disjoint union 

N 

Y= U Y~ (6.7) 
i = 1  

is a stratification of Y by symplectic submanifolds. Moreover, by applying 
Theorem 3.6 directly to Y~, we get 

Theorem 6.9. There exists an open set (~'~ in t~ such lhat cb 7, maps Y~ submersively 
onto (5' i c~ (a i + t{). 

Consider the set of all affine subspaces of t* which are intersections of a i 
+t/l 's and walls of t*.  Let v 1 . . . .  , v M be the "vertices" or zero dimensional 
subspaces in this set. 

Theorem 6.10. The closure of  qbT,(Yi) in a i+t  ~ is the union o f  a finite number o f  
convex sets, each of  which is the convex hull o f  a collection o f  vi's. 

The proof, an induction on dim t/~, will be left to the reader. In view of (6.5) 
and the fact that U Y~ = Y we obtain 

Theorem 6.11. t b (X)n t*  is the union of  a finite number o f  convex sets each of  
which is the convex hull o f  a collection of  vi's. 
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w 7. The Boundary Vertices 

The interior vertices of 4~(X)c~t* correspond to fixed points of T. Theorem 4.7 
provides a simple explanation of how these vertices are formed. In this section 
we will examine the more complicated phenomenon  of "ver tex-format ion" at 
the boundary.  The main features of this phenomenon  are exhibited by the 
following model. Let G = G  1 • T 2 where G 1 is semi-simple and T 2 is abelian. 
Let r/- be a Caf tan  subgroup of G 1 . Then T =  T 1 x 7 2 is a Car tan  subgroup of 
G, and if (l*)+ is a positive Weyl chamber in t * , t * = ( t T )  + x t  2 is a positive 
Weyl chamber  in t*. Let F = { 0 }  x t ~ = t h e  "most  degenerate" face of (~t*. We 
will examine the phenomenon  of "vertex-formation'" on F. Let X be a Hamil-  
tonian G-space and q~: X-+g* its moment  mapping. Also let q~l" X-+g* and 
q~2: X-+t*  be the moment  mappings associated with the actions of G 1 and T 2. 
We will assume that the origin in ,q~ is a regular value of  cl) ~. This assumption 
implies that Xo=4~1~(0) is a submanifold of  X. Moreover,  by Lemma2.1  it 
implies that for every x ~ X  o the stabilizer group of x in G~ is finite. We will 
strengthen this assumption still further by assuming that fo r  all points, x ~ X o, 
the stabilizer group of  x in G~ is trivial. It is clear from the equivariance of qq 
that X o is G l invariant. Because of the above assumptions, the set 

M = X o / G  1 (7.1) 

is a C ~ Hausdorff  manifold, and the projection mapping 7r: X o - + M  makes X o 
into a principal Gt-bundle  over M. M is called the "Marsden-Weins te in  
reduct ion"  of X with respect to the zero in ,q*. Marsden and Weinstein proved 
in [9] that it carries a symplectic form f2 M such that if Qx is the symplectic 
form on X and 1: Xo--+X the inclusion map 

t* Qx =r~* QM. (7.2) 

In fact (6.2) determines (2 M uniquely. Since the action of T 2 commutes  with the 
action of G~, % preserves X 0, and there is an induced action of T 2 on M. In 
fact, this action is Hamil tonian;  and its moment  mapping 

I/'2: M-+t~  

satisfies 4~ 2 o t = ~P2 o ~. This implies that 4)(X) c~ F = 4~ 2 (X o) = % (M). Applying 
Theorem 5.2 to 7/2, we conclude:  

Proposition7.1. 4 ) ( X ) ~ F  is the union of a finite number of  convex polytopes, 
each polytope corresponding to a connected component q[" M.  

N o w  let p be a vertex of ~(X)c~F.  By Theorem 5.2 there exists a fixed 
point, m e M ,  of T 2 such that ~Pz(m)=p. Let gl . . . . .  {, be a basis o f t  2 and let x o 
be a point  of X o lying above m. Since ~z(xo)=m and m is a fixed point, the 
vector fields ~l ~, ..., ~,,* must be tangent to the fiber of zt at Xo; so there exist 
elements, ~h, .--, tl,, of ,% such that ~/~ + q ~  = 0  at Xo; i.e. g~+~1~, i = 1  . . . . .  n, are 
in the stabilizer algebra of x o. The Lie brackets 
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are also in the stabilizer algebra; however [~i ,~j]=[~i,  rl~]=[~j, 17i]=O and 
[q~,qj]~gi .  By assumption the action of G 1 on X o is free; so the stabilizer 
algebra cannot contain elements of gl. Therefore, we have proved that the 
vectors 

