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Abstract of the Dissertation

Degeneration techniques in complex geometry
by
Roberto Albesiano
Doctor of Philosophy
in
Mathematics
Stony Brook University
2024
In 2009, B. Berndtsson proved a theorem on the positivity of direct image bundles of
positive line bundles. Berndtsson’s theorem has been successfully used to give radically
new proofs of some fundamental theorems in the part of complex geometry often referred
to as L? methods. Among these is a proof of the L? extension theorem with sharp
estimates. This thesis is a step towards determining how much of the classical L? theory

can be recovered by this technique. The main contribution is a new proof of a Skoda-type
L? division theorem.
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Introduction

In a 2009 Annals of Mathematics article [4], B. Berndtsson proved two remarkable theo-
rems about the variation of Hilbert spaces of holomorphic sections of line bundles on a
family of complete Kahler manifolds. In very broad strokes, Berndtsson’s theorems say
that, given either a trivial family whose fiber is a bounded domain in a Stein manifold or
a smooth proper family, and a semi-positively curved line bundle L on the total space of
the family, the direct image (in this case locally trivial) has a metric with Nakano-positive
curvature.

More precisely, fix a domain €2 C C™ and consider the following two situations:

(1) X is a bounded domain in some Stein manifold and L — X is a holomorphic line
bundle, p : X x Q — X is the projection to the first factor, e=® is a metric for
p*L — X x § that is smooth up to the vertical boundary of X x €. For each 7 € €,
define . to be the Hilbert space of holomorphic sections of L ® Kx — X that are
L2-integrable with respect to the metric e=? obtained from the metric e=® | Xx{r} after
the identification X = X x {7}. For each 7 € Q the sub-spaces H, C H*(X,L ® Kx)
are independent of 7 € €, so they form a trivial infinite-rank vector bundle H — €,

with non-trivial metric given by the L? inner product determined by e~¢r.

(2) X is Kéhler, p : X — € is a proper holomorphic submersion with fiber X, over 7 € €,
and L — X is a holomorphic line bundle with a smooth Hermitian metric e=®. For

each 7 € (1, define H, to be the vector space of holomorphic sections of L|x, ® Kx_,



endowed with the L? inner product induced by e~¢ lp-1(r)- As a consequence of the
L? extension theorem, the H, fit together to form a finite-rank vector bundle H —

with metric given by the L? inner product.
Then Berndtsson’s first and second theorems can be summarized as follows.

Theorem 1 ([4, Theorems 1.1 and 1.2]). In both situations (1) and (2), if e~ has
(strictly) positive curvature, then the curvature of the metric induced on H — € by the

L? inner product is (strictly) positive in the sense of Nakano.

In the trivial fibration case, the main idea is to realize H as a subbundle of the bundle £
of smooth L2-integrable sections. The curvature of £ is easy to compute, and the curvature
of H is obtained from that of £ by a formula of Griffiths for the curvature of subbundles.
The bound on the curvature of H is then a consequence of the Hormander—Skoda Theorem
on the solution of the d-equation with L? estimate.

Aside from the intrinsic beauty of Berndtsson’s results, Theorem 1 is particularly fas-
cinating because it can be used to obtain new proofs of some fundamental results in
complex analytic geometry; proofs that are based on the monotonicity of certain degen-
erations into situations in which the results are obvious, and that reveal an unexpected
underlying convexity. In fact, the full extent of the method is not yet known, and the
central goal of the present thesis is to better understand what can be accomplished with
Berndtsson’s method.

Remarkably, Berndtsson’s first theorem can be used to give degeneration-based proofs
of Suita’s conjecture [9, 7], of the L? extension theorem with sharp constants [7], and of
the strong openness conjecture [5, 6, 41], while Berndtsson’s second theorem gives partial
evidence towards Griffiths’s conjecture on the existence of Griffiths-positive metrics on
ample vector bundles, and more generally provides ways of constructing Nakano-positive

metrics for vector bundles [4].



The main contribution of our thesis is a new degeneration proof of the following classical
Skoda-type L? division theorem. Let X be a Stein manifold and let E,G — X be
holomorphic line bundles with Hermitian metrics hg, b, respectively. Fix holomorphic
sections hy,... . h, of E*®@ Gand 1 < a < T+1 Given a section g of G ® Kx — X with
suitable L? estimates, a natural question is whether we can find holomorphic sections

fi,- -, [r of E® Kx — X such that g = Y>!_, h; f; and having good L? estimates.

Theorem 2 (L? division [1]). Assume that the curvature of by is bounded below by

a(r—1)

D+ times the curvature of b, and that

/ (ha, g /§§>
(he ® bE)(h, h)ar=1

Then there are holomorphic sections f1,...,f, of E® Kx — X such that g = >, hif;

and

/ <bE7f _f> bg,g/\g> .
X (hg @ b)(h, )= = X (b © b) (h, h)et—D+1

Skoda’s original theorem, which is stated for holomorphic functions and was motivated
as an L? version of the corona problem, has many remarkable applications in algebraic
geometry such as Briangon—Skoda’s theorem [54], effective versions of the Nullstellensatz
[12, 33, 23], and Y.-T. Siu’s proof of deformation invariance of plurigenera [49] and
approach to finite generation of the canonical ring [50].

If the number of generators r is at most dim X + 1, Theorem 2 almost recovers the

classical line bundle version of Skoda’s L? division theorem. We say “almost” because in

Theorem 2 we have || f|| %o, < T ||g||2G rather than Skoda’s estimate || f||%5e. < ﬁ”g”é
(cf. Corollary 1.8). Still, even though stronger results are known, the intent is to emphasize
the technique used to prove Theorem 2: while the standard proof is based on functional
analysis and the Bochner-Kodaira—Nakano identity, we instead obtain Theorem 2 by a

degeneration argument based on Theorem 1.



The general philosophy is inspired by B. Berndtsson and L. Lempert’s proof of the
L? extension theorem, and by T. Ohsawa’s proof of a Skoda-type division theorem as a
corollary of the Ohsawa-Takegoshi L? extension theorem. Ohsawa indeed remarks that
the division problem can be reformulated as an extension problem on the projectivizations
of the dual bundles (see [43], [44] and [45, Section 3.2]). It is thus natural to wonder
whether a Skoda-type theorem could be proved directly by a degeneration argument, and
the present work answers in the affirmative.

The major difficulty in the proof of Theorem 2 lies in defining the correct family of
metrics. The situation is complicated by the presence of some negatively curved terms, for
which one needs an improved version of some tools employed in [7]. The improvement can
in turn be used to generalize and simplify the proof of L? extension given by Berndtsson

and Lempert.

Outline. Chapter 1 is a review of background material and of the classical L? theory:
after recalling the notions of positivity for Hermitian metrics of holomorphic vector bundles,
we review L. Hormander’s theorem on the solution of the d-equation and the classical
proofs of the L? extension theorem and the L? division theorem.

We present Berndtsson’s two theorems in Chapter 2. In particular, we recall the proof of
Berndtsson’s theorem for trivial fibrations (which is the one needed for degeneration-based
proofs), and explain how Berndtsson’s theorem for proper fibrations is used to give partial
evidence towards Griffiths’s conjecture on positive metrics on ample vector bundles. We
also show how a version of Berndtsson’s theorem on trivial fibrations can be obtained
from the L? extension theorem with sharp constants.

Chapter 3 explains how the L? extension theorem with sharp constants can be proved
from Berndtsson’s theorem on trivial fibrations via a degeneration argument. The proof is
a slight generalization and simplification of the argument of B. Berndtsson and L. Lempert.
In the same chapter we will also present a proof of the openness conjecture due to

B. Berndtsson, that is based on Theorem 1.



Finally, the degeneration proof of Theorem 2 is explained in Chapter 4, following the

author’s work in [1].



Chapter 1

Classical L? theory

A very short survey of some fundamental results in the classical L? theory of complex
geometry is presented. After recalling in Section 1.1 the various notions of positivity for
Hermitian metrics on vector bundles, in Section 1.2 we sketch the proof of H. Skoda’s
version of the fundamental theorem of L. Hérmander on the solution of the d-equation.
Then we present the classical proofs of the L? extension theorem in Section 1.3, and of

the L? division theorem in Section 1.4.

1.1 Notions of positivity

Let V' — X be a holomorphic vector bundle, meaning that the projection map 7 : V- — X
is holomorphic and that every point x € X has a neighborhood U such that 7=1(U) is
isomorphic to U x W, where W is a vector space with a smoothly varying Hermitian
inner product. If W has infinite dimension, we moreover assume that the inner products
are complete, i.e. that the fibers are Hilbert spaces. Fix a Hermitian metric g on X.
Let h be a Hermitian metric for V' — X. The Chern connection V for h is the unique

connection that is compatible with i and such that V%' = 9. Its (1, 0)-part is thus given by

Oh(u,v) = h(V"0u,v) + h(u, dv).



The curvature of the Chern connection V is the End(V')-valued (1, 1)-form ©(h) defined by
O(h)a = (V"4 0V

Definition 1.1. We say that h has m-positive curvature in the sense of Demailly at a

point z € X (and write ©(h) >,, 0) if there is ¢ > 0 such that

( zu3®<mzuk®<k)>czhuj,uk ”6r

7,k=1

for all w3 ® (1,...,Un @ (pn € Vo ® T)lgft. In particular, ©(h) (or just h, with an abuse
of notation) is said to be Griffiths-positive (©(h) >aug 0) if it is 1-positive, and it is
said to be Nakano-positive (O(h) >nax 0) if it is m-positive for all m, or equivalently for

m = min(rank V, dim X).

Clearly (m + 1)-positivity implies m-positivity, and thus Nakano-positivity implies
Griffiths-postivity. The notion of m-negativity can be defined analogously.

Let t = (t1,...,t,) be a system of local coordinates on an open chart U C X. Then
the Chern connection is the collection of operators V' acting on smooth sections of

at]»

U x W defined by

Oy, h(u,v) = h (v O v) +h (u, 05,0)

E)t

and the curvature of the Chern connection is the End(V)-valued (1,1)-form ©(h) =
Tre1 O dt; A dt;, whose coefficients are the commutators O = [Vlaéo.’ &4. Then h

is Griffiths-positive (at « € X) if and only if there is ¢ > 0 such that

> ha(©5u, w)0;0 > cha(u,u)|of
4.k=1



for all u € V, and v € C", and h is Nakano-positive (at € X) if and only if there

is ¢ > 0 such that

Z hz(@j,;uj,uk) > thx(uj,uj)
=1

for all n-tuples (uq,...,u,) € V"

The dual bundle of V' is the vector bundle V* whose fiber V,* is the Hilbert space dual
of V.. Once a metric is fixed, the Riesz Representation Theorem gives a conjugate-linear
isometry R : V* — V defined by &(u) = h,(u, RE) for all u € V, and £ € V,*. Denoting

by @;E the coefficients of the curvature of the dual metric A* on V*, one then computes

n

Z W05, &) = — D ha(©5(RE), (RE;))

7,k=1 7,k=1

for all n-tuples (&1, . ..,&,) € V¥, Therefore h has Griffiths-positive curvature if and only

if h* has Griffiths-negative curvature, but the same does not hold for Nakano-positivity

and Nakano-negativity, because the indices on the right-hand side are reversed.
Griffiths negativity has a useful characterization in terms of the plurisubharmonicity

of the logarithm of norms of sections.

Proposition 1.2. The following are equivalent for a Hermitian metric h for a holomorphic

vector bundle V — X:
(7) h is (strictly) Griffiths-negative,

(i7) logh(o,0) is a (strictly) plurisubharmonic function on X for all holomorphic sec-

tions o of V. — X,

(iii) h(o,0) is a (strictly) plurisubharmonic function on X for all holomorphic sections

ocofV—>X,
(i) logh(-,-) is a (strictly) plurisubharmonic function on the total space V,

(v) h(,-) is a (strictly) plurisubharmonic function on the total space V.



Proof. We compute

(i)« (ii)

(ii) <> (iii)

V-19dlog h(o,0) = — W

h(o,o)h(V1P0, V105) — (V00 o) A h(a, Vo)
+ .
h(o,0)?

(1.1)

The second term of (1.1) is non-negative by the Cauchy—Schwarz inequality, so if h

is (strictly) Griffiths-negative, then log h(c, o) is (strictly) plurisubharmonic.

