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Abstract of the Dissertation
Stability for the Positive Mass Theorem and the Penrose inequality
by
Conghan Dong

Doctor of Philosophy

in
Mathematics
Stony Brook University

2024

Let (M3, g) be a complete, smooth, asymptotically flat 3-manifold which has nonnegative
scalar curvature, ADM mass m(g), and an outermost minimal boundary with area A. The
Riemannian Penrose inequality states that m(g) > \/% , and the equality holds if and only
if (M3,g) is isometric to the Schwarzschild 3-manifold of mass m(g). In particular, this
implies the Positive Mass Theorem, which states that m(g) > 0, and m(g) = 0 if and only if
(M3, g) is isometric to the Euclidean 3-space (R?, ggyer). In this thesis, we study the stability
problems of these two geometric inequalities. We show that when m(g) is almost zero, (M3, g)
is close to the Euclidean 3-space in the pointed measured Gromov-Hausdorff topology modulo
negligible spikes; when m(g) is almost equal to \/% , (M3, g) is close to the Schwarzschild
3-manifold in the pointed measured Gromov-Hausdorff topology modulo negligible spikes

and boundary area perturbations.
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Chapter 1

Introduction

A smooth orientable connected complete Riemannian 3-manifold (M3, g) is called asymptoti-
cally flat if there exists a compact subset K C M such that M \ K = UY | M* | consists of
finite pairwise disjoint ends, and for each 1 < k < N, there exist constants C' > 0, o > =, and

a C*-diffeomorphism ®,;, : M*

end

— R3\ B(1) such that under this identification,
10" (955 — 0i3) ()] < Claf 1,

for all multi-indices || = 0,1,2 and any x € R*\ B(1), where B(1) is a unit ball in R?.
Furthermore, we always assume the scalar curvature R, is integrable over (M3, g).

In General Relativity, following Arnowitt-Deser-Misner [ADMG61], the ADM mass of each
end MP*

end?

1 <k < N, is then defined by

where v is the unit outer normal to the coordinate sphere S, of radius |x| = r in the given
end, and dA is its area element. It has been shown in [Bar86] that my(g) is a geometric
invariant of the given end and is independent on the choice of coordinates. We can also define
the mass of (M3, g) as the maximum mass of its ends.

The Riemannian case of the Positive Mass Theorem, firstly proved by Schoen-Yau [SY79],
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states that an asymptotically flat 3-manifold of non-negative scalar curvature has
m(g) = 0.

Furthermore, the mass is zero if and only if the manifold is isometric to the Euclidean 3-space
R3. This theorem has since been proven by numerous new methods: these include [Wit81]
using harmonic spinors; [HIO1| using the inverse mean curvature flow; [Lil8| using Ricci
flow with surgery; [Bra+22] using harmonic functions; [AMO21] using Green’s function; and
others. There are also generalizations in higher dimensions including [Wit81; [SY17; |[LUY21],
and spacetime variations including [SY81; |Wit81; Bar86; Eicl3; Eic+15] etc.

Motivated by physics, one is also interested in the case when an asymptotically flat
manifold has minimal boundary. Given an asymptotically flat 3-manifold (M3, g) with one
end and possibly non-empty boundary 0M, we say that M is outermost minimal if it
is compact and consists of minimal surfaces, and M contains no other compact minimal
surfaces. In 1973, Penrose [Pen73| conjectured that for an asymptotically flat 3-manifold

with outermost minimal boundary and nonnegative scalar curvature,

Area(OM)
16

m(g) >
Furthermore, the equality holds if and only if (M, g) is isometric to the Schwarzschild
3-manifold.

The Schwarzschild 3-manifold M2, of positive mass m > 0 is the manifold R* \ B(%),
where B(%) is the Euclidean ball with radius % around 0, equipped with the metric g, =
<1 + %)4 0. Notice that M. is an asymptotically flat manifold with mass m, and 0M,. is
an outermost minimal boundary with Area(0M,.) = 16mm?.

Huisken-Ilmanen [HIO1] firstly proved Penrose’s inequality by using the inverse mean
curvature flow when the boundary is assumed to be connected, and later Bray [Bra0l| proved
the general case by using a different flow of conformal metrics together with the result of the

positive mass theorem. There are also many additional extensions including [BL09; KWY17;

Ago+22] and others.