~i + r/i, i = 1 . . . .  , n (7.3) 

span an n-dimensional abelian subalgebra of ,q. Every other point on the fiber 
above m is the translate of x 0 by some element, g, of G l, and the algebra 
corresponding to (7.3) at gx  o is spanned by 

~i+ Ad(g)t/i, i =  1 . . . .  , n. (7.4) 

In particular, there exists a point, x, on the fiber above m such that the 
algebra, b, spanned by (7.4) lies in t. If {wx,  w e  Wx} are the translates of x by 
the elements of the Weyl group of G 1, the algebras associated with the wx's 
are the Weyl-group conjugates of b, and also lie in t. Notice also that i f /4  is 
the stabilizer group of x in T, then its Lie algebra is b: i.e. its Lie algebra 
clearly contains b and on the other hand if it were bigger than b then by (7.3) 
it would have to contain a non-zero element of g~ which, as we saw above, is 
impossible. Summarizing we have proved: 

Proposition 7.2. There exists a point, x, on the f iber above m in X o such that the 
stabilizer group, H, o f  x in T is n-dimensional. Moreover, for  every element, w, 
o f  the Weft  group, the conjugate, HW ~ T, o f  H stabilizes w x. 

Remark. If K* is the centralizer of H w in G 1 then the whole orbit of K TM 

through w x  is stabilized by H w. 

Using Proposition 7.2 we can get a fairly exact picture of what ~(X)c~t* 
looks like in the neighborhood of p. To simplify our exposition a bit we will 
assume that the centralizer of H in G is T. (However, the following remarks are 
true without this assumption.) Let 

X H = { x e X  , the stabilizer o f x  in T is H}. 

By Proposition 7.2, X H intersects the fiber above m in a point, x. Let X~ be 
the connected component  of X H containing x. By Theorem 6.2, q~ maps X~ 
onto an open convex polyhedral subregion of the affine plane, p + D-, in t*. By 
(7.3) this plane intersects the face F, of •t* transversally in the point, p. Also it 
is of complementary dimension to F; so p is its unique point of intersection 
with F. The same remarks apply to the Weyl group conjugates of [?: For  every 
element, w, of the Weyl group let Xw be the translate of X~ with respect to w, 
H TM the translate of H with respect to w and D w the translate of b with respect 
to w. We have proved 

Proposition 7.3. q~ maps a connected component, X w of  the f i xed  point set o f  H w 
onto an open convex polyhedral subregion o f  p +(Dw) • in t* and this set intersects 
F transversaUy in the single point p. 
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By Theorem 6.2 q~(Xw) is a codimension n face of the polyhedral region 
~b(X)~t*; so we have shown the following: 

Corollary. The vertex, p~F,  of q)(X)c~t* is the point of intersection of the n- 
dimensional face, F, of ~t* with the codimension n faces, cl)(Xw) of 
~(X)mt*. 

Example. Let T 2 be the circle group and let G 1 =SU(2). The picture below is a 
typical picture of a boundary vertex for G 1 • T 2 

Image of Xw2 Image of Xwl 

Notice that our description of vertex-formation involves a local aspect (the 
description of 4)(X)c~F near p) and a global aspect (determination of the 
groups HW). 

We will conclude this section with a few remarks about boundary vertices 
in general. Let G be an arbitrary connected compact Lie group, T a Caftan 
subalgebra of G, X a compact, connected Hamiltonian G-space and ~b: X - , g *  
the associated moment mapping. Let F be an n-dimensional face of ~t*. For 
the following, see [6]. 

Lemma. There exists a closed subgroup, H, of G with the following properties: 

i) H is the stabilizer group of every point on F. 

ii) H is the direct product of a semi-simple group G 1 and an n-dimensional 
t o r u s ,  r 2 . 

iii) H is the centralizer of T 2 in G. 

Let b* be the fixed point set of T 2 in g*. Clearly F_c t*_~ b*. 

Lemma. Let Yn=~b-l(b* ). U" x e  YH and CI)(x)eF, Yu is a symplectic submanifold 
of X in a neighborhood of x. 

(The proof of this lemma, which we will omit, is very much like the proof 
of the symplecticity of Y in w 6.) 

Thus H is a group of the form, G1 x T2, which we considered above, and YH 
is a Hamiltonian H-space (at least in the vicinity of points whose images are 
on F). One gets a complete local description of the vertices on F by applying 
the results of the first part of this section to YH and H. 
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w 8. Pre-Quantization 

Let X be a symplectic manifold with symplectic form, (2. X is pre-quantizable if 
the cohomology class 

[ s  ~ 2 HDellham(X) 

is integral, i.e. is in the image of the mapping 

Weil H2ech(X, integers) 2 X ) HDeRI . . . .  ( )" 

If this is the case, there exists a line bundle, L, on X whose Chern class is [~2], 
and there exists a connection, I7, on L such that the curvature form of V is Q. 
(L, V) is called a pre-quantum structure on X. (See [8].) 