Conversely, we can assume that V' is a trivial vector bundle (with non-trivial metric),
since the negativity of the curvature is a local property. Then given any vector
v € V, there is a holomorphic section o, of V' — X such that o,(x) = v and
Vi, (z) = 0. Plugging this into (1.1) we obtain

h<@<h)0v7 Uv)

1091 -
vV 100l0gh(oy. 00) = ==

showing that if log h(o, o) is (strictly) plurisubharmonic for all sections o of V' — X,

then h has (strictly) negative curvature in the sense of Griffiths.

Since the exponential function is strictly convex increasing, if log h(o, o) is (strictly)

plurisubharmonic then h(o, o) is (strictly) plurisubharmonic.

Conversely, assume that h(a, ) is plurisubharmonic for all holomorphic sections & of
V' — X. Fix such a section o and a disk D C X, and assume that logh(c,0)|ap <
®|sp for some harmonic function on D. Write & = 2Re F'; where F' is a holo-
morphic function on D. Taking exponentials we have h(c,o)|sp < |ef'|*|sp, i.e.
h(e ¥ o,e ¥ 0)|lop < 1. Since h(d,5) is plurisubharmonic by assumption for all
sections &, it follows that h(e™F o,e ¥ ) < 1 on D, so that logh(o,0) < ® on D,

proving that log h(o, o) is plurisubharmonic.



(ii)=(iv) Assume (ii). Fix a point v in the total space V' and a direction ¢ in the tangent
space to V' at v. We need to check that log h(-,-) is subharmonic when restricted
to some curve C' in the total space V tangent to (. If { projects to zero by the
bundle map V' — X we can choose C' to be contained in the fiber of v and use the
fact that the restriction of logh(-,-) to any fiber is automatically plurisubharmonic.
If instead v does not project to the zero vector we can choose C' contained in the

graph of some section o of V' — X, and then (iv) follows as before.

The converse follows directly from the fact that log h(o, o) being (strictly) plurisub-
harmonic function on X is equivalent to log i(-, -) being subharmonic when restricted

to the graph of o.
(iv)<(v) This is similar to [(ii)<(iii)] and is thus omitted. O

We conclude this Section by a useful formula of P. Griffiths on the curvature of sub-
bundles. This formula will play a central role in the proof of Berndtsson’s first theorem

(Section 2.1).

Proposition 1.3 (Griffiths’s formula for the curvature of subbundles). Let E be
a holomorphic subbundle of a holomorphic bundle F' over a complex manifold M. Fix
a metric h for F, endow E with the induced metric, and denote by m the orthogonal

projection of F' to the orthogonal complement of E with respect to h. Then

h(0Fu,v) = Wzt VI 0u, 7t V%) + h(6Fu, v)

for any two sections u,v of E.

Proof. Let m: FF — E be the projection of F' to E. For any two sections u,v of E — M

we have

Oh(u,v) = h(VI0u v) + h(u,0v) = h(xVF0u, v) + h(u, dv),

10



so that VF10 = 7VFLO, Let 97 be defined by

and notice that (9 7)u = 0 when u is a section of £ — M. Then

OFu = [V Olu = 7V 0 u 4 o(r VI H0u)
= 10"y + (0 m) VI = 70"y + (O m)mt VI 0y

= 710"y — 7 O(n VIO,
where the last line follows from differentiating 77+ = 0. Therefore

h(0%u,v) = h(70Fu,v) — h(m (7 VI 10u), v)
= h(0"u,v) — h(O(xVI0u), v)
= h(0"u,v) — h(rt VI 0y, VIT10y)

= h(0"u,v) — h(rt VI 0y, -V 0y,

proving Griffiths’s formula (the second to last equality holds by metric compatibility

because h(rtVI10y v) = 0, since v = mv). O

1.2 The Hormander—Skoda Theorem on the solution
of the J-equation

We now recall the following theorem on the solution of the d-equation. This theorem
is originally due to L. Hérmander [30, 31], and A. Andreotti and E. Vesentini [2]. Here

we present a version due to H. Skoda [51].

Theorem 1.4 (Hérmander—Skoda Theorem). Let X be a complete Kihler manifold
of complex dimension n, and let V- — X be a holomorphic vector bundle. Fixp > 0,q > 1

and a not necessarily complete Kdahler form w. Assume that V has a Hermitian metric

11



h with whose operator A = APl = [O(h),A,] induced by curvature on V @ APPTY is

positively defined everywhere. Then for any V-valued (p,q)-form f such that O f = 0 and

/ (A7, Ppow™ < o0
X

there is a 'V -valued (p, q — 1)-form u such that du = f and

/Iul / (A7, Popww™ < 4o0. (1.2)

We will just present the main idea and refer to Demailly [15, 20] for further details

and the complete proof.

Idea of the proof. First assume that w is complete, then for any L?-integrable V-valued
(p, q) form o with do € L? and & o € L? in the sense of distribution there is a sequence
of smooth forms o, with compact support and such that o, — o, 0o, — 0o, and
0,0 oin L2 Consequently, the Bochner-Kodaira-Nakano Identity [10, 11, 32, 39|
implies that

"50”2%—“5*0“2 > /X(Aa, O)hww” (1.3)

holds for o € L? with o € L? and & o € L2
Let DP? denote the set of smooth L%integrable V-valued (p, q)-forms with compact
support. Fix v € DP? and consider its decomposition v = v; + vy according to the

orthogonal decomposition
L*(X,V ® APIT%) = ker O @ (ker 9)*.
Since f,v; € ker 9, by the Cauchy-Schwarz inequality we have

o)z, =] odss, |

< [ AT P [ (Av oo

12



According to (1.3) the second integral can be estimated by

2

— 2
0w ~| 7

JAmvin <[+ |

e~
8 ’UlH

5|

where the last equality follows from the fact that vy € (ker )+ C ker d". Hence

I

|(fv)zz

»d

2 =%
< (/X(Alf, f>h,ww") 0" v
for every v € DP9, As a consequence, we have a well-defined bounded linear functional

(:9° (D) —  C

w=0v r— (fv)z,

1/2 -
whose norm is bounded by (fX (A7 ], f>h7ww”) . Extending ¢ by 0 in 9 (DP9)+ and
applying the Riesz Representation Theorem, we find an element u € L*(X,V ® APIT%)

such that (v, f)zz = (0 v,u);2 forallv € L*(X,V ® AP71T%) and

/X|u|iw” < /X (A7, Fhnaw™

Hence Ou = f in the sense of distributions and (1.2) is satisfied.
To pass to the case of w not complete, one replaces w by w. := w + £ with 6 complete;

we refer to Demailly for details [20]. O

The relevant case of Theorem 1.4 for the purposes of this thesis is (p,q) = (n, 1), and
in such setting the hypothesis on the metric is that A has Nakano-positive curvature. If
further V is a line bundle L with metric e=%, then Theorem 1.4 says that, if v/~199 ¢ > 0,
then for all L ® Kx-valued (0,1)-forms f such that d f = 0 and

/X |f|3§85¢e_¢ < +o00

13



there is a section u of L ® Kx such that Ou = f and
2 —¢ 2 —¢
ul“e </ 5.€e 7.

[lle® < [ 1B,

1.3 The L? extension theorem

In this section we explain the classical approach to the following extension problem. Let Z
be a complex submanifold of some given Stein manifold X of complex dimension n, and let
L — X be a sufficiently positive holomorphic line bundle. Given an L-valued holomorphic
(n,0)-form f along Z with suitable L? estimates, we want to find an L-valued holomorphic
(n,0)-form F on X satisfying F|x = f and with good estimates on its L? norm.

The first solution to the L? extension theorem was obtained by T. Ohsawa and
K. Takegoshi in 1987 [46], albeit with a non-optimal estimate. In the years that followed,
many generalizations and improvements have been achieved, to name a few: extension of
top forms with values in vector bundles [36, 19], extension from submanifolds of higher
codimension [36, 19, 42], and L? extension with optimal constant [8, 27].

For simplicity, here we present a statement of extension for line bundles from subman-

ifold of codimension 1.

Theorem 1.5 (L? extension). Let X be a Stein manifold of complex dimension n, and let
Z C X be an analytic hypersurface. Let L; — X be the holomorphic line bundle associated
to Z, with T € H°(X, Lz) such that Z = (T = 0) and dT'| generically non-zero. Assume
moreover that Ly carries a (singular) Hermitian metric e=* such that e |; # +o0 and
supy [T|?e™ < 1. Let L — X be a line bundle with (singular) Hermitian metric e=%
such that

\/*_18590 >0 and ﬁ@égp > 5100\

for some 6 > 0. Then for any holomorphic section f € H°(Z, L]z ® Kz) such that

2 —
A1 = [ 1712 < oo

14



there is a holomorphic section F € H*(X,L ® Ly ® Kx) such that F|z; = f AdT and

1 1
2 ._ 2 ;—A—¢ < + 2 - _ - 2
171 = [ rpes < n (1 ) firees = (1451012

The L? extension theorem has several applications in complex analytic and algebraic
geometry; for instance Demailly’s approximation of singular Hermitian metrics [16, 18],
the proof of the strong openness conjecture by Q. Guan and X. Zhou [26], the proof
of the deformation invariance of plurigenera [49, 47|, and generalizations of the Nadel
vanishing theorem [13]. It can also be used to prove the hard Lefschetz theorem for
pseudoeffective line bundles [22], and it is instrumental in various result related to Fujita’s
conjecture [3, 17].

The main idea for the classical proof of Theorem 1.5 is to obtain a smooth extension
and then correct it to a holomorphic one. Control on the norm of the extension is achieved
by means of twisted estimates. To simplify the exposition, we will give up obtaining the
optimal constant of Theorem 1.5, and we will mostly follow the ideas of [37]. See [8] and

[27] for the proof with the optimal constant.

Proof. Fix the section f to be extended. By some standard reductions (cf. Subsection
3.1.1), we can assume that Z is smooth and that X is a relatively compact domain in some
larger Stein manifold, to which all objects extend. We can also assume that the metrics
are smooth. Then, since X is Stein, we automatically have an extension F with finite L2
norm, but we don’t have any control on the L? norm of such solution (see Proposition 3.3
for a more detailed argument).

We will now modify F to a smooth extension, and then correct this smooth extension
to a holomorphic one by solving a twisted d-equation. Let t € (0,1) and x € C>([0,1))
with

0<x<1, x=1lon[0,¢ and [x|<1+t
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Set v := IOg(‘TP e_)\)a Xe = x(e" /52)7 and

Set also

Y, =+ log(e’ +1%) + A+ 1290 p,

so that e™¥ is a metric for L ® L,. Here p is some bounded strictly plurisubharmonic

function to be specified later on. Then for all (L ® Lyz)-valued (n, 1)-forms u we estimate

| (u, )| ’/ U, Q) € 2§ (/X|<u,a€>‘e¢u)2
_ (/ ‘< 2ev/2 & /) B(e U/2)> e_wy>

< ;/Xé,gx( /%) <ej€ ) </'u0“/2‘(ﬁ;)2e—%>
<. /X ’<u,3(e”/2)>’2 (efiwe—%,
(1.4)

where

A1 41)? =19 b
cum O s

and the last inequality follows from |y/| < 1+t and te* < ¢’ < €% on the support of

X'(e¥ /€%). For later use notice that

2
limsup C. = 87T(15+t)/ 1fl2e .
7z

e—0

We now bound the last term in (1.4). We start by the following twisted Bochner—

Kodaira—Nakano estimate.
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Lemma 1.6. Let X be a bounded pseudoconvexr domain in some ambient Stein manifold
Y of complex dimension n, and let H — Y be a holomorphic line bundle with smooth
Hermitian metric e . Fiz a Kihler metric g on'Y . Let 7 and A be positive functions on

X, with T € C*(X). Then for all H-valued (n,1)-forms in the domain of O and of the

adjoint 5; the following inequality holds

|G MauEe + [ roupe

> / (7’ 00 — 00T — l87’ A 87’) g“;u,;gﬂul—e_’ﬁ .
X R
ij

A

The main idea for the proof of Lemma 1.6 is to apply the standard Bochner-Kodaira—
Nakano identity [10, 11, 32, 39] to the twisted metric 7e~, dropping terms by positivity
and Cauchy-Schwarz inequality (see Lemma 2.1 in [37]).

We will apply Lemma 1.6 to H = L ® Ly and e”¥ = e ¥ as defined above. Notice

that by the Poincaré-Lelong formula we have

V-100v = 2r[Z] — /100 \,

where [Z] denotes the current of integration along Z. Fix v > 1 and define the function

a:=r —dlog(e’ +£?) = v — dlog(|T)? e +£2).