Recently there has been growing interest in establishing stability results for geometric
inequalities. The stability problem related to the Positive Mass Theorem and the Penrose
inequality to then ask is whether the almost equality in these theorems would imply that the
manifold is close to the model case when the equality holds in some topology. Physically,
this problem helps us understand the interplay between the mass and the space geometry
more deeply. Mathematically, this problem falls within the larger effort to understand the

geometry for metrics with lower scalar curvature bounds [Grol9)].

When studying such stability problems, a main difficulty we need to deal with is deter-
mining the appropriate topology. To measure how close two Riemannian manifolds are, the
preferred topology is the C** topology for some k € N and « € (0, 1). Recall that a sequence
of pointed complete Riemannian manifolds is said to converge in the pointed C* topology,
(M;, gi,pi) — (M, g,p), if for envery D > 0 we can find a domain Q C M with B(p, D) C Q
and embeddings ®; : Q — M; for all large enough 7 such that ®;(p) = p;, B(p;, D) C ®;(Q),
and ®g; — g on Q in the C*“ topology. Usually, one can hope to establish control in
the C*“ topology when strong geometric conditions are imposed. Some notable results
include: Cheeger [Che67] proved that the class of Riemannian manifolds with uniformly
bounded sectional curvature and uniformly positive volume lower bound is precompact in the
pointed C1* topology; Anderson [And90| proved that the class of Riemannian manifolds with
uniformly bounded Ricci curvature and uniformly positive injectivity radius is precompact in
the pointed C* topology; Anderson-Cheeger [AC92| proved that the class of Riemannian
manifolds with uniformly Ricci curvature lower bound and uniformly positive injectivity

radius is precompact in the pointed C'* topology.

In general, one cannot expect to achieve C*® precompactness. We need to extend the
class of Riemannian manifolds to a class of ‘weak’ Riemannian manifolds and study ‘weak’
convergence in a broader set of spaces. To preserve the Riemannian metric structure, a
natural generalization is metric spaces. Recall that a metric space (X, d) consists of a set X

and a metric function d on X x X satisfying that for any z,y,2 € X, d(z,y) = d(y,z) > 0,
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d(z,y) = 0iff z = y, and the triangle inequality d(z, z) < d(z,y)+d(y, z). For any Riemannian
manifold (M, g), the canonical metric structure is given by d(x,y) := inf{Length,(v) =
f7 17|y : v is a piecewise smooth curve between = and y}. So we can consider the class of
Riemannian manifolds as a subset of the class of metric spaces, and study the topology for
the class of metric spaces.

At the beginning of the 20th century, Hausdorff introduced the so-called Hausdorff distance
between subsets of a metric space. Given a metric space (X, d), for any two subsets A, B,

the Hausdorff distance is defined by
dy(A,B) :=inf{e: A C B.(B),B C B-(A)},

where B.(A) :== {z € X : d(x,y) < € for some y € A} is the £ neighborhood of A. Around
1980, Gromov extended Hausdorff’s definition to introduce a so-called Gromov-Hausdorff
(GH) distance in the class of metric spaces, not limited to subsets of a fixed metric space.
Given two abstract pointed metric spaces (X, dx,x) and (Y, dy,y), we say d is an admissible
metric on the disjoint union X UY if d|x = dx and d|y = dy. Then the pointed GH distance

is defined as
den (X, dx, ), (Y,dy,y)) := inf{dg(X,Y) + d(z,y) : admissible metric d on X UY'}.

Notice that for compact metric spaces, dgy(X,Y) =0 iff X and Y are isometric. And the
collection of all isometric classes of compact metric spaces is complete. A very important
property for GH distance is the Gromov’s precompactness theorem. Let M(D) be the
collection of isometric classes of metric spaces whose diameters are bounded by D < oco. For
any X € M(D), we can define the capacity and covering functions as Capy(¢) = maximum

number of disjoint e-balls in X, Covy(¢) = minimum number of e-balls it takes to cover X.

Theorem 1.0.1 (Gromov’s precompactness theorem). For a class C C (M(D),dgn), C is
precompact iff there is a function Nyi(e) : (0,a) — (0,00) such that Capy () < Ny(e) for
all X € C iff there is a function Na(e) : (0,a) — (0,00) such that Covx(e) < Nay(e) for all
X eC.



