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For flexible curves WV is not

injective in a quantitative way.
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Non-example:

qb(x):{ x forx <0

x3 for x > 0.



¢: St O is quasisymmetric if there is M < oo

s.t.
M~ < [o(N)l/¢(I)] < M,

where [, J C S! are two adjacent arcs of equal
length.

Theorem (Pfluger, 1960):
Every quasisymmetric ¢: S' () is a welding.

The Jordan curve is a quasicircle.

Conformal welding is important in:

Teichmiiller theory.
Kleinian groups.
Complex dynamics.

Random geometry (Gluing
of Liouville Quantum Gravity
disks and SLE).

Computer vision (work of
Mumford).
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WHY STUDY W: [] — [A]?

[M1] # [M2] & W] = W],
then

CH(T') = {¢: homeo hol off I'}

non-trivial := [ non-removable.

I removable = WV injective.
(like S)

Question: Does < hold?
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tribution of Brownian motion.

w(z, E, ) = probability BM start-
ing at z first hits 9Q in E.

BM is conformally invariant:

Normalized arc-length on S maps

to harmonic measure. Co .,
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REGULARITY OF THE WELDING

Theorem (F & M Riesz 1916):
If 0Q is rectifiable, w(E) = 0 iff E
has zero length.

(D] w(¢, B, Q)
l — w(zE,Q)

Theorem (Makarov 1985):
If 0Q is fractal, then w gives full
measure to a set of zero length.

Theorem (BCGJ 1989):
wi L wy iff tangents have zero

length.



Theorem (Makarov 1985): 0Q fractal Theorem (BCGJ 1989): w; L w» iff
— w full meas. to a zero length set. tangents have zero length.




Theorem (Makarov 1985): 0Q fractal Theorem (BCGJ 1989): w; L w» iff
— w full meas. to a zero length set. tangents have zero length.




Theorem (Makarov 1985): 0Q fractal Theorem (BCGJ 1989): w; L w» iff
= w full meas. in a zero length set. tangents have zero length.




Theorem (Makarov 1985): 0Q fractal Theorem (BCGJ 1989): w; L w» iff
= w full meas. in a zero length set. tangents have zero length.




Theorem (Makarov 1985): 0Q fractal Theorem (BCGJ 1989): w; L w» iff
= w full meas. in a zero length set. tangents have zero length.
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Let p finite compactly supp measure. Logarithmic capacity:

The logarithmic potential of p is
Cap(K) = e 1K),

U,(2) = [ log mdule).

Properties:
Energy integral: - 7(K) < ¢ iff Cap(K) > 0.
1 -Ki C Ky = "}/(Kl) > ’y(Kg) and
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LOGARITHMIC CAPACITY

Properties:

Energy integral: - Y(K) < o iff Cap(K) > 0.

/ Iog w(€)du(z). - K1 € Ko = (K1) > ~v(K2) and
Cap(K1) < Cap(K2).
Robin’s constant of K € C;

Y(K) = inf{l(u): p € P(K)}. ./b
Logarithmic capacity: a

Cap(K) = e 7. Cap(D(a,r)) =r  Cap([a,b]) =|a —b|/4

Cap(E) = 0 = E has Hausdorff dim 0.
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Energy integral'

// log ———=du(€)du(2).

Logarithmic capacity:
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LOG-SINGULAR CIRCLE HOMEOMORPHISMS

h: St O is log-singular if there is E C St
Energy integral: Borel w/ Cap(E) =0 and

// log ‘Zlﬂdu(ﬁ)d,u(z). Cap(h(S* \ E)) = 0.

Logarithmic capacity:

Cap(K) = e~ nfli(k): neP(K)}

Lemma If for C < oo and o >0
1
=yl <o) —o() < Clx—yI°,

then Cap(E) = 0 iff Cap(¢(E)) = 0.




LOG-SINGULAR CIRCLE HOMEOMORPHISMS

Theorem (Bishop 2007):

Energy integral: Every log-singular h: S (9 is a welding.

[[1ee ! £ 9H()du(z).

Logarithmic capacity:

Cap(K) — e_inf{l(.u‘): #EP(K)}

Log-singular homeomorphisms:
h: St O st. there is E C S! Borel w/
Cap(E) = 0 and Cap(h(St \ E)) = 0.
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¢: St O is QS if there is M > 1 s.t. h: S* ¢ is log-singular if there is E C St
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Theorem (Pfluger 1960): Theorem (Bishop 2007):
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Theorem (Astala, Jones, Kuipianen, Saksman 2011):

h QS at most scales = h is a welding.

Theorem (R. 2025):
Every ¢: St 9 is a composition of two
conformal weldings.

QS are closed under composition.
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SKETCH OF THE PROOF

Theorem (R. 2026)
W1 [log-singular]
contains a curve of positive

area.

Theorem (R. 2026)

WL [log-singular]
contains a curve of Hausdorff
dimension s € [1,2].
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Theorem (R. 2026)
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APPLICATIONS AND OPEN PROBLEMS

Theorem (R. 2026)

W1 [log-singular]

S
contains a curve of positive
area and of Hausdorff

dimension s € [1,2].

1

9 92

CH(I') = {¢: conformal off '}

‘ e Theorem (R. 2026)

Given I flexible there is

: - @4 r, ¢ € CH(I) so that ¢(I') has
: o=gmog zero area.

Open for [ of positive area.
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APPLICATIONS AND OPEN PROBLEMS

Question:
Is W: [l — [h] 1-to-1 exactly
for removable curves.

Theorem (Younsi, 2017)
There exists [ non-removable
and ¢ € CH(I") non-Mébius so
that ¢(I') =T.

But I is flexible.




Thank you!




FLEXIBLE = LOG-SINGULAR
@ +1
—1

Lemma (Balogh, Bonk 1999)

f: D — Q conformal and for R > 1,
E={xeS |[f(x)| > R-d(f(0),09)}.
Then Cap(E) < CR™1/2.




FLEXIBLE = LOG-SINGULAR

Lemma (Balogh, Bonk 1999) Let E, = fi({x+iy € T,: x > n}),
f: D — Q conformal and for R > 1, h(S'\E,) =g '({x+iy €T,: x < n})
E = {xeS': |f(x)] = R-d(f(0),09)}. E, and h(S'\ E,) have small capacity =
Then Cap(E) < CR™Y/2. h is log-singular.



Thank you!




Non-example: o /_/\/

<z>(x)={ X forxs0

x3 for x > 0.

Argument from Peter Lin's thesis. Originally proved by Oikawa.
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WHEN WILL ¢: S' — S' BE A WELDING?

Ahlfors-Beurling map 14: D O.
- C! o.p. diffeomorphism.
- Q.C. on K C D compact.
- Boundary values ¢~ 1.
Take the Beltrami coefficient:

B Oy /Opy for z€ D
#z) = { 0 for z ¢ D.

There is ¢: C — C homeo with
P =
v = ©(SY) is the Jordan curve.



WHEN WILL ¢: S' — S' BE A WELDING?

Ahlfors-Beurling map 14: D O.
- C! o.p. diffeomorphism.
- Q.C. on K C D compact.
- Boundary values ¢~ 1.

Take the Beltrami coefficient:

u(z) = { Oy /Opy for z€ D

0 for z ¢ D.

There is ¢: C — C homeo with
P = it
v = ¢(S?) is the Jordan curve.

(Jh=vgi=g"0f

Example (Pfluger, 1960):
Every quasisymmetric ¢: St — S! is a welding.