Then
_ _ de’ e’ = 4?9 e
. _ 1 v 2 — — T o\
00 a = §001log(e” +&7) = 60 (e” _|_g2) 6e” +¢e2 90v+o (ev +£2)2
o B 42| ev/2 |2 eV _ 420 ev/? |2
—5—(2n[2] - e =T (v +e2)?
6e” +€2( w|Z] — 00N) + 0 (o 127)2 5e” o AON+ 0 (e" +e2)2 ’

where the last equality holds because [Z] is supported on Z, where eV = |T'|?> e=* vanishes.
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(14+h/0a)?
—h'"oa

We now take T = a -+ hoa and A =

, where h : [0, +00) — (0,+00) is a C?
function that will be specified later. For the moment, since 7 and A are required to be

positive, we only note that we need h’ > —1 and h” < 0. Then we compute

—837’—287’/\87’-—(14—/10@)88@.

Recall that

by = @ +log(e" +1%) + A + 1290 p,

where we now specify p to be a bounded strictly plurisubharmonic function so that

VI0dp+ 10 /Teoaz0

e’ +v
for all 0 < v < 1. Then
08, = 0T o+ 9N — — 95x+ 42100 1290 p
oV 112 (ev +12)?
> 8590 - evyjy2588/\ + 412 (|j}ei/52|)22 >0
and
8D, — 5 DI\ > aa¢—5<1—5(ev”;2)> DI\ > 0.
Therefore
7001, — 00T — ;87'/\57' = (a+ hoa)ém

N (T B ev(1ej+h;2o a)) 95,
+W(a&¢y—5am).

Now we choose h(z) :=2 — x +log(2e*~! —1), so that

2e7 ! 2e7 !
1+ h (@) == and —H'(2)= -
@) =g ™ ()= G 1y

18



Hence, since a + hoa > a > 1 for € > 0 sufficiently small, we have

e’(1+h oa) , 2e%7!
- 2 >241 27 1) — —M—
T o2 22t og(2e ) 5o T 1 >0
and
- - 1 - 4e?0ev/?|?
T@@@/JV—@@T—ZaT/\aTZ(SW

By Lemma 1.6 we then bound the last term in (1.4) by

2 482
(ev +€2)2

o /X ‘<u, 5(e”/2)>

where 94 := 0 (\/7’ + Aﬁ) and Su = /7 O u are “twisted” 0 operators. Note that Sod = 0.

e % < o*ully, +Sully, ,

In this way we find that
[(u, 02)|? < Cc ([o"ull}, +1ISull?,)

for all (L ® Lz)-valued (n,1)-forms w. Then by standard functional analysis, followed
by sending v — 0 and a standard weak-* compactness diagonal sequence argument, we

obtain a smooth section . of L ® L; ® Kx such that 03, = a. and

B
/X TaE e ? < (..

Notice that the estimate forces .|z = 0.

Now set F. := x.F' — /T + AB.. Then F.lz = F|Z = f ANdT and

2 —p—A v |ﬁ€’2 —
/X‘FE| e~ go(l)—l—/xe (T—G—A)‘TPQ @

<o(l)+ sglfp(e”(T + A))C.

2m(1 +t)2 et
<o(1) 4461 C < o(1) 4+ 227 +5> ° /]f|2e*“".
e~0 Z
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Up to passing to subsequences, we can let ¢ — 0 and t — 0, again by Alaoglu’s Theorem
and dominated convergence. By the sub-mean-value property we also have that the L2
convergence of (a subsequence of) F. implies pointwise convergence, and thus we have

Fe H'X,L® Ly ® Kx) such that F|; = f AdT and

32
Joppe < Z0 [ e,

completing the proof of Theorem 1.5 (with non-optimal constant; again, see [8] and [27]

for the proof with the optimal constant). ]

1.4 The L? division theorem

Let X be a Stein manifold and fix holomorphic functions hq, ..., h, on X. Given another
holomorphic function g with suitable L? estimates, the division problem asks whether
one can find holomorphic functions f1,..., f, such that g = 3>%_; h;f; and having good
L? estimates.

A first solution to the division problem was found by H. Skoda in 1972 [52], and
subsequent work of Skoda and Demailly generalized the result to generically surjective
morphisms of vector bundles with sufficiently positive metrics [53, 15]. Here we present
the following version of Skoda’s division theorem, and its proof using classical L? methods.
For the sake of simplicity, as well as similarity with Theorem 4.1, we only treat (n, 0)-forms;
see [15, Théoreme 6.2] and [20, Section 11] for the general treatment of (n, k)-forms. See

also [56] for a different generalization of the L? division theorem.

Theorem 1.7 (L? division). Let X be a Stein manifold and let F,Q — X be holomorphic
vector bundles endowed with Hermitian metrics br and b, respectively. Let also £ — X

be a line bundle with metric e=®. Fiz h € H)(X, F*® Q) and a > 1, and set
¢ := min(rank F' — rank @, dim X).
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Assume that ©(hr) >, 0 and
V=190 ¢ > aqO(det ho).

Then, for any holomorphic section g € H*(X,Q ® E ® Kx) such that

ho(Hg,g)e™?

x det(hhe)matt = OO

2
lgllg =

there is a holomorphic section f € H*(X,F @ E ® Kx) such that g = h ® f and

—¢
115 = f P < il

Here h* : Q — F is the adjoint of h with respect to hr and bg, and H € End(Q) is the

endomorphism of Q whose matriz is the transposed comatriz of hh*.

By taking I to be the trivial vector bundle C" and ) = G ® E* we obtain the following

special case.

Corollary 1.8 (Skoda’s division theorem). Let X be a complete Kdihler manifold
of complex dimension n and let E,G — X be holomorphic line bundles with (singular)
Hermitian metrics e~ and e, respectively. Fiz h = (hy,...,h,) € H' (X, (E* @ G)®")

and o > 1. Let ¢ := min(r — 1,n) and assume that

V109> 21 /790
aqg+1

Then, for any holomorphic section g € H(X,G ® Kx) such that

2 . lg* e
||g||G i /X (’h|2 e,¢+¢)aq+1 < +OO,
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there is a holomorphic section f = (f1,..., fr) € HY(X, E®*" ® Kx) such that
g=h@f:=m@fi+ - +hof

and

_ |fIPe” ef 2
||f||E€BT : / |h|2 —TZJ-HP aq < a — 1“9”6’

For the proof of Theorem 1.7, we will follow the exposition of [20]. Theorem 1.7 is a

consequence of the following result.

Theorem 1.9. Let X be a Stein manifold and let F,Q) — X be holomorphic vector
bundles. Let hr be a Hermitian metric for F', and denote by b the induced metric on Q.
Fir h € H' (X, F*® Q) and o > 1. Let ¢ := min(rank F' — rank Q, dim X) and assume
that ©(hr) >, 0 and

V=100 ¢ > aqO(det h)

for some smooth metric e=® of some holomorphic line bundle E — X. Then, for any

holomorphic section g € H*(X,Q ® E ® Kx) such that

lgllg, = /Xﬁ(g,g) e? < 400,

there is a holomorphic section f € H*(X,F @ E ® Kx) such that g = h® f and

117 = [ br(F. e < =gl

Proof. Similar to the proof of L? extension, the main idea is to first find a special smooth
solution and then correct it to a holomorphic one by adding a section of the kernel bundle.

To start, we reduce to the case of strict positivity of curvature: Since X is Stein, there
is a strictly plurisubharmonic smooth function 7 : X — [0, +00). Then we can replace ¢

with ¢ + %n, so that the inequality on curvature is strict. If Theorem 1.9 is true for strict
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positivity, then for every j € N we get f; € H(X, F® E ® Kx) such that g = h® f; and

|55l = =25 [ blg.gre @7 < gl

By the sub-mean-value property of |f;| and the smoothness of ¢, the sequence {f;}; is
locally uniformly bounded, so that by a diagonal argument involving Montel’s theorem
we can replace {f;}; a subsequence (still denoted in the same way) that converges locally
uniformly to some section f € H(X,F ® E ® Kx) satisfying g = h ® f. Moreover, for

any j bigger than some fixed j, we get

Jove(fi f) e @ < | op(f, f) e @ < gl

Then we have a further subsequence, still denoted { f;};, that converges in L (b e (@tip 1’7)).
We can then continue inductively by choosing jx41 > jr and taking further subsequences.

The diagonal subsequence then converges to f such that

fe ) LA(hpe @),

k>0

By the Monotone Convergence Theorem we conclude that

«

1A% = [ ve(h e = tim_ [ be(f, fe e <

k—+4o0

2
gl

as wanted.

Second, by working on the complement of a divisor D C X containing the kernel
of h, we can assume that h is surjective. Indeed, X \ D is again Stein and, assuming
that Theorem 1.9 holds for h surjective, we obtain f € H*(X \ D, F ® E @ Kyx) such

~ 12
that g|x\p = h|x\p ® f and HfHF < ﬁ”g”é By Riemann’s Removable Singularities
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Theorem, then f extends to f € H*(X,F ® E ® Kx). Since X \ D is open and meets
every component of X, by the identity principle g = h ® f everywhere on X, and since
D has measure 0, one has Hin < ﬁHgHQQ

Assume then that the bound on the curvature of E is strict and that h is surjective.
Then the kernel ker h is a holomorphic vector subbundle of F'. Let ¢ : ker h — F' be the
inclusion morphism. Denote by ¢* : FF — ker h and h* : ) — F the adjoint morphisms
of ¢ and h, respectively, with respect to the metric hr and the metrics hp (ke and b,
respectively.

Consider the smooth lifting h*g of g to F'. We aim to find f of the form f = h*g + wu

for some u € L?*(X,kerh ® F ® Kx). For such an f we have

be(f, e =br(h g, h*g)e™® +hp(u,wu) e = b(g,9) e +bp|ern(u, u) e™®

at all points of X. Moreover since 0 g = 0 we have

O f=0(h*g) + 1(0u) = 1(—T* Ag + du),

where I € C>°(X, (ker h)* ® Q ® T%'°) is the second fundamental form of ker b into F
(see Lemma 10.2 in [20]). We then want to solve the equation du = — II* Ag.

Let A := [O(hp|kern), Aw] be the curvature operator induced on kerh ® T)l(’o by the
restriction of the metric b to ker h. We want to apply Theorem 1.4 with datum the

(n, 1)-form —II* Ag to get a solution u with

[l </ HIT* Ag), (IT* Ag))j s

in order to obtain f such that

1113 < [ Blg.9) + [ (A7 Ag), (I Ag))s..
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We thus have to check that A is positive definite.

Lemma 1.10. Under the assumptions of Theorem 1.9,

1 -
1ha:(ga g)<AU’ U>f)7w

2

oA w —
g f <
for all v € ker h, ® T}°.

Proof. We have
6([)Flkelrh) Zq \/__1:I:[>'< AL

and

O(det ) > trg (\/—_111 A 11*) = tlhern (— VLI A 11)

(see Lemma 10.2 in [20]). Moreover, since —+/~1II* ATl >y 0, we have
¢ thern (= VAT @ Tdgerp + V-1 AT >, 0

(see Lemma 10.16 in [20]). By the hypotheses on curvature in Theorem 1.9, it then follows

that

®<bF|kerh> + \/Tlaé(bIdkerh
>q ®<bF|kerh) + aq@(det 6) ® Idkerh
Zq \/*_1]:[* AL +aq tryerh (— \/jlﬂ* A ]I) & Idkerh

>, —(a—1)VAI AT

We therefore have

(Av,0)g0 > (@ — 1) (= VAT AT AN, V)
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forallv e kerh® E ® T)*(l’o. Fix a point xg € X and an orthonormal basis dzq, ...

of T10. Write
m=Ydy; el

Jj=1

with II; € ker b}, ® Q,,. The adjoint of

oA - =Y dg AL -

j=1
is the contraction Il defined by

o= 2802_4

j=1Y~J

(I;v) =Y —vV-1dz; AA(;v) = — V-1ILA Ayv.
=1
Consequently (— v-1I* AILAA v, v);,, = (M, ), and thus
(I Ag, o)yl = [(g, W), |* < Blg, 9) (M, Wav)g, < ——

proving the statement.

,dz,

By Lemma 1.10, A is positive definite, so we can apply Theorem 1.4. Moreover, again

by Lemma 1.10 applied to v = A~}(IT* Ag), we also obtain

1113 < =2 [ 899,

proving Theorem 1.9.