The Gromov-Hausdorff distance proves highly useful when sectional curvature or Ricci
curvature has a uniform lower bound. This is due to a significant corollary of Gromov’s
precompactness theorem and the Bishop-Gromov comparison theorem, which states that the
collection of pointed complete Riemannian n-manifolds with a uniform Ricci lower bound is
precompact in the pointed GH topology. Based on this fundamental fact, the geometry of
metrics with sectional curvature or Ricci curvature bounded from below has been extensively
studied in the past several years. The study of metrics with sectional curvature bounded
from below is now well-known as Alexandrov geometry. Refer to [BGP92; |[Per91] and others
for the explosion of work on the intrinsic theory of Alexandrov spaces using the GH topology.
The examination of metrics with Ricci curvature bounded from below, along with the analysis
of the limit space in GH convergence, was initially comprehensively explored in the series of
works by Cheeger and Colding |Col96b; Col96aj; (Col97; |(CCI6; CCIT; |CCO0a; CCOO0b]. Since
then, the study of a synthetic approach to Ricci curvature has been very active, including
the so-called RCD space. In the case of Ricci lower bound and non-collapsing, many analytic
tools have also been developed for GH convergence; refer to [Gigl8| and others for reference.

In cases where the scalar curvature has a uniform lower bound, as in the stability problems
we mentioned previously, one also hopes to achieve GH convergence and develop similar
analytic tools. Unfortunately, there are many examples showing that GH topology is not
suitable in these cases. As shown in [HIO1} LS14], one can construct metrics with a uniform
lower bound on the scalar curvature; however, these metrics are not precompact in the GH
topology. Even if the GH limit exists, the resulting metrics may appear quite peculiar when
compared to our intuitive expectations. As mentioned in [HIO1], the main issue here could
be that adding arbitrarily many long, thin cylindrical spikes does not violate positive scalar
curvature. Moreover, neither the number nor the volume of these spikes can be bounded.
Motivated by these examples, Huisken-Ilmanen formulated the following conjecture regarding

the stability of the Positive Mass Theorem:

Conjecture 1.0.2 (|HIO1)). Suppose M; is a sequence of asymptotically flat 3-manifolds with

5



ADM mass tending to zero. Then there is a set Z; C M; such that |0Z;] — 0 and M; \ Z;

converges to R3 in the Gromov-Hausdorff topology.

Later, researchers have explored various newer topologies for metrics with a scalar curvature
lower bound explored by researchers, notably the intrinsic flat topology in [SW11] (refer to
[Sor16; |Sor23] for a survey on those questions) and the d, convergence developed in [LNN20].

We will now introduce another new topology, a modification of the GH topology, as
proposed in Huisken-Ilmanen’s conjecture. For simplicity, we only consider manifolds, but

one can easily generalize it to general metric measured spaces.

Definition 1.0.1. For a sequence of pointed Riemannian n-manifolds (M;, g;, p;) and (M, g, p),
we say that (M;, g;, p;) converges to (M, g,p) in the pointed measured Gromov-Hausdorff
topology modulo negligible spikes, if there exist open subsets Z; C M; such that H""1(0Z;) —
0,p; € M; \ Z; and

(Ml \ Zi7 Cig«npi) - (Ma dgap)
in the pointed measured Gromov-Hausdorff topology for the induced length metric.

Recall that for any subset A C (M", g), and any z,y € A, the induced length metric on
A of the metric g is defined as dy 4(z,y) = inf, {Length ()}, where the infimum is taken
among all rectifiable curves v C A connecting x and y.

Given this definition, we can state our first main theorem jointly with Antoine Song,

which proves Huisken-Ilmanen’s conjecture:

Theorem 1.0.3 ([DS23]). The Euclidean 3-space is stable for the Positive Mass Theorem in
the pointed GH topology modulo negligible spikes.
More precisely, let (M?, g;) be a sequence of asymptotically flat 3-manifolds with nonnega-

tive scalar curvature and suppose that the ADM mass m(g;) is positive and converges to 0.

Then for all @, for each end in M;, there is a domain Z; in M; with smooth boundary such
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that the area of the boundary 0Z; converges to 0, M; \ Z; contains the given end, and
(Mz \ Zi7 ngmPi) — (Rga dEucla O)

in the pointed measured Gromov-Hausdorff topology, where p; € M; \ Z; is any choice of base
point and dgi is the length metric on M; \ Z; induced by g;.