Let G x X ~ X  be a Hamiltonian action of G on X, and 4~: X~f l*  its 
moment mapping. For each ~ e,q let ~ * be the 4-th component of q~. Let 

D~= Vr + 2 n i ~  ~. (8.1) 

This operator operates on C ~' sections of L and, in fact, defines an in- 
finitesimal action of g on L; i.e. ~ D r  is a Lie algebra morphism. (Loc. cit. 
w The action of G is pre-quantizable if there is a global action of G on L 
such that the induced action of g on sections is given by (8.1). (For example, if 
G is compact and simply connected, this is always the case.) We will assume 
below that the action of G has this property. 

Let f be an element of g*, let Gj. be its stabilizer group in G and gl the Lie 
algebra of G i. The linear mapping 

e .%-,2~i <A 4) (8.2) 

is an infinitesimal character of gs.; that is, it vanishes on [gr, ,qJ] (Loc. cit. w 
One says that f is integral if (8.2) comes from a global character of Gj.. 

Suppose now that 4~(x)=f. Let H be the stabilizer group of x. Since 4~ is 
equivariant, H is contained in G r. 

Theorem 8.1. I f  H = GI, f is integral. 

Pro@ Consider the isotropy action of H on L x. By (8.1) the corresponding 
action of b is 

~b~mult ip l ica t ion by 2Jri~b~(x). (8.3) 

However, ~b~-(x)=(q~(x), ~ ) = 2 ~ i < , s  4). If b = g l  then by comparing (8.2) and 
(8.3) we see that (8.2) is associated with a global character of G I. Q.E.D. 

If G = T = a n  n-torus, the integral points of l* are lattice points. By Theo- 
rem 5.2 the vertices q~(X) in i* are the images of fixed points of T; so by 
Theorem 8.1, we conclude: 

Corollary 1. Let X be a pre-quantizable Hamiltonian T-space. Then the vertices 
of cl)(X) are lattice points in t*. 
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Notice that from the convex polyhedron, g'(X), we can read off quite a bit 
about the isotropy action of T at fixed points. By Theorem 4.7 the shape of the 
vertices determines the isotropy action on the tangent spaces to X at the fixed 
points; and, as we have just seen, the location of the vertices determines the 
isotropy action on L. The statement that 4,(X) is a convex polyhedron is 
perhaps the most elegant way of describing the inter-relationships among the 
isotropy actions at the different fixed points. 

For G an arbitrary compact, connected Lie group we have: 

Corollary 2. Le~ X be a pre-quantizable Hamihonian G-space. Then the vertices 
qf g'(X)c~t* are lattice points. 

Proof. The interior vertices are images of fixed points of T; so they are lattice 
points for the same reasons as above. As we saw in w 7, the boundary vertices 
are associated with fixed points of subgroups of T acting on sub-quotients of 
X. It is easy to see that if X is pre-quantizable, these subquotients are as well; 
so the boundary vertices are also integral. 

Acknowledgements. We are grateful to Gerrit Heckman for many inspiring discussions (and for the 
picture in the introduction). We would also like to thank Michael Atiyah for informing us of his 
results, and thank David Mumford for help with the material in the appendix. 

References 

1. Abraham, R., Marsden, J.: Foundations of mechanics. Reading, MA: Benjamin 1978 
2. Arms, J., Marsden, J., Moncrief, V.: Symmetries and bifurcations of the momentum mapping. 

Commun. Math. Phys. 78, 455-478 0981) 
3. Atiyah, M.: Convexity and commuting Hamiltonians. (preprint) 
4. Bott, R.: Non-degenerate critical manifolds. Ann. of Math. 60, 248-261 (1954) 
5. Heckman, G.: Projections of orbits and asymptotic behavior of multiplicities for compact Lie 

groups. (preprint) 
6. Humphreys, J.E.: Introduction to Lie algebras and representation theory. Berlin-Heidelberg- 

New York: Springer 1972 
7. Kostant, B.: On convexity, the Weyl group and the Iwasawa decomposition. Ann. Sci. Ec. 

Norm. Sup. 6, 413-455 (1973) 
8. Kostant, B.: Quantization and unitary representations. In: Lecture Notes in Mathematics, 

Vol. 170. Berlin-Heidelberg-New York: Springer 1970 
9. Marsden, J., Weinstein, A.: Reduction of symplectic manifolds with symmetry. Rep. Math. 