[]

Proof of Theorem 1.7. Let hg be the given metric for () and b the metric induced by hp

on Q. Let h* : Q — F the adjoint morphism with respect to hr and bhgy. Then, while

hh* = Idg does not hold anymore, the map h*(hh*)™' : Q — F is a section of h: F — Q

(in fact hh*(hh*)~! = Idg by construction) and is orthogonal to ker h. We then have

1

b(v,v) = b (h*(hh*) "o, b (hh*)"'0) = b ((hh*)"'v,v) = ————bo(Hv,v),

det(hh")
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where H € End(Q) is the endomorphism of () whose matrix is the transposed comatrix of

hh*. Since we then have deth = —L— det b, in order for the hypothesis on curvature
det(hh*) Q Yy

of Theorem 1.7 to be satisfied, we replace the metric e=? for E with the metric

: 1
—¢ ._ —¢
¢ T det(hh)ed ©

so that
V100 ¢ = V100 ¢ + ag /-1 9dlog det(hh*)
> aqO(hg) + agV-19dlog det(hh*) = aqO(bh).
Theorem 1.7 is then obtained applying Theorem 1.9 to h and e . O
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Chapter 2

Berndtsson’s positivity theorems

This Chapter is devoted to the two theorems of B. Berndtsson measuring the variation
of Hilbert spaces of holomorphic sections of line bundles over families of complete Kéahler
manifolds (Theorem 1). The conclusion of both theorems is that if the line bundle is
positive then the Hilbert spaces of sections form a vector bundle and the metric induced
by the L? inner product has Nakano-positive curvature.

The first theorem, explained in Section 2.1, deals with families of Hilbert spaces for a
single line bundle over a single Stein manifold, so that the only thing that is allowed to
vary is the metric for the line bundle. In spite of the simplicity of the setting Berndtsson’s
first theorem has several applications, among which are new and very different proofs of
L? extension and division (see Section 3.1 and Chapter 4), and a proof of the openness
conjecture (Section 3.2).

The second theorem, recalled in Section 2.2, deals instead with families of compact
Kéhler manifolds. The applications of this theorem point to different directions than the
first theorem, for instance giving a partial result towards P. Griffiths’s conjecture on the

existence of positively curved metrics on ample vector bundles.
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2.1 Berndtsson’s theorem for trivial fibrations

Let X be a Stein manifold and €2 a domain in C™. Suppose X is relatively compact
in some ambient Stein manifold X, and let L — X be a holomorphic line bundle. Let
p: X xQ — X be the projection on the first factor and e~® be a Hermitian metric
for p*L — X x Q. We write p = Plxxq and e = o ¢ |xxq. For each 7 € €, define

the Hilbert space
3, = {1 e HUX Lo K |If12 = [ 177 e7% < oo},

where e~ is the restriction of e=? to p*L|x x{r}-

Since the metric e~ extends smoothly to X x Q, the subspaces H, C H(X,L® Kx)
are independent of 7, but have norms that vary with 7. If we fix o € ) and define
f(x,t) := f(x) for all f € H, then the map H,xQ > (f,7) — f € H is a bijection, which
we declare to be holomorphic. Thus H —  has the structure of a trivial holomorphic
vector bundle, with a smooth non-trivial metric defined by the inner products on the

fibers H,, for 7 € Q.

Theorem 2.1 (Berndtsson’s theorem for trivial fibrations [4, Theorem 1.1]). Ife™?
has (strictly) positive curvature, then the curvature of the L? Hermitian metric induced

on H — Q by e? is (strictly) positive in the sense of Nakano.

In particular H is Griffiths-(semi)positive, and thus we get the following convexity

corollary.

Corollary 2.2. Assume that e=® is a possibly singular metric with (strictly) positive

curvature, and let £ £ 0 be a holomorphic section of H* — Q). Then the function

Q37— logl&I7,
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is plurisubharmonic. In particular, T logHSHi* is plurisubharmonic for any fixed non-

zero £ € HY(X, L ® Kx)* with finite L*-norm.

Proof. If the metric e~® is smooth, the statement follows directly from Theorem 2.1 and
the characterization of Griffiths-(semi)negativity of Proposition 1.2.

Assume then that e~? is singular and fix a section & of H* — X. Let e=%* be a sequence
of positive smooth Hermitian metrics for p*L — X x € increasing to e ® (we can find
such a sequence by regularizing the potentials ¢ and possibly compensating the loss of
positivity by adding a small multiple of a positive strictly plurisubharmonic function,
which exists because X is Stein). Denote by ||-|| .- the norm induced on 3, by e~ Since

these metrics are smooth up to the boundary, for each k£ € N the function
2
25 7 — logll& ]y, .

is subharmonic. Moreover, since e~ increases to e~®, for each 7 € Q the induced norms

2 _
£, = [ 12 e

increase to || f||?, and thus the subharmonic functions
Q37— logllé- [ .

decrease to the function

2

T,% )

Q> 71— log||& ||

which is then subharmonic. O

The proof of Theorem 2.1 is contained in the next two sections, and follows Berndtsson’s

original exposition [4].
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2.1.1 Proof of Theorem 2.1 in the strictly positive case

We first prove Theorem 2.1 assuming that the curvature of e~ is strictly positive along

fibers, i.e. V-19dx ¢, > 0 for all T € Q.
Let £ — € be the bundle whose fiber over 7 €  are the L?integrable sections of L

with respect to the metric e %":

. {fef(X,L@KX)’/)(|f|2e—¢f <—i—oo},

so that H is a trivial subbundle of the trivial bundle £, with metric induced by the

non-trivial L? metric of £. Fix a chart U C Q and local coordinates t1, .. .,t,, centered

£1,0
o =

ot

at 7 € U. The Chern connection of £ is then V Or; — ¢;, where ¢; is the operator

J
of multiplication by the smooth function 9;;¢. Indeed, for any two local sections u,v of

L such that 0;,u and 0;;v are also sections of £, one has

/X(vifl_’ou)ﬁ e ¥ =0, /X uve ? — /X udy,v
= [ouuret+ [ wBwe+ [ o0 — [ ud

= /X (thu - quu) ve ?.

Consequently, the curvature of £ is a densely defined operator given by @JL'E = Qg SO
that ©F is the operator of multiplication by the Hessian of ¢ with respect to the base
variables ty,...,t,.

We now want to compute the curvature ©* of the subbundle H from the curvature
©f of £. Fix smooth sections uy, ..., u, of H: these are smooth sections of L on the
total space of the fibration, and holomorphic along the fibers. Since the space of sections
u of H represented by holomorphic sections of p*L — X x Q is dense in the space of
holomorphic sections of H, we can assume that d;, u; are also sections of H for all j, k.

To check the Nakano-(semi)positivity of the L? metric induced on 3, from Griffiths’s
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formula (Proposition 1.3) we need to estimate

ér

m
‘r J— L_ . 7¢T
> [ efuwme =Y [ uine
jk=1"%

m
1L £1,0
Tr thj uj
jk=1 j=1
m
_ A Yt
— Z / gbjkujuke T
jk=1"% X

m 2
1
T Z gbjuj
Jj=1

_¢T

where in this special setting 7 : £ — H is the (fiberwise) Bergman projection, and

therefore 70, u; = 0. Set w = w7+ (XL, ¢ju;), then

m

Ixw=0x Y dju; = (Ix ¢j)uy,
j=1 j=1
where dx denotes the 0 operator on X only. Note that 0x u; = 0 since u; is holomorphic
along the fibers. Since by definition w is orthogonal to the holomorphic sections along
the fibers, it follows that w is the L?-minimal solution to the d equation along the fiber.
Since we are assuming that v~109 ¢, > 0, we can estimate the second term in (2.1)

by Hormander—Skoda Theorem 1.4:

m 2
J~ ¢T _(I)T
T DU, 8X bj)u; e .
]Zl 3 Uj =
Choosing local coordinates z1, ..., z, for X this becomes
m 2 n m m
i —¢r i —¢r
™3 guy| e7? S/ Yo Doy | | D b | e,
j=1 X =1 j=1 k=1

where ¢, = 8?]_26‘2 and ¢ is the (), j1) entry of the inverse matrix of the complex Hessian

of ¢,. This and (2.1) give

Z / @kujuke ¢r >/ Z ( Z b #ij)\(bku) e

Ji.k=1 Ap=1
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To conclude, notice that

)"/‘LZI ij

(¢jk -y o ¢j)\¢kz,u)

is the Schur complement of the invertible block v/~130x ¢ (the complex Hessian of ¢ along
the fiber) in the (semi)positive definite Hermitian matrix v/~190 ¢ (the complex Hessian

of ¢ on the total space X x2), and thus it is (semi)positive definite by the following lemma.

Lemma 2.3. Let M = L’; g] be a Hermitian symmetric matriz (i.e. M = MT). Assume

that M is (semi)positive definite and that A is invertible. Then the Schur complement
C — BTA™'B of the block C is also (semi)positive definite.

Proof. Since

.I.
I 0| |A B I 0 A 0
~BfA-Y | |BY C| |-BTA™' I 0 C—-B'A™'B
if M is (semi)positive definite, then C' — BT A1 B is (semi)positive definite. O

2.1.2 The semipositive case

Assume now that v/~199 ¢ > 0. Since the ambient manifold X is Stein, there is a strictly
plurisubharmonic smooth function  : X — [0, 00), so that the metrics e=~*" have strictly

positive curvature along the fibers of X x 2 — € for all € > 0. Then
m m
> / O jujte " = > / (55 + emp)uyy e~
jk=17%X ik=17%X

“Js

(2.2)

m 2
T Y (65 +emjuy| e T,
j=1
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and we know from Subsection 2.1.1 that this quantity is non-negative, since e ¢~" is
strictly positively curved on the fibers. To conclude the proof of Theorem 2.1, we then
need to show that

m
Z /X@;%ujﬂke"z’*.

e—0 |

m
; H o 5 o= Pr—en _
lim E /X@E’jkujuke =
k=1

2 Gk=1
Because of (2.2), it suffices to show that
1 L 2 \—¢r—en _ L,12 o= ¢r
lig [ e 00 = [ fmtul*e (23)

for any section u of L — X that is L?-integrable with respect to e =" (which is the
same as being L2-integrable with respect to the metric e=%).
First recall that w1 is the section of L — X that is nearest to u in the norm induced

by e~® and such that

Fu)he =0
/X(7TTU) e

for all L?-integrable holomorphic sections h € H°(X, L). Similarly, 7. u is the section of

L — X that is nearest to v in the norm induced by e~®~¢" and such that

/ (e~ ﬂjTu)fL e ? = / (WjTu)fL e 97 = (2.4)
X ’ x 7

for all L2-integrable holomorphic sections h € H°(X, L). Therefore

1 —en L
7rTu—uH <lle Wa,r“_UH

IN

e (7wl u— U)H +H(1 — e_an)uH

IN

=l + (™ 1)y,
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where ||-|| denotes the L2-norm with respect to e=® and M = supy 7. Similarly

where [|-||. denotes the L*norm with respect to e™~7. Since

(e =1)Jull. ,

€

| rtu—u|and lul, <|lul.
it follows that
| (e =1) | <e ul| + e (e —1)]ful],
so that
. 1
ilir(l) (2.5)
Since
mou=e rl u+ (1—e )l u
and
2
|2, C <M fuf? < M ul?,

it follows that 7T ~u converges to some section v which is orthogonal to holomorphic
sections with respect to the norm induced by e~® (recall that by (2.4) the term e==" ﬂéTu
is orthogonal to the L2-integrable holomorphic sections with respect to the inner product
induced by e=?). By (2.5) we then conclude that v = 7 -u, and thus (2.3) follows by

Lebesgue’s dominated convergence theorem, proving Theorem 2.1 in the semipositive case.
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2.1.3 Relation between the sharp L? extension theorem and

Berndtsson’s first theorem

As we will see in Section 3.1, Berndtsson’s first theorem (or more precisely Corollary 2.2)
implies a version of the L? extension theorem with sharp constants. The L? extension
theorem with sharp constants (Theorem 1.5) in turn implies a stronger version of Corollary
2.2 in which the product manifold X x €2 is replaced by a more general Stein manifold
and the family of Hilbert spaces H — €2 does not need to be a vector bundle. We will
follow the presentation of Section 11.4 in [57].

Let X be a Kéahler manifold of complex dimension m + n, and let T : X — € be
a holomorphic submersion to a domain €2 in C™. For every 7 € €2, we will denote by
X, := T7Y(7) the fiber of T over 7. Let L — X be a holomorphic line bundle with

Hermitian metric e™%, and as before, for each 7 € €2, define the Hilbert space

H; = {f S HO(XTvL‘X-r ®KX7—)

I = [ lPe* <o, 26)

where =" is the restriction of e to p*L|x..
The family of Hilbert spaces H — €2 is in general not locally trivial, but we can still

define sections as follows.