Moreover, the area of 0Z; is almost bounded quadratically by the mass in the following
sense. For any positive continuous function & : (0,00) — (0, 00) with

lim £(z) =0,

r—0t

for all large i, we have

, m(gi)*
Areal0Z) < ¢n(g)

Similarly, we can also reformulate the stability problem for the Penrose inequality. Before
giving the appropriate conjecture, let’s review an example constructed by Mantoulidis-Schoen.
In [MS15|, for some non-standard metric on 2-sphere (S?, g), they constructed a sequence of

asymptotically flat 3-manifolds (M?, g;) with nonnegative scalar curvature such that OM?

is isometric to (5%, ¢) and minimal, and ADM mass m(g;) — 1/ Ar%frs%. Also, outside a
neighborhood of M;, which could be an arbitrarily long neck, g; is isometric to a Schwarzschild
metric with mass m(g;). That is, we need to cut out the long necks in these examples such
that the remaining part has almost the same boundary area and is stable for the Penrose

inequality. Our second main theorem states that up to such boundary area perturbations,

the Schwarzschild 3-manifold is stable.

Theorem 1.0.4 ([Don24|). The Schwarzschild 3-manifold is stable for the Penrose inequality
in the pointed GH topology modulo negligible spikes and boundary area perturbations.
More precisely, let Ay > 0 be a fized constant and (M?, g;) be a sequence of asymptotically

flat 3-manifolds, each of which has nonnegative scalar curvature and a compact connected

outermost minimal boundary with area Ag. Suppose that the ADM mass m(g;) converges to
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II?S_SH then for all i, there is a smooth submanifold N; C M; such that Areay, (ON;) — Ao, a

spike domain Z; C N; with smooth boundary such that Area,, (0Z;) — 0, and for N; = N\ Z;,
(Ni7 ngi,Nivpi> — (Mgm Gsc; I,))
in the pointed measured Gromov-Hausdorff topology, and

(a*thgi,a*N«;) — (aM?’ CZgSC’BMSC)

sc?

in the measured Gromov-Hausdorff topology,where (M3, g, x,) is the standard Schwarzschild

S

3-manifold with boundary area Area(OMZ) = Ao, mass m(gs.) = /22 and z, € IMS,

O*N; = ON; \ Z;, and dgi7. are the length metrics on the corresponding spaces induced by g;

respectively, and p; is any base point on O*Nj.

Now, let’s provide a brief overview of the proof ideas for these two main theorems. Recently,
Kazaras-Khuri-Lee [KKL21] were able to solve the stability problem for the Positive Mass
Theorem under Ricci curvature lower bounds and a uniform asymptotic flatness assumption.
The author [Don22| also made progress on the original version of the stability problem, without
additional curvature assumptions but still under a uniform asymptotic flatness assumption.
Similarly to [KKL21; |Don22|, our proof builds on the recent new proof of the Positive Mass
Theorem by Bray-Kazaras-Khuri-Stern [Bra+22]. There, the authors employ level sets of
harmonic maps. This method was initially explored by [Ste22], and there have been many
other applications and generalizations in recent studies, including [Bra+23; AMO21; Ago+22)
and others.

The result of [Bra+22] gives a quantitative mass inequality, which bounds the mass m(g)
of an asymptotically flat manifold (M, ¢g) with nonnegative scalar curvature as follows: let
M.+ be an exterior region of (M, g), i.e. M., is an asymptotically flat manifold with an

outermost minimal boundary, then

1 |V2u?
> — dvol 1.0.1
o) > 1o [ (i + mival) vl (10.)
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where u : M.,; — R is any harmonic function “asymptotic to one of the asymptotically flat
coordinate functions on M,,;", see [Bra+22].

Let u := (u',u? ud) : My — R3 where v/ (j = 1,2,3) is the harmonic function
asymptotic to the asymptotically flat coordinate function 27 on M., (we fix a coordinate
chart at infinity). Assuming that the mass m(g) is positive and close to 0, we consider as in
[Don22| the subset Q of M,,; where the differential of u is ey-close to the identity map, for

some small positive e5. More concretely define F': (M., g) — R by

Fz):= Y (9(Va!, Vu¥) - )

jk=1

Then set 2 := F~1[0, ¢o]. On such a set, u is close to being a Riemannian isometry onto its
image in R3.

In the first step, we show that one level set S of F' has small area, bounded by m(g)?
times a constant depending on ¢y. Inequality bounds the L? norm of the gradient
of F'. The crucial point is then to observe that the classical capacity-volume inequality of
Poincaré-Faber-Szego generalizes to our setting, and enables us to find a region between two
level sets of F' with small volume. Then one can apply the coarea formula to find the small
area level set S.