Phys. 5, 121-130 (1974) 
10. Montgomery, D., Samelson, H., Zippin. L.: Singular points of compact transformation groups. 

Ann. of Math. (2) 63, 1-9 (1956) 
11. Mostow, G.D.: On a conjecture of Montgomery. Ann. of Math. (2) 65, 513-516 (1957) 
12. Sternberg, S.: Lectures on differential geometry. Englewood Cliffs, N J: Prentice-Hall 1964 
13. Yang, C.-T.: On a problem of Montgomery. Proc. Am. Math. Soc. 8, 255-275 (1957) 

Oblatum 6-V111-1981 

Appendix 

In this appendix we will show that q~(X)cat* is a convex polyhedron providing the action of G on 
X is "quantizable." The ingenious idea behind our proof is due to Gerrit Heckman. (See [A2].) 
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We will begin by describing what we mean by a quantizable G-action. Let V be a real vector 
space equipped with a linear symplectic form (2, and let O c be the C-linear extension of O to 
V |  A Lagrangian subspace, F, of V |  is said to be positive-definite if the Hermitian form 

is positive-definite. 

DefinitionA.1. Let X be a compact  symplectic manifold. A subbundle, F, of the complexified 
tangent bundle of X is said to be a positive-definite polarization if 

a) F is integrable, 

and 

b) for all x e X, F x is a positive-definite Lagrangian subspace of T x | C. 

Definition A.2. X is said to be quantizable if it is prequantizable in the sense described in Sect. 8, 
and possesses a positive-definite polarization. 

Remark. Using the Kodaira  imbedding theorem one can show that a quantizable symplectic 
manifold is essentially just  a non-singular complex projective variety. However, in keeping with the 
symplectic outlook of this article we prefer thinking of it as a special kind of symplectic manifold. 

Let G be a compact, connected Lie group and G x X ~ X  a Hamil tonian G-action. 

Definition A.3. The action of G on X is said to be quantizable if it is pre-quantizable in the sense 
of Sect. 8 and if, in addition, X possesses a G-invariant positive-definite polarization. 

Suppose the action of G on X is quantizable. Let L be the pre-quantum line bundle on X, V 
its connection and F a G-invariant positive-definite polarization. A section, s, of L is, by definition, 
holomorphic if for all sections, ~, of ff 

V~s=O. 

It is easy to see that every point, p ~ X, possesses a neighborhood on which a non-zero holomor- 
phic section exists; so L has the structure of  a holomorphic line bundle. The same is true of the 

m-th power of the line bundle, L; i.e. the line bundle (~L. By assumption G acts on L and on (~L. 

In particular there is a representation of G on the space of holomorphic sections of (~)L. Let us 
denote this space by F,,. 

Theorem A.4. Let fi be a rational point in the interior of  t*+. Suppose that .['or some integer k, the 
representation of  G with maximal weight, kfl, occurs as a subrepresentation of F k. Then fi is in the 
image of  the moment map, ~. 

For the proof of this theorem, see [A 1]. This theorem taas the following weak converse which 
is also proved in [A1].  

Theorem A.5. Let fl be a rational point in the interior of t*. Suppose fl is in the image of  4~ and 
suppose in addition that for all p e X  with r the stabilizer group of p in G is .finite. Let k be 
an integer such that kfl is a lattice point of  t*. Then providing k is sufficiently large the repre- 
sentation of  G on I" k contains the irreducible representation of G with maximal weight kfl. 

(See [A 1], Theorem 5.6.) 

Let S be the set of all points, t i e r* ,  for which the hypotheses of Theorem A.5 hold. We will 
give Heckman 's  proof of the following 

Theorem A.6. I f  S is dense in t/,(X)cM~ then ~(X)cM*+ is convex. 

Proof. It is enough to show that if fll and f12 are in S then (/31 +fl2)/2 is in ~(X)cM*+. By Theorem 
A.5 we can find an integer, k, such that kil I and kfl2 are lattice points, and such that F k contains 
the representations of G with maximal  weights kil I and kfl2 as subrepresentations. Let s~ and s 2 be 
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k 
the non-zero sections of @ L  representing the maximal weight vectors of these two representations. 

Then s~ s 2 is a non-zero holomorphic section of ~ L .  Let W be the smallest G-invariant subspace 

of Fzk containing it. It is clear that the representation of G on W is irreducible and has maximal 
weight k(/~ 1 +/?2). Hence by Theorem A.4, (/?l +/?2)/2 occurs in the inaage of qs. Q.E.D. 

R e m a r k .  By Sard's theorem, S is dense in q~(Xlc~I* if and only if for some  p e X  the stabilizer 
group of p in G is finite. (Compare the corollary to Lemma 2.1 with Proposition 3.1.) 
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