Definition 2.4. A section f of H —  is a section Fj of L ® Kx/q — X such that
fr == Fi|x, € J; for all 7 € Q (here Kx/q denotes the relative canonical bundle). The

section f is said to be holomorphic if F} is holomorphic.
Similarly, we can define a notion of dual fibration and of section of the dual fibration.

Definition 2.5. The dual of H{ — () is the fibration H* — 2 where H is the dual

Hilbert space of H,, with the usual dual norm

~ € 1)l
I1€lls = s el
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A section of H* — Q is a map £ : H — C such that &, = {|x, € H? for all 7 € Q. The

section & of H* — 2 is said to be holomorphic if the function
Qo7+— (&, F) eC

is holomorphic for every holomorphic section § of H — 2.

To prove (the generalization of) Corollary 2.2, it suffices to assume that € is the unit

disk D c C.

Theorem 2.6. Let X be a Stein manifold, and let T : X — D be a holomorphic sub-
mersion. Let L — X be a holomorphic line bundle with Hermitian metric e=%, and let

H — D be the Hilbert space fibration defined by (2.6). If v/~190 ¢ > 0, then the function
D> 7— logll& |2,

is subharmonic for all holomorphic sections & of H* — D.

Proof. The dual norm explicitly writes as

2 (&, )2
= sup ——>—.
€117, S e
We want to check that 7 — long’THi* satisfies the sub-mean-value inequality. Fix 7o € D
and € > 0 so that

D.(19) = {7’ eC ‘ |7 — 70| < &?} cc D.

Set X(¢) := T~YD.(r)) and T := =n e O(X). Let fo € Hy, be the section realizing

the supremum in ||&, || By Theorem 1.5 there is a minimal-norm holomorphic section

TO %

Fy of L|x () — X (e) such that
Folx,, =<fo AdT = fyAdT  and / |FolPe¥ < 7T€2/ |fol?e™*
X(e) Xrg
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(here the line bundle Ly is trivial, and so we choose e™* = 1 and we can send § — +00).
Let f; be defined by Fy|x, = f AdT (so that f is a holomorphic section of L ® Kx,p over
X(g)). Notice that f, might not be integrable for all 7 € D.(7p), but it must be integrable

for all 7 outside a measure zero subset of D, (1), because Fy has finite L? norm. Hence

10812, = 108 | (& fo)* ~Tog [ 1fol e
0

1 _
S e L

1 ,
=1 ?—log | —; 2¢7¢ ) AT A dT
Og |<€TO’ f0>| Og (7[_52 »/TGDE(TO) ([XT |f7—| © > d /\ d )

1 B _

< log (&, fo)l* — pc ) I log (/X |f-|?e *”) dT A dT

1 B _

< — <10g (& )P — 1og/ £ e %’> AT A dT
TeE® JT€D(10) X

1
<
= Volyraar(De(10))

/ log||&, |2, AT A dT,
T7E€D:(10) ’

where the second inequality follows from the concavity of the logarithm, the third from
the holomorphicity of 7 — (&, f;), and the last from the definition of the dual norm.

This proves Theorem 2.6. O

2.2 Berndtsson’s theorem for proper fibrations

Theorem 2.1 has an analogue for holomorphic fibrations with compact fibers. Consider a
smooth holomorphic submersion p : X — Y of complex manifolds X and Y of dimensions
n + m and m, respectively, and assume that the fibers X; := p~'(¢) are compact. Let
L — X a holomorphic line bundle with a smooth metric e~? of non-negative curvature,
and consider the family of vector spaces H; := H(X;, L|x, ® Kx,). Since the differential
of p is surjective at all points of X, the canonical bundle of the fibers is identified with the
restriction of the canonical bundle of the total space: Ky, ~ Kx|x,. Since L has a metric

of semipositive curvature, by this identification and by a variant of the Ohsawa—Takegoshi

38



Extension Theorem [4, Theorem 8.1] it follows that any global holomorphic section of
L ® Kx, over X; extends to a holomorphic section of L ® K, over X, with s close to
t. Starting from a basis of H; we therefore get a local holomorphic frame for H, so that
H has a natural holomorphic vector bundle structure.

Since the fibers are compact any element o € K, is automatically L?, and we thus

obtain a metric for 5 — Y by setting |07 = Ix, lo]?e?.

Theorem 2.7 (Berndtsson’s theorem for proper fibrations [4, Theorem 1.2]). If
the total space X is Kihler and e~ has (strictly) positive curvature then the curvature of
the L? Hermitian metric induced on H — Y by e=? is (strictly) positive in the sense of

Nakano.

Berndtsson’s proof of Theorem 2.7 is quite different from the proof of Theorem 2.1
since he had not “been able to find a natural complex structure on the space of all (not
necessarily holomorphic) (n,0)-forms, extending the complex structure on” H. Instead,
he computes “directly the Chern connection of the bundle E itself, and computels| the
curvature from there, much as one proves Griffiths’s formula”. Recent work of D. Varolin
[58] and P. Upadrashta [55] develop a theory of families of Hilbert spaces that might not
form a vector bundle but nonetheless behave like one, and for which one has a reasonable
notion of curvature. By the study of such objects, called Berndtsson—Lempert—Szoke fields,
one obtains a proof of Theorem 2.7 that is basically identical to the proof of Theorem
2.1 [58], as well an analogue of Theorem 2.7 when the fibers are smoothly bounded

pseudoconvex domains [55].

We end this Section by a nice application of Theorem 2.7 to bundles of projective spaces.
Let V' be a holomorphic vector bundle of rank r < +00 over a complex manifold Y, and
consider the bundle P(V*) — Y whose fiber at each point ¢ € Y is the space of lines in V*.
A famous conjecture of Griffiths [25] is that, if the hyperplane line bundle O(1) — P(V*)
has a smooth Hermitian metric of positive curvature (i.e. V' is Hartshorne-ample [28]),

then V' has a Hermitian metric with Griffiths-positive curvature.
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Denote by S™(V) the m*™ symmetric power of V. Applying Theorem 2.7 to the fibration
X = P(V*) = Y and the line bundles O(l) — P(V*), one obtains the following.

Theorem 2.8 ([4, Theorem 1.3]). Let V' be a holomorphic vector bundle of finite rank
over a complexr Kdahler manifold. If V' is ample in the sense of Hartshorne then for any
m € N the bundle S™(V) ® det V' has a Hermitian metric with strictly positive curvature

in the sense of Nakano.

In particular, V @ det V' has a metric with Nakano-positive curvature, providing partial
evidence towards Griffiths conjecture. Indeed, it is a theorem of Demailly and Skoda
that, if h is a metric of Griffiths-positive curvature, then h ® det h is a metric of Nakano-
positive curvature [14], and in fact S™(V') ® det V' also has a Nakano-positive metric and

a dual-Nakano-positive metric [35].
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Chapter 3

A degeneration proof of the
extension theorem and of the

openness conjecture

Berndtsson’s theorem for trivial fibrations (Theorem 2.1) can be used to provide new
proofs of variants of the classical L?-theorems we saw in Chapter 1. We present in Section
3.1 the Berndtsson-Lempert proof of the L? extension theorem, and in Section 3.2 a

degeneration-based proof due to Berndtsson of the openness conjecture.

3.1 The L’ extension theorem, revisited

In this Section we will prove the following slight generalization of Berndtsson and Lempert

L*-extension result [7]. We will follow [1].

Theorem 3.1 (L? extension). Let X be a Stein manifold and Z C X an analytic
hypersurface. Let L; — X be the holomorphic line bundle associated to Z, with T €

HY(X, Lyz) such that Z = (T = 0) and dT|z generically non-zero. Assume moreover that
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Ly carries a (singular) Hermitian metric e such that e |z £ +o0o and

sup |T)?e™ < 1.

X
Let L — X be a holomorphic line bundle with (singular) Hermitian metric e=¥ such that

V1009 > —+v-100X and V-190¢p > 6v/-100 A
for some 6 > 0. Then for any holomorphic section f € H°(Z, L]z @ Kz) such that
1A = [ 1712 < oo

there is a holomorphic section F € H*(X,L ® Ly @ Kx) such that F|z; = f AdT and

1 1
2 = 26720 < - 267 = 12
11 = fpeee < (1 g [ipes =x (14 3

We emphasize that the sole difference between this last statement and the full L?

extension theorem (Theorem 1.5) is that here we require

V=100 > —/~100
V-100¢ > 6/-100\

(3.1)

instead of the weaker

V-100¢ >0
V1009 > 6100\

In particular, the two conditions are clearly the same when /199X > 0, and in this

case Theorem 3.1 recovers the hyperplane case of [7, Theorem 3.8].
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Following [1], we present here a slightly simplified variant of the proof given by Berndts-
son and Lempert. As in [7], the main idea is that near Z any extension is nearly optimal
and easy to estimate. By introducing a positively-curved family of metrics that “collapses”
X to Z, Berndtsson’s first theorem (or, more precisely, Corollary 2.2) implies that one

can control the norm of the optimal extension on X by the norm of the optimal extension

to the small neighborhood of Z.

3.1.1 Preliminary reductions

Since the constants of Theorem 3.1 are universal, we can make some standard reductions.
First, as the singularities of Z are of codimension at least one in Z, they are contained in
a hypersurface H of X not containing Z. Then we can reduce to the case of smooth Z
(and dT'|z # 0) by solving the problem for Z\ H C X \ H and then extending the solution
to X. Indeed, X \ H is again a Stein manifold and if we assume that Theorem 3.1 holds

for Z smooth then we obtain f € H'(X \ H,L® L; ® Kx) such that F'|,x = f AdT and

- 1 1
FPee <142 / 207 = (14 = |IfI .
fo e <a (1) [ e =a (14 I < +oc

Hence, by Riemann’s removable singularities theorem, F' extends to F € H "X, L®Lz®

Kx). As H has measure zero,

3 3 1
F2 —A—¢p :/ F2 “A—p 1 - 2
/X\Hl [“e X‘ [“e =Tt ) 1711

and, because F|z and f A dT coincide on the open set Z \ H, we have F|; = f A dT

everywhere on 7, solving the division problem.

Remark 3.2. The same argument proves Theorem 3.1 when X is essentially Stein and
Z C X is an essentially Stein hypersurface, given that it has been proved for Stein
manifolds. Recall that a manifold X is essentially Stein if there is an analytic set D such

that X \ D is Stein. For instance, projective manifolds are essentially Stein.
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We can also assume that X is a relatively compact domain in some larger Stein man-
ifold and that the metrics involved are smooth. Moreover, perhaps after shrinking X
further, we can assume that Z meets the boundary of X transversely and that the section
f € H(Z,L ® Kz) to be extended is holomorphic up to the boundary of Z. If the
result is proved under these assumptions, then the universality of the bounds yields the
general case by standard weak-* compactness theorems, Lebesgue-type limit theorems
and approximation results for singular Hermitian metrics on Stein manifolds (see the

first paragraph in Section 3 of [7]).

3.1.2 Dual formulation of the extension problem

Fix a section f € H°(Z,L|z ® Ky) to be extended. We can assume that f is holomorphic

up to the boundary of Z by the remarks just made in Subsection 3.1.1.

Proposition 3.3. There exists F € H*(X,L ® Ly ® Kx) such that F|; = f AdT and

|F)% < +oo.

Proof. Since X is a relatively compact domain in a Stein manifold and the metrics are
smooth, any extension F' in the ambient manifold will restrict to an extension on X with
finite L2-norm. Hence it suffices to show that for a Stein manifold X there is an extension,
without any requirement on its L? norm.

Let J; C Ox be the coherent ideal sheaf of germs of holomorphic functions vanishing

at the points of Z. Twisting the short exact sequence

0—J;,—0x—>0,—0

by the line bundle L ® Lz ® Kx and using the adjunction formula we obtain the short

exact sequence of coherent sheaves

0—>jz(L®Lz®Kx)—)OX(L(X)LZ®Kx)—>OZ(L|Z®Kz)—>0
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From the induced long exact sequence in cohomology we then get
HY X, L®L; ® Kx)— H%Z,L|; ® Kz) — H'(X,J12(L® L; ® Kx)) =0,
where the equality is a consequence of Cartan’s Theorem B. Therefore
HYX,L®L; ® Kx)— H(Z,L|; ® Kz)

is surjective, meaning that for any f € H*(Z, L|;® Kz) we can find F € H*(X,L® Lz ®
Kx) such that F|; = f AdT, as wanted. O

Since there is an extension f with finite L?norm, there is a (unique) extension F with

minimal L2-norm. To prove Theorem 3.1 we shall estimate HF HX

Lemma 3.4. Let F € H'(X, L ® Ly ® Kx) be any extension with finite L*>-norm. Then

the extension F with minimal L?-norm has norm

2 |&(F)[?
HFHX _ggch(z?LII)z®Kz) ‘ng i )

where||-||, is the norm for the dual Hilbert space (L* N H*(X,L ® Ly @ Kx))* and

&(9) = (0.9)z = [ oge.

with s|z = o NdT.