Consider the connected component A of M., \ S containing the end. An issue is that even
though the area of A is small, the component A is in general not close to Euclidean 3-space
for the induced length structure on A. The second step of the proof consists of modifying
the subset A to another subset A’ containing the end, so that 0A’ still has small area but
moreover A’ is close to Euclidean 3-space in the pointed Gromov-Hausdorff topology with
respect to its own length metric. This is shown by dividing the full space into small cube-like
regions and by a repeated use of the coarea formula.

Regarding the stability for the Penrose inequality, we will first prove a similar stability
result for the mass-capacity inequality, then up to a boundary area perturbation, Theorem

will be a corollary by an argument in [Bra0Ol, Section 7].
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Recall that for an asymptotically flat 3-manifold (M?3, g) with an outermost minimal

boundary Y and an end ooy, the capacity of X in (M3, g) is defined by

1 1
C(X,g):= inf{%/ [Vp|*dvol, : p € C®(M), o = 5 on Y, lim p(z) =1}
M

T—001

Then, as a corollary of the Positive Mass theorem, it was shown by [Bra0l, Theorem 9] that
m(g) > 2C(%, g), and equality holds if and only if (M3, g) is the Schwarzschild manifold. For

more details, please refer to Section 4.1

Theorem 1.0.5 (|[Don24]). Let mg > 0 be a fized constant and (M?,g;) be a sequence
of asymptotically flat 3-manifolds, each of which has nonnegative scalar curvature and a

compact connected outermost minimal boundary. Suppose that m(g;) —2C(OM;, g;) — 0 and

m(g;) — myg, then the same conclusion of Theorem holds.

Assume the conditions stated in Theorem , i.e., (M3, g) is an asymptotically flat
3-manifold with nonnegative scalar curvature and a connected outermost minimal boundary
¥} such that m(g) — 2C(%, g) < 1. By employing a doubling technique and allowing for a
perturbation as in [Bra01], we can assume that M = M Us, M is a smooth asymptotically flat
3-manifold with nonnegative scalar curvature and two ends ooy, 005. Then the infimum in

the definition of capacity is achieved by the Green’s function f defined on M, which satisfies

Agf = Oa
lim f(z) =1,
L, ) =0

From symmetry of M, f equals % on . We now consider the conformal metric h = f%g on
M. Then 0o, can be compactified such that M* := M U {co,} is a smooth manifold and
(M*,h) is an asymptotically flat 3-manifold with nonnegative scalar curvature. Also it can
be shown that the ADM mass m(h) = m(g) — 2C(%, g) as in [Bra0l].

Based on our assumptions, m(h) < 1, the case discussed in [DS23]. So modulo negligible

spikes, (M*, h) is close to the Euclidean 3-space R? in the pointed measured Gromov-Hausdorff
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topology. For the original metric ¢ = f~*h, we will show that f is uniformly close to the

conformal factor in the Schwarzschild metric in the following two steps.

We first prove a new integral inequality involving scalar curvature and the hessian of f

(c.f. Proposition [4.2.1)):

8r(m(g)” — (2C(%,9))%)

m(g)? B
2 1— —1r-1 2f _ 1 2 -3 2
[ (TGN NI =8OR | g o) g,
M IV
where v = % and the integration is taken over regular set of f. This formula is very similar

to the mass inequality proved by [Bra+22, Theorem 1.2]. One can follow the proof of [Bra+22,
Theorem 1.2] and employ the technique of integration over level sets of f to control the
integral in above inequality. But by this argument, we can only get an integral inequality with
a coarse upper bound. To obtain the final effective estimate, we study a weighted volume,
and use the nonnegative scalar curvature conditions together with ODE comparison to prove
a weighted volume comparison (c.f. Lemma , which finally implies the desired estimate.
As a corollary, we also get a mass-area-capacity inequality (c.f. Proposition .

Then by using the integral inequality of f, together with the techniques used in [DS23|, we
are able to find a region £ C M* with a small area boundary. In this region &, the behavior of
|V f] closely resembles the conformal factor in the Schwarzschild metric, and particularly |V f]
is uniformly bounded. By Arzela-Ascoli theorem, along the convergence of (£, h), we can take
a limit of such f and get a limit function f. defined on R3. However, it is not immediately
clear whether f., is precisely the conformal factor in the Schwarzschild metric. To address this,
we note that a favorable property of the pointed measured Gromov-Hausdorff convergence
modulo negligible spikes, is that f also converges to f., in the W1?%-sense (c.f. Lemma .
Therefore, the elliptic equations satisfied by f are preserved in this convergence, and f,, also
satisfies an elliptic equation on R3. The fact that the area of the boundary 9 converges to
0 has been used essentially here. The elliptic equation satisfied by f., together with some

growth conditions would imply the rigidity of f. (c.f. Section [4.4)).
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Finally, using metric geometry tools and similar arguments in [DS23| Section 4|, we can
utilize these properties of f and h to prove Theorem