Proof. We start by proving that

AP e RO

X ceam(ig) €77

where J is the subset of L2-integrable holomorphic sections of L ® L; ® Kx — X that
vanish along Z, and Ann(Jy) is the subspace of all functionals on (L?NH°(X, LQL;®Kx))

that vanish on Jz. Notice that {(F) is independent of the choice of the extension F'.
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We claim that F' L J,. Indeed, if k € J; then F + ¢k is an extension of f for all ¢ € C,

and since F is the extension with minimal L? norm the function
~ 2 2 _
C3 e —|[F+ ek =||F[[, +2Rel(F,k)xe] + O(l=f*)

has a minimum at € = 0, so that (F,k)x = 0.
Observe now that {,(k) = 0 for all £ € J; and that conversely, if s|; = 0 A dT" and

&y(s) =0 for all f then o = 0. Therefore {{, | g € C(Z,L|; ® Kz)} is dense in Ann(Jy)

and we may thus restrict to the elements £, when computing the supremum. O]
By Lemma 3.4
) F)|?
P R 0]
X geozziizers) g,
_ |(f. Pg)z|*
= sup —
secr(z oK) g,
2
1Pgll7

2
<IIfl%

5
geCX(Z,L| 70K 7)
*

&

where

P:L*Z, L, @ Kz) — L*NH"(Z,L|; ® Kz)

denotes the Bergman projection. Therefore, to prove Theorem 3.1 it suffices to prove that
2 1 2
IPgl7 <7 (145 )| (3.2)
for all g € C*(Z,L|z ® Kz).

3.1.3 A calculus lemma

We now establish the following lemma, which plays a key role in the proofs of both

Theorem 3.1 and Theorem 2. The result is a slight modification of Lemma 3.4 in [7].
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Lemma 3.5. Let v : (—o0,0] — Ry be an absolutely continuous increasing function such
that

lim e P u(t) = A < +o0

t——o0

for some B > 0. Then, for all p > B,

0 AB
lim e_Bt/ e P dy(s) = ——.
t——00 ¢ p—B

Remark 3.6. In contrast to Lemma 3.4 in [7], we do not require v to be bounded above
by AeP for all t < 0. This weakened hypothesis allows us to obtain the more precise

estimates needed for Theorem 3.1 and Theorem 4.1.

Proof. Integrating by parts one gets

0 0
e_Bt/ e P dy(s) = e(p_B)t/ e PP du(s)
¢ t

— P B [V(O) —e Pu(t)+p /to e Pu(s) ds] :

By the assumptions we have

. (=Bt _apt _
tl}l_nooep (V(O) e P V(t)) = —A.
Moreover, for any € > 0 there is t. < 0 such that (4 —¢)eP' < v(t) < (A +¢)eP! for all

t <t.. Then

0

0 te
/ e Pu(s)ds < | e Pu(s)ds+ (A+¢e) / e~ @B gy
t te t

A-+e A+e
—(p—B)t _ ~(p—B)te\ _ v —(p—B)t
§C€+p—B(e e )—C’E—l—p_Be

and similarly

0 A—c¢
—ps ds > " —(p—B)t
/t e P u(s)ds T+ ——e :
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so that

A— 0 A
c < lim e(p_B)t/ e Puy(s)ds < +E.
p—B ~ to-x ¢ p—B
Since this holds for all € > 0 we conclude that
0 A
i (p—B)t —ps — p
tl}r_nooe p/t e Pu(s)ds 0B
and then
0 A AB
: —Bt —p(s—t) _ p
Jim e /te dv(s) = A—i—p_B—p_B,
as wanted. 0

3.1.4 The family of metrics

We now define a family of metrics for L ® L; — X parametrized by

Tel:={z€C|Rez <0}

by introducing a weight x, that “collapses” X onto Z:

x- = max(log |T|* — A — ReT,0).

Since this function only depends on Re7 =: t, in the following we will write x, = xs.
Notice that xo = 0 since |T|?e™ < 1, and that x; ~ —t when ¢ — —oo at all points
not in 7.

We also obtain a corresponding family of metrics b, for L ® Ly — X by setting

[,]T — e Rer efgaf)\ ef(l+5)x.,—>
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and a family of norms for sections s € H*(X,L ® L; ® Kx) given by
HSH2 — e—]Ref/ |S’2€—g0—)\ e_(1+5)XT )
T X

We will denote by |||, the induced dual norms on linear functionals on L* N H*(X, L ®
Ly ® Kx), and interpret b, as a metric b for pri (L ® Lz) — X x L. Notice that h has

non-negative curvature by the hypotheses of Theorem 3.1.

Remark 3.7. Compared to the metrics used in [7], the multiplicative constant in front of
X: is the fized value 1+ 0 and thus we will not be able to send it to infinity. Rather than
being a problem, this feature and Lemma 3.5 are what keep the curvature of h under

control without assuming that v/~199 X > 0 (see also [40, 41] for similar observations).

As for x, = x¢, since the metrics and norms only depend on t = Re 7, with a slight
abuse of notation we will often write b, and |-||, instead of b, and ||-||...

We now look at the extrema of the family. Clearly one has||s||Z =||s|%- To study the
other extremum ¢t — —oo, fix t < 0 and consider the set A; of points in X for which

the maximum in y; is attained by 0:
Ay = {x e X ‘ |T(z)]?e ™ < et}.

We then write

145
ol =t [ e et [ e (s
! Ay X\ Ay |T|? e

and proceed to estimate the two summands as ¢ — —oo.
Notice first that the set A; collapses to Z ast — —oo. More precisely, A; asymptotically

resembles a tube about Z whose radius-squared around each z € Z is asymptotic to

t

W- Write s|z =: 0 AdT. Then
i eft/ |sf* e :W/ of*e?. (3.3)
t——o00 Ay 7
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The second integral can be rewritten as
O g ~,
e_t/ e~ =D qy (f),  with v(t) ::/ || e,
t At

The function v, is clearly positive increasing and satisfies lim;_, o, e ™' v,(t) = 7 [, |o]|? e™%.
Moreover, it is absolutely continuous by the Fundamental Theorem of Calculus for

Lebesgue integrals (see for instance Theorem 3.35 in [24]). Then Lemma 3.5 gives

0 . -
lim e’t/ e~ U qy (1) = E/ lo?e?.
¢ 0 Jz

t——o00

All in all one gets

. 2 _ 1 2 —p
lim s —7r<1—|—5>/z|a\ e (3.4)

3.1.5 Monotonicity of the family of dual norms and end of the

proof

Now that we have a metric b for pri, (L ® Lz) — X x L with non-negative curvature,

Berndtsson’s Theorem gives the required estimate.

Lemma 3.8. The function (—o0,0] ¢ +— longgH is non-decreasing. In particular,

2 2 2
. :Hfgl 0. > Hf’g . forallt <0

e

Proof. We first claim that supTGLH&,

2 2
= suptgnggHt* < +o00. In fact, it suffices to

2
check that HggHt is uniformly bounded for all ¢ sufficiently negative. Let

C, = /Z lgl*e? < +o0.
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Recall that g has compact support in Z. Then

2
L, = Sup age “"
sl =1

<, sup/]a\Qe 2.

e Il

By (3.3) one gets

/‘0"26 ga< / |S’2€ p— A< / ‘ ‘Zeﬂp A 7(1+5)Xt

so that Hng 2,

Next consider the trivial fibration X x L. — L and the line bundle pri,(L® Lz) — X xLL
with metric h. As already noted, b has non-negative curvature by the hypotheses of Theo-
rem 3.1. Then Corollary 2.2 to Berndtsson’s Theorem 2.1 implies that L. 5 7 — IOgH@HT,*
is subharmonic. Since Hé"HT,* only depends on t = Re 7, it follows that ¢ — logHﬁgHt’* is con-
vex on (—o00,0). If this map decreased anywhere on (—o0, 0), then by convexity we would

have lim;_,_ logH{th’* = +o00, contradicting the uniform boundedness of longgHt’*. O

To conclude the proof of Theorem 3.1, let s € H*(X, L ® Ly ® Kx) be any finite-norm
extension of Pg (so that s|; = Pg AdT"). Then by (3.4)
o = 70

= lin P9l

Iﬂ’gl2

lim H
t——00 t,x tﬁ oo” H

so that by Lemma 3.8 one has

||CPg||Z < (1 + ) lim Hfg

t——o0

< (143 ol

i.e. we have proved (3.2) and hence Theorem 3.1.

3.1.6 Remarks on extension in higher codimension

When the subvariety Z has codimension £ higher than 1, the adjoint formulation does

not fit the extension problem as well as in the hypersurface case of Theorem 3.1.
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A special context in which formulating extension in terms of canonical sections makes
sense is the setting of the Ohsawa—Takegoshi-Manivel Theorem [36, 19]. Assume that
Z is cut out by a holomorphic section T' of some holomorphic vector bundle £ — X
of rank k£ and that T is generically transverse to the zero section of E. This means
that we know a priori that the normal bundle of Z,., in X extends to the vector bundle
E — X, and thus we have the adjunction formula (Kx ® det E')|z = Kz. Assume also
that supy h(T,T) < 1 for some metric h for £ — X.

Then everything goes through in the same way as Theorem 3.1, up to replacing Ly

with det F and adapting the curvature assumptions. Explicitly, assume that
V100 ¢ > v/-1001logdet h

and

V=190 p > V/-19dlogdet h — (k + 6) V-1 00 1og h(T, T).

Then for every holomorphic section f € H°(Z,L|z; ® Kz) such that
/ If?e™® < +o0
z
there is a holomorphic section F' € H(X, Lodet E®Q Kx) such that F'|; = fAdet(dT) and

k
/ ’F’2€—¢+logdeth S o 14— / ’f|2e—go’
X 0 ) Jz

where oy, := 7% /k! is the volume of the unit ball in real dimension 2k. Here the weight is

the function y, := max (log h(T,T) — Rer, 0) and the family of metrics is

e—k;]ReT e—g@—l—logdeth e—(k-‘r(S)XT )

Notice that this recovers Theorem 3.1 with £ = L, and h = e~
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Unfortunately in general we cannot assume that Z is cut out by a section of some
vector bundle. In such case no clear analogue of adjunction is available and thus the

non-adjoint formulation is preferable.

Theorem 3.9 (non-adjoint L? extension). Let X be a Stein manifold with Kihler

form w and let p : X — [—00,0] be such that
log dist2Z -8 < p<log distQZ +a

for some smooth function B on X and some constant o (so that Z = {p = —oc}). Fix

0 >0, let L — X be a holomorphic line bundle with metric e~%, and assume that
V190 + Ric, >0, V199 ¢ + Ric, +(k 4 0) V199 p > 0.
Then for every holomorphic section f € H°(Z,L|z) such that
715 = [ 177 e av; < oo
there is a holomorphic section F € H°(X, L) such that F|; = f and
11 = [ 1PPeeavi <o (14 )12,

By taking X to be a pseudoconvex domain D C C*, p = G — ¢, ¢ = ¢ — kip and
f = B + 1 one obtains Theorem 3.8 in [7] (without the assumption that G and 1) are
plurisubharmonic).

The argument is the same as the one for Theorem 3.1, except that the functionals

§y are now

&(s) = [ sgereavy
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and the weights are x, := max(p — Re,0). Then the family of norms becomes
Il = e [ Jsf? e et avy.
X
Clearly ||s||2 =||s||%. For the other end of the family, let A, := {¢ < t}, then

Isl? Zefkt/A s2e ?dVy +e /X\A 5|2 ¢ e 00 iy

t

Since the set A; is asymptotic to a tube around Z whose radius-squared is bounded above

by e*#, it follows that

t——o0

lim e [ |s|?e ?dVy < ak/ |s|? e #TH5 dV,
Ay z

and, by Lemma 3.5,

t——o0

lim e_kt/ |s|2e? e FHI=D qyy < lmk/ |s|? et V.
X\ A, 0 Jz
All in all

k
lim e’kt/ 5|2 e ¢ e FHXe qVy < gy, (1 + 5) / |s|2 e TR0 AV,
X z

t——o00

which is what is needed to prove Theorem 3.9.