From these main theorems together with their proofs, it seems that the GH topology
modulo negligible spikes could be an appropriate tology when studying metrics with a uniform

scalar curvature lower bound. So a natural follow-up question is:

Question 1.0.6. Do we have precompactness for pointed complete Riemannian manifolds
with a uniform scalar curvature lower bound in the pointed GH topology modulo negligible

spikes?
Also, we can ask that

Question 1.0.7. If we have a sequence of metrics with a uniform scalar curvature lower
bound converging in the pointed GH topology modulo negligible spikes, can we develop analysis

on the limit space? Can we define some weak scalar curvature on the limit space?
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Chapter 2

Preliminaries

2.0.1 Notations

We will use C, C” to denote a universal positive constant (which may be different from line to
line); W(t), U(t|a,b,---) denote small constants depending on a,b, - -- and satisfying

lim W(t) =0, 11_{% U(tla,b---) =0,

t—0

for each fixed a,b,---.

We denote the Euclidean metric by ggu or 6, and the induced geometric quantities with
subindex Eucl or 4.

For a general Riemannian manifold (M, g) and any 7w € M, the geodesic ball with center
p and radius r is denoted by B,(p,r) or B(p,r) if the underlying metric is clear. Given a
Riemannian metric, for a surface ¥ and a domain Q, Area(X) is the area of X, Vol(§2) is the
volume of 2 with respect to the metric.

Finally we introduce some notations about length metric that will be used later. Given a
subset U in a Riemannian manifold (M, g), let (U, d, ) be the induced length metric on U

of the metric g, that is, for any z1,2, € U,

A~

dgu(x1,z2) = inf{L,(y) : v is a rectifiable curve connecting x1, xo and v C U},

13



where Ly(y) = fol |7'|4 is the length of v with respect to metric g. For any D > 0 and p € U,

we use By (p, D) to denote the geodesic ball inside (U, d, /), that is

~ ~

Byu(p, D) :={z €U :dyu(p,z) < D}.

2.0.2 Basics of Riemannian geometry

We review some basics of Riemannian geometry. Most of the content in this subsection is
derived from [Pet06].

A Riemannian n-manifold (M™, g) consists of a C*°-manifold M (Hausdorff and second
countable) and a Euclidean inner product g, or g|, on each of the tangent spaces T,,M = R"™
of M. In addition we assume that p — g, varies smoothly. The tensor g is referred to as the
Riemannian metric or simply the metric. Usually, we also use (-, ) , to denote the metric.

In local coordinate charts {x'}? , with 9; = %, we can write
9= gijdxi : d9€j,
where g;; = g(0;,0;). The canonical flat metric on R" in the identity chart is
JEucl = 5ijd:cidxj = Zn: dx'dxt.
i=1
There is a canonical Riemannian volume n-form dvoly, which is defined locally by
dvol, = /det(gij)dz' Adx®--- A da".

Given two vector fields X = X'0,,Y = Y79;, the Levi-Civita connection V is defined

locally as

. 0 o
Vi X =YI(0,X) 5+ YVIXTY 5

where

Tk — 1gkl (agil I dg;i _ agij) '

W9 oxri Ozt  Ox!
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Then the curvature tensor is defined as
R(X, Y)Z =VxVyZ —-VyVxZ — V[X’y]Z, VX,Y,Z € TM.

In local coordinate charts, we can write R(0;, 0;)0, = J, so

zgk

l
Rz]k

Oy — O;1 + T3, — D5 I

At any p € M, for any v, w € T,M, the sectional curvature of (v, w) is defined as

g(R(w,v)v,w)
g(”? v)g(w, w) - g(”? w)2 .

secg (v, W) =
The Ricci curvature is defined as

Ricy (v, w) = Zgg (v,0;)0;,w).
1,7=1
We say that Ric > X if Ric(v,v) > Ag(v,v) for all v € T,,M.
The scalar curvature is defined as

Ry =Y g"Ricy(0;,0).