3.2 The openness conjecture

Let X be a complex manifold of dimension n and let ¢ be a plurisubharmonic function
on X. Introduced by A. Nadel in [38], the multiplier ideal sheaf of ¢ is defined to be
the subsheaf J(¢) C Ox of germs of holomorphic functions f € O, such that |f|?e™% is

locally integrable near z € X (see also [34]). Define I, () := U, I((1 + £)p).
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In [20], Demailly conjectured that I(¢) = I, (¢) for any plurisubharmonic function ¢ on
X. In 2015, Q. Guan and X. Zhou proved Demailly’s strong openness conjecture [26] by
using a version of the OhsawaTakegoshi L? extension theorem for subvarieties. Shortly
after, P. H. Hiep obtained the same result using the standard Ohsawa—Takegoshi Theorem
and induction on dimension [29]. Recently X. Wang and T. T. H. Nguyen have been able
to use Berndtsson’s first theorem to prove the full openness conjecture by using Lemma
3.11 below to give a bound on the maximal local integrability exponent [41]. Here we
present an earlier argument of Berndtsson [5, 6] that proves the weaker Demailly—Kollar

openness conjecture [21] using Berndtsson’s first theorem on direct images (Theorem 2.1).

Theorem 3.10. Let ¢ be a plurisubharmonic function in the unit ball B C C™ with ¢ < 0.

Assume that

/ e ?dV < 400
B

then there is p > 1 such that

/ e PP dV < +o0.
B/2

Moreover, p can be taken so that

On

>14
Pt A

where 0,, depends only on the dimension n.

Proof. Let A?(B, u) be the space of holomorphic functions on the unit ball B that are
L2-integrable with respect to the measure p. For any ¢ > 0 define o; := max(p + ¢, 0).
Notice that ¢y = 0 and 0 < ¢; < t. Fix ¢ > 1 and define a new norm on A%(B,dV) by
setting

I8l = [ nf2 e av
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(here dV denotes the standard Lebesgue measure). For p < ¢ we have
Hth < / ‘h‘Qe_p% dV < e_pt/ |h|2€—p90 dv,
B B

so that ||h)? decreases like e when h € A%(B,e™7*dV).

Lemma 3.11. For any 0 < p < q we have

+oo
fyee = (1-2) [ orpitar (1= 2
B q)Jo q

for all h € H*(B,dV).

Proof. We first compute that for any z < 0 we have

/+OO ePt o—gmax(z+t,0) 34 — /_I Pt dt 4 e~ /+OO eP=0t q¢
0 0 —x

_ e Pr _1 e e~ (P—a)= _ q o PT _17
p p—q  plg—p) p
so that
e PT — D (1 _ p) /+00 ept efqmax(ert,O) dt 4 (1 . p) )
q 0 q
Then
_ P +oo P
fzere=p(1=2) [ epzas (1-2)inig
B q 0 q
as claimed.

]

According to Lemma 3.11, to prove Theorem 3.10 we therefore need to estimate

Jo° e?||n||7 dt, which is the motivation for the next statement.

Lemma 3.12. Let Hy be a separable Hilbert space equipped with a family of equivalent

Hilbert norms ||-||,, where t > 0. Assume this family defines a positively-curved Hermitian

metric on the trivial bundle Hy x Q — Q, where Q := {17 € C |t :=Ret > 0} is the right
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half-plane. Let H be the subspace of elements h € Hy such that
2 +oo t
h]2 = /0 ¢!||A]l, dt < +oo.
Then for any h € Hy, € > 0, and t > ' there is an element h, € Hy such that
1h = hellg < 2¢]n| (3.5)

and

[hell; < e A (3.6)

Proof. Since the norms are equivalent, for every ¢ > 0 there is a bounded linear operator
T, on Hy such that (u,v) = (Tyu, v)o. By the spectral theorem (see for instance Theorem
VII.3 and its immediate corollary in [48]) there is a finite measure space (X, i), bounded

functions )\; : X — R, and a unitary transformation U : Hy — L?(X,du) such that

I0lly = [ 1Ay
X

and

Iall, = [ U e du

for all ¢ > 0. Fix ¢ > 0. We define

ht = U_l({X/\t>1}+€ Uh)?
where x(x,>1+} is the characteristic function of the set {\; > 1+ ¢} C X. Then

Ihellf = [ JUREe ™ dp < e [ URP d = O]l
A >1+4¢ X
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satisfying (3.6). To prove (3.5), for each fixed ¢ > 0 we compare||-||, with the flat metric

[l defined for 0 <'s <t by
B2 = [ 0B dp.
’ X

Notice that ||-

os =lIllo and |||l , =I[I[;, and moreover [|-[|, , is flat in the sense that any
h € Hy (thought as a vector in the fiber Hy X {to} of the trivial bundle Hy x Q2 — Q) can
be extended as h := U~ (e~%0X/2 h) so that HiLCHRe g is constant and hy, = h.

We now claim that, since |||, , induces a flat metric and coincides with [|-[|, for s = 0

and s = t, and since ||-||, induces a positively curved metric
s =[5, forall 0 <s <t (3.7)

This follows by the convexity of the dual norms: ||-|| is negatively curved and coincides

* Re o

with the flat norm ||| when ¢ = 0 and Reo = ¢, so the convex function s — [|-[|, |

*Reo,t

sits below the function s — [|-||, ,, for all 0 < s = Reo < ¢. Hence |||, > [-[|,, for all

*,8,1

0 < s <t, as wanted.
Going back to (3.5), since h — h; and h; are orthogonal for the scalar product defined
by [|-[|,, and by (3.7) we have

t 2 t 2 t 2
[ el =nd2 as < [ el ds < [ elnll ds.
0 ’ 0 ’ 0
By definition & — hy = U (xr,<143UR), s0
W= hlZ, = [ UREe M dp > 02,
’ M <l+e

and thus

1 _ efet

£

b 2 o [t e i 2
e [h = hell, ds = [[h — hsllg € ds = [h = hsll -
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Restricting to t > ¢! and putting everything together, we obtain
2 t 2 2
1l = holly < 26 [ [0]12ds < 2¢]|al
0

proving (3.5) and Lemma 3.12. O

With our choice of ||-||,, by Lemma 3.11 for p = 1 we have
2 too q 2 —¢ 2
0l* = [ inllat = —= [ |p2 e av —|n;,
0 qg—1JB

and in particular

I)* = qfl/Be—w dV — Vol(B) < 400

(recall that ¢y = 0). Since ¢ is plurisubharmonic, by Berndtsson’s theorem for trivial
fibrations (Theorem 2.1) the family of norms ||-||, defines a positively-curved Hermitian
metric on the trivial bundle A?(B,dV) x 2 — Q. Then we can apply Lemma 3.12 to
h = 1: for any € > 0 and ¢ > ¢! we get a holomorphic function h; on the unit ball B

such that

/\ht—l\deg% (q/ erV—Vol(B))
B q—1JB

and

/ |2 e~ AV < Vol(B) e~ (o)
B

Observe now that by the sub-mean-value property there is a constant d,, > 0, depending
only on the dimension of B, such that supp, [g| < 1 whenever g is holomorphic in B and
Jp 19> AV < 4,,. Therefore, choosing e small enough, we can assume that supp s, |h; — 1| <

%, and thus |h| > § on B/2. Hence

// o1t qV < 4/ |he|2 €799 AV = 4]|hy||> < 4 Vol(B) e+t
B/2 B
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By taking for instance p <1+ £, we have
ePt / e~ dV < 4Vol(B) e~ 1+t < 4Vol(B) e~ 2!,
B/2
so that
o0 % +o0 .
/ ept/ e rdt < / ept/ e 1t dt + 4V01(B)/ e 2'dt = C < +oo0.
0 B/2 0 B/2 1

Applying Lemma 3.11 with B replaced by B/2, h = 1, and p < min (q, 1+ %) we then
obtain

/ e P < <1 - p) (pC + Vol(B)) < +o0,
B/2 q

proving Theorem 3.10. [
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Chapter 4

A degeneration proof of a

Skoda-type L? division theorem

In this Chapter we present the degeneration-based proof of Theorem 2. For the reader’s con-

venience, we state the following slightly more concretely formulated version of Theorem 2.

Theorem 4.1 (L? division). Let X be a Stein manifold and let E,G — X be holo-
morphic line bundles with (singular) Hermitian metrics =% and e, respectively. Fiz
h=(hi,...,h,) € H(X,(E*® G)®) and 1 < o < "1, Assume that

- a(r—1) -

Then for any holomorphic section g € H*(X,G ® Kx) such that

lg|?e™?

2 .
||9||G = /X (|h|2 e=v+¥)alr—1)+1 < +o0

there is a holomorphic section f = (f1,..., fr) € HY(X, E®*" ® Kx) such that

G=hQf =m@fit+t - +h&Ff
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and

[fPe?
||f||E®r '_/ |h|2e vt )alr=1)

[ e = ol
- a—l (|h]? e=¥te)alr=1)+1 a— 1"

The main idea is to look at all possible linear combinations v; ® fi(x)+ -+ 4+ v, & f.(z).
Then one constructs a positively curved family of metrics that at one extreme “localizes”
the problem at the point of interest v = h(x) and at the other extreme retrieves the
usual L2-norm for f. Near h(x) the optimal solution to the division problem is “trivial”;
for instance, if h(z) = (hi(x),0,...,0), one takes f(x) = (g(z)hi(x)~*,0,...,0). The
positivity of the direct image bundle [4] then implies that one can control || f|| ze- by the

norm of the trivial solution near h(z). The proof follows the author’s work in [1].

4.1 Preliminary reductions

No base locus. We may assume that the sections hq,...,h, have no common zeros.
Indeed, let D be the zero-set of h,. Then X \ D is again Stein and h|x\p has no
zeros. Assuming that Theorem 4.1 holds if {h; = --- = h, = 0} = &, we obtain
f e HY(X\ D,(E® @ Kx)|x\p) such that

glx\p = h|x\p ®f

and

Lo T < gl < oo
x\p (|h|2e-vte)alr=1) = o —1

As h is bounded on any bounded chart U CcC X,

712 —p |f]7e <C o 2
Jop P <C [ o mvemyarm S Or gy lolle < +oo
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where C' > 0 depends on U, h and «(r —1). Hence, by Riemann’s Removable Singularities

Theorem, f extends to f € H(X, E®” @ Kx). As D has measure 0,

/ |f|2e—50 / |f|2e_“0 - o ” ||2 .
x (|h]? e—w+<p)a(r—1) x\D (|hl|? e—w+<p)a(r_1) =" 1 9lla )

and because h @ f and g coincide on the open set X \ D we have h ® f = g everywhere
on X, solving the division problem.
As in Remark 3.2, the same argument proves Theorem 4.1 when X is essentially Stein,

given that it has been proved for Stein manifolds.

X bounded pseudoconvex. As in the proof of the L? extension theorem, we can
reduce X to a relatively compact domain in some larger Stein manifold. We say that
sections extend up to the boundary of X if they extend to a neighborhood of X in the
ambient Stein manifold. We can also assume that w and F, G extend to the ambient
manifold and that the metrics e™® and e™¥ are smooth. If the result is proved under
these assumptions then the universality of the bounds yields the general case by standard
weak-+ compactness theorems, Lebesgue-type limit theorems and approximation results

for singular Hermitian metrics on Stein manifolds.

4.2 Dual formulation of the division problem

Fix a section g € H(X, G ® Kx) to be divided. We may assume, possibly after shrinking
X, that g is holomorphic up to the boundary of X. Let v : B @ Ky — G ® Kx
be defined by

v(er,....e)i=hi®e + -+ h. Qe,.
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Proposition 4.2. There exists f = (f1,..., fr) € H(X, E®*" ® Kx) such that

g:hl®f1++hr®fr:h®f

and

||f||?3@r < +00.

Proof. Since X is a relatively compact domain in a Stein manifold, any solution f in the
ambient manifold will restrict to a solution on X with finite L?>-norm. Hence, it suffices
to show that for a Stein manifold X there is a not-necessarily-L? solution of the division
problem.