1,7=1

For a smooth function f : M — R, we can define its gradient Vf by (Vf, X) =

X(f),VX € TM ; its hessian V?f = Hessf by
v2f(X7 Y) = VY(vf)(X) = VYVXf - VVYva VX7Y S TMa
and its Laplacian by

Af=tr,V2f =" g"V*f(0;,0;).

ij=1

Locally, we have

y af
- | g"+/detg— |,
x (g g@xf)
where g% is the inverse matrix of g;;.
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If n > 3, for the conformal metric § = e*?g, we have the relation between the scalar

curvature

_ 4n—1) _(m-20e (n—2)¢
R =e Zw(Rg_ﬁe AVI G )>,

and the Laplacian on functions:

A f =% (Agf +(n—2) (Vo Vf>g> .

2.0.3 Geometry of Schwarzschild metric

For a positve number m > 0, the Schwarzschild 3-manifold (M3, g..) (with mass m) is given

by the following warped product metric on S? x [0, 0o):
Gse = ds® + um(s)%gs2, s € [0,00), (2.0.1)

where gs2 is the spherical metric with Area(S?, gs2) = 47, and wu,, is a positive increasing

function satisfying

Um(0) =2m, u (0) =0, u, (s) = (1 — %) ’ ,un(s) = L2 (2.0.2)

Then the scalar curvature of g, is identically zero, and the boundary Y. := dM2, is the only
minimal surface inside M32..
Under Cartesian coordinate, M2, is diffeomorphic to R* \ B(%), where B(%) is the

Euclidean ball with radius %+ around the center, and we have

o] 3

4
m
()= (14 == &, > . 2.0.
gscﬂj(x) < +2|I|) 51]7 V’l"_ ( 03)

This metric can also be extended to give a Schwarzschild metric g defined on R? \ {0}.

Define p,,(x) := dist(x, Xg.). Then
’ 2]

|zl m\ 2 m 2|z
() = 1 —) dt = |z — 2 4 mlog 21
pula) = [ (14 5) e = el = - miog =

which implies that

me(x)

pm(x) —mlog <z| < pm(2). (2.0.4)
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Using these two representations (2.0.1) and (2.0.3) of gs. to compute the area of geodesic

spheres, we have
4
nlpn(a)? a7 = (14 57 )l
ie.
m O\ 2
U (pm (2)) = (1 + —) - |- (2.0.5)

In particular, together with (2.0.4)),

lim Um(7)

r—00 r

=1. (2.0.6)

Now we introduce another harmonic function f,, and rewrite above identities using f,,

instead of |z|. Define

Standard computations imply that

1
Ngofm =0, fn==onX, lim f.(z)=1

2 |z| =00
Then
ol =+ 2
and
oule) = oulbole) = 5 (5o = ) F oy (200
Moreover,
wlonle) = Ty (20



2.0.4 Asymptotically flat 3-manifolds

A smooth orientable connected complete Riemannian 3-manifold (M3, g) is called asymptot-
ically flat if there exists a compact subset K C M such that M \ K = UN_ ME , consists
of finite pairwise disjoint ends, and for each 1 < k < N, there exist C' > 0,0 > —, and a

C>-diffeomorphism ®;, : M*

end

— R?\ B(1) such that under this identification,
10" (g5 = 0ij) ()] < Cla| 1,

for all multi-indices |I| = 0,1,2 and any x € R\ B(1). Furthermore, we always assume the
scalar curvature R, is integrable over (M3, g). The ADM mass from general relativity of each

end MF

end?

1 <k < N, is then well-defined (see [ADM61; Bar86|) and given by

mk(g rlg{ololﬁ_ﬂ'/ Z gzgz gzz,j v dA

where v is the unit outer normal to the coordinate sphere S, of radius || = r in the given

end, and dA is its area element.

Definition 2.0.1. A surface ¥ C (M?,g) is called a horizon if it is a minimal surface. It
is called an outermost horizon if it is a horizon and it is not enclosed by another minimal

surface in (M3, g).

Let (M3, g) be an asymptotically flat 3-manifold. By Lemma 4.1 in [HIO1], we know
that inside M3, there is a trapped compact region T° whose topological boundary consists
of smooth embedded minimal 2-spheres. An “exterior region” M3, is defined as the metric
completion of any connected component of M \ T containing one end. Then M3, is connected,
asymptotically flat, has a compact minimal boundary dM?2, (OM2, may be empty), and
contains no other compact minimal surfaces, that is, M2, is an asymptotically flat 3-manifold
with outermost horizon boundary.