As the hq, ..., h, have no common zeros, the map -y is a surjective morphism of vector

bundles and thus we have the short exact sequence of vector bundles
0 —kery — B @ Ky — G Kx — 0.
The induced sequence in cohomology then yields
0— H°(X ,kery) = H'(X,E¥ @ Kx) — H'(X,G® Kx) — H'(X,kerv) =0,

where equality is a consequence of Cartan’s Theorem B. Hence, the map induced by ~ in

cohomology is surjective, meaning that for any g € H°(X,G ® Kx) we can find

f = (flv"'?fr) € HO(XvE@r®KX)

such that

g=yof=mfi+t--+h ®f,

proving the statement. ]
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Since there is a solution f of the division problem with finite L?-norm, there is a
(unique) solution f with minimal L?-norm. To prove Theorem 4.1 it then suffices to

estimate H fH .
E®r

Lemma 4.3. Let f € H(X,E¥ @ Kx) be any solution to the division problem with

finite L*-norm. Then the solution f with minimal L2-norm has norm

S

ES" ccamO(Xkery) |[€]7

2 wp JEOP

wherel|-||, is the norm for the dual Hilbert space H*(X, E*"®@Kx)* and Ann H°(X, ker ) is
the annihilator of H°(X, ker+), i.e. the set of all linear functionals on H°(X, E®" @ Kx)

that vanish on H°(X, kerv). Moreover, one can restrict the supremum to functionals

& € HY(X,E%" @ Kx)* of the form

(h@ e
&) =00 fme = [ e paem

forn € CX(X,G® Kx) (smooth compactly supported sections of G @ Kx).
Proof. Note first that the supremum is independent of the choice of the arbitrary L2
solution f. Indeed, if £ € Ann H°(X,kerv) and yo f = v o f' = g, then by linearity
f— € HO(X kery), so that £(f) = £(f").

Next, we claim that f L H(X,ker). Indeed, if k € H°(X,ker~), then yo(f+ck) =g

for all £ € C. As f is the minimal norm solution,

2

Coer|[f+ek],, =[F].. +2Rel(f,k)rore] +O(lel)

Eor

has minimum at € = 0 (here (-, ) gor denotes the L? inner product on E®" ® Kx). Hence

(f, k)EGB'r - 0
Finally, notice that if k € H°(X, ker~y) then

En(k) = (yok,n)g =0,
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i.e. & € Ann H°(X, ker ). Conversely, if
0=4&(f)=0ofina
for all n € C°(X,G ® Kx), then yo f = 0. Hence

{5}7 |neCr(X,G® KX)} C Ann H°(X, ker )

is dense, so we may restrict to elements &, when computing the supremum. O
By Lemma 4.3
<12 o 2
’E@r = sup (v f,277)|
necE(xGerx) |lg,
0. PP _, o A -y
= sup =5 <|lgllg  sup 2
necEx.aerx) g, necE(XGekx) g,

where

P:LAX,G® Kx) — H'(X,G® Kx)NL*(X,G® Kx)
denotes the Bergman projection. Therefore, to prove Theorem 4.1 it suffices to prove that

(%

2 2
1Pl < r :

&

a—1

for all n € CX(X,G ® Kx).

4.3 The degenerating family of norms

Instead of working directly on the vector bundle E®" @ Kx — X, we lift everything

to the line bundle
L:=pry(F® Kx)®@prp _, Op,_ (1) — X x Pr_y,
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where Op,_, (1) is the hyperplane bundle of P,_; and pry, prp_, are the projections of

1
X xP._1 on X, P._; respectively. Explicitly, fix once for all coordinates vy, ..., v, for C"
(descending to the homogeneous coordinates [vy : - - : v,] for P,_;) and declare the lift of

a section s € HY(X, E®" ® Ky) to be the section § € H*(X x P,_y, L) defined by
3(x, [v]) == 0" - s(x) = visi(z) + -+ +vis(v) € H(X x Py, L), (4.2)

where v}, ..., vy are the dual coordinates of vy,...,v, of C".
Notice that the lift is a bijective map, since all sections of L are of the form (4.2).
We can then lift the functionals &, € HY(X, %" @ Kx)* of Lemma 4.3 to functionals

£, € HY(X x P,_y, L)* defined as &,(3) := &,(s) for all § € HO(X x P,_y, L).

Remark 4.4. One can interpret the lifted section § by thinking of the projective space P,_;
as parametrizing all possible choices of linear combinations (up to scaling). Hence, the
value of the section § at (x, [v]) can be thought of (tautologically) as the linear combination
parametrized by v of the entries of the vector s(x). What follows is essentially a procedure

to “single out” the linear combination given by [h(z)] (the equivalence class of h(x) in
P,_1).

Next, we define a family of metrics for L — X x P,._;, parametrized by
Tel:={z€C|Rez <0}.
Toward this end, let
Yo (@, v) = max (log (02| (@) — [0 - h()[2) e+ — Re 7, log [v]2|(x)[2 e+
and, for o € L)), set

_ r! o |U’2€_“D _ a(r—1)
L (r—1)Ret 2 Xr
bT(O', 0’)(L[v]) = rrfl (§] 7’U|2 (|U| (& ) .
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Note that whether the maximum defining y, is attained by the first or the second entry
is independent of the choice of the representative v of [v] € P,_;, and that the weight
|v|2e™X is a well-defined function on X x P,_;. Notice also that y, depends only on

t := Ret (as does b,), so in the following we will write y; (and b;) instead.

Remark 4.5. As we shall soon see, the choice of x; is motivated as follows. For ¢t = 0, the

maximum is realized by the second entry, so that

1
2 —xt\a(r—1) —
ol = ey

providing the weighting by the norm of h in||-|| ze-. On the other hand, as ¢ = —o0, the

function

o2 Xt = ! min | —&
T M

1

gets very small at all v € P,_; that are not “sufficiently aligned” with h(z). The precise
sense of this statement will be more evident in Section 4.4, but for the moment note that

11— ‘Jf" ng(i‘m constitutes a measurement of the angle between v and h(x).

The family of metrics b, induces the family of L?-norms

2 7! —(r— ’0"28_@ e a(r—1)
L U el (1 BT
r—1

where dVgg is the (fixed) Fubini-Study volume form of P,_;.

We interpret the family b, as a metric b for the pull-back of L on X x P,_; x L., and
we claim that sum of the curvature of h and the Ricci curvature is non-negative. To start,
e~#~2("=1X is non-negatively curved: e ¥~*("=D(=¥+¢) contributes semipositively by the

hypothesis on curvature of Theorem 4.1, and by Lagrange’s identity we have

log ([v’|a(2)]” = |v- h()[*) =log > [hi(w)v; — hy(w)oil?,

1<i<j<r
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which is (locally) plurisubharmonic, being the logarithm of a sum of norms squared of

(locally) holomorphic functions (likewise for the right-hand side of the maximum). This

r—1)—

leaves us to check that the negativity coming from the factor (Jv[?)*( !is compensated

for by the Ricci curvature coming from the Fubini-Study volume form: in fact, in local

coordinates we can write ﬁ 0|24 =1) dVpg as (1+|Z‘;;Zr(fza(r_l> (where dV/(z) is the standard
Euclidean volume form), which is positively curved for a < %

4.4 Extrema of the family of norms

We now investigate the behavior of the family of norms ||-||, at t = 0 and as ¢ - —oo0.

At the t = 0 extreme we have xo(x,v) = log (|v|2|h(x)|26*w+@), so that

1312 = ”/ v-sPe AV
0 71 Jxxp,_, |U|2 (|h|2e—1/1+50)04(7"—1)

(4.3)

— ‘S‘Qe_@ B )
- /X (|h|2 e—ve)alr=1) =Isllger

which recovers the norm-squared of s before the lifting. Consequently, for t = 0, lifting

functionals also preserves norms:

~

&n

1 <10
S€HO(X xPr_1,L) HSHO SEHO(X,EEBT@KX)HS”E@T

&

*

0,% -

To study the other extreme of the family, i.e. ¢ - —oo, fix x € X and let A;, be the
set of v € P,_; such that the maximum in y; is achieved by the second entry, i.e.

1 7"Uh($)‘2 <et}.

App = P,_ —
: {“6 T RR@)P

By choosing homogeneous coordinates so that vy is parallel to h(z) (which is not 0 since
we are assuming that the h;’s have no common zeros), and by choosing local coordinates

so that v; = 1, one sees that A;, is a ball of real dimension 2r — 2, centered at [h(z)]

et t/2
L~ elf2
t——o0

(the origin, in local coordinates) and of radius
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We can then split ||3]|7 into two summands:

A 2
= L, / I, )
81 = [ Teo(a) + [ M)

where
r! e (r=1t lv-s(z)]?e?
L, (x) = / WSELe " A gy
R O N T S
and
rl e_(r_l)t . 2 n—p qa(r—1)t
I, s(z) == [v-s(@)fFe?e A dV g .

ar—1 (’h’Z ef’t/)ﬂ@)a(rfl)

a(r—1)
v-h|?
Pro\Ara V]2 (1 — L|2|h|2>

For the first term we get

. B |h®s2e?
tl}l;rloo It,S (z) =T (’h|2 e*¢+¥’)a(7’*1)+1 ) (44)
since asymptotically
/ [v-s(@)[Pe® AdVps ~ ! o(r—1)t |h@s|*e?
At o "U|2 t——o0 (r — 1)' ’h’2

For the second

) )

0 ]
0, . (z) = ef(rfl)t/t e—at=DE=0 4, (3),

with

! 1 v - s]?e? (r—1)t
Va,s(t) = a1 <|h|2e—w+<p)a(r—1) /At,x BE ANdVps = e Lo ().
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The function v, , is increasing and positive, and is absolutely continuous by the Fundamen-

tal Theorem of Calculus for Lebesgue integrals [24, Theorem 3.35]. Moreover, by (4.4),

oy
e B lh®s|*e
i e as(t) = r(|h|2 e~vtp)alr=1)+1
Hence, by Lemma 3.5,
. . hesPe r-l
Jim T (z) = T(|h|2 e—vte)alr-D+l o(p — 1) — (r — 1)’ 4

All together

hsf?e”
lim |37 =

2
=2l N =TT Jx (R e vre)ele 1:Ta—1‘ ¢’ (4.6)

’h®s

retrieving (a multiple of) the norm-squared of the image h® s of s.

4.5 Monotonicity of the family of dual norms and
end of the proof

Now that we have a metric b for (the pull-back of) L on X x P,_; x L. with positive
enough curvature, Berndtsson’s Theorem 2.1 gives the core step of the argument. Fix

n € OX(X,G ® Ky).

Lemma 4.6. The function

(—00,0] — R

A2
b loglg],
s non-decreasing. In particular,

2 2

A

>11&,

an forallt <O0.

0,% t,%
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Proof. Step 1. We first prove that supTelLHén‘

2
T7

A2

< 400. Once more, ’ f,,H only depends
A2 '

on ReT =:t, so it suffices to prove that H{nHt is uniformly bounded for all ¢ sufficiently

negative. Let

O [nl*e™*
( /X (|h]? e*d”r@)a(rfl)ﬂ < +0o0,
then
. 2 )
2 12 (h®8)ﬁe_¢ ‘h®5’2e_w
£ = sup / — -~ < C, sup - - ‘
sz |Jx (b2 embre)atbi "jpz=r Jx (A7 emvre)etH
By (4.4), if ¢ is sufficiently negative,
h®s2e ¥ 2

(|h|? e—¢+s0)o<(r—1)+1 = It,s(@

in the sense of top forms, so that

2 2C 2C
< —L sup [ L (z) < —L < +oo,
BT =YX r

as wanted.

Step 2. Consider now the trivial fibration (X x P,_;) x L. 25 L. We have already
checked at the end of Section 4.3 that the curvature of b, seen as a metric for pry,p L —
(X xP,._1)xL, plus the Ricci curvature coming from the Fubini-Study volume form is non-
negative on the total space X x P,_; x L. Then Corollary 2.2 implies that 7 +— logHénHi*
is subharmonic in L. Since HE,IHT* only depends on ¢t = Re T, it follows that ¢ — longnHi*

is convex on (—oo,0). If this map decreases anywhere on (—o0,0), then by convexity we

A2 A2
would have lim;_,_ logHSnHt = +o00, contradicting the uniform boundedness of an ,

obtained in Step 1. Hence the statement follows. O
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Let now s € H(X, (E ® Kx)®) be any solution of h®s = Pn (such s exists with
bounded L?-norm by the same argument of Proposition 4.2). Then by (4.6) and Lemma

4.6 we have

A

&

~

&

2 2

> lim

2
* 0,x = t—=—o0

e,

t,%

. 1 / (h@s)Ppe?

1m

t——00 ||§||f x (|h]2 e-¥te)alr=1)+1
4

Pl _ a—1

— | - Pnll?
t—}r—noo H§”2 ar H 77HG

for all n € C°(X,G® Kx). Hence, by (4.1), we conclude that the minimal-norm solution
f to the division problem h& f = ¢ has norm

2
2ol _ o

< 2
— Oé_lugHGa

~12
|7]... <llgll ~ sup
neC(X,GRKx) Hgn

*

proving Theorem 4.1.
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