We will be able to perturb an asymptotically flat metric to a metric with nicer behavior

at infinity in each end because of the following definition and proposition.
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Definition 2.0.2. We say that (M?,g) is harmonically flat at infinity if (M?\ K, g) is
isometric to a finite disjoint union of regions with zero scalar curvature which are conformal
to (R?\ B,¢) for some compact set K in M? and some ball B in R? centered around the

origin.

By definition, if (M?, g) is harmonically flat, then on each end, g;;(z) = V(z)d;; for some
bounded positive d-harmonic function V' (x), which satisfies that AsV'(z) = 0 and (c.f. [Bra0Ol,

Equation (10)])

b

Vig)=a+ 5 +0 (#) . (2.0.9)

In this case, its ADM mass on this end is given by 2ab.

Proposition 2.0.1 ([SY81]). Let (M3, g) be a complete, asymptotically flat 3-manifold with
R, >0 and ADM mass mg(g) in the k-th end. For any € > 0, there exists a metric g such
that e=¢g < § < e‘g, Ry >0, (M3, §) is harmonically flat at infinity, and |mg(g) —my(g)| < e,
where my(g) is the ADM mass of § in the k-th end.

2.0.5 pm-GH convergence modulo negligible spikes

In this subsection, we recall some definitions for the pointed measured Gromov-Hausdorff
topology.

Assume (X, dy,z),(Y,dy,y) are two pointed metric spaces. The pointed Gromov-
Hausdorff (or pGH-) distance is defined in the following way. A pointed map f : (X, dx,z) —
(Y, dy,y) is called an e-pointed Gromov-Hausdorff approximation (or e-pGH approximation)

if it satisfies the following conditions:
(1) fz) =y;
(2) Bly,7) € B(f(B(x,2)));
(3) |dx (21, 22) — dy (f(@1), f(x2))| < e for all z1, 25 € B(, ).
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The pGH-distance is defined by
dpGH<<X7 dXJ .Cl;),(Y, dY; y)) =
inf{e > 0 : 3 e-pGH approximation f : (X, dx,z) = (Y,dy,y)}.

We say that a sequence of pointed metric spaces (X;, d;, p;) converges to a pointed metric

space (X, d,p) in the pointed Gromov-Hausdorff topology, if the following holds
dpen ((Xi, di, pi), (X, d,p)) — 0.
If (X;,d;) are length metric spaces, i.e. for any two points =,y € X,
di(z,y) = inf{Lg () : v is a rectifiable curve connecting x,y},
where Lg,(7) is the length of v induced by the metric d;, then equivalently,
dpan((Xi, di, pi), (X, d,p)) =0

if and only if for all D > 0,

dPGH((B(pia D)vdz)a (B(pv D)7d)) — 07

where B(p;, D) are the geodesic balls of metric d;.

A pointed metric measure space is a structure (X, dx, i1, x) where (X, dx) is a complete
separable metric space, ;1 a Radon measure on X and = € supp(p).

We say that a sequence of pointed metric measure length spaces (X, d;, p;, p;) converges to
a pointed metric measure length space (X, d, i, p) in the pointed measured Gromov-Hausdorff
(or pm-GH) topology, if for any ¢ > 0, D > 0, there exists N (g, D) € Z, such that for all

i > N(e, D), there exists a Borel e-pGH approximation
fiD’s : (B(p'u D)a d’wpl) — (B<pa D + 6)7 dap)

satisfying

(fz'D7E)ﬁ(/~Li|B(pi,D)) weakly converges to fi|p(p,py as i — oo, for a.e.D > 0.
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In the case when X; is an n-dimensional manifold, without extra explanations, we will
always consider (X;, d;, p;) as a pointed metric measure space equipped with the n-dimensional
Hausdorff measure H; induced by d;.

Finally, we introduce a notation about the topology that we used in this paper. For
simplicity, we only consider manifolds, and one can easily generalize it to general metric

measured Spaces.

Definition 2.0.3. For a sequence of pointed Riemannian n-manifolds (M;, g;, p;) and (M, g, p),
we say that (M;, g;, p;) converges to (M, g,p) in the pointed measured Gromov-Hausdorff
topology modulo negligible spikes, if there exist open subsets Z; C M; such that H""1(0Z;) —
0, p; € M; \ Z; and

(M;\ Zi,dy;,pi) — (M, dy,p)

in the pointed measured Gromov-Hausdorff topology for the induced length metric.
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Chapter 3

Stability for the Positive Mass

Theorem

3.1 Regular region with small area boundary

In this section, for any given asymptotically flat 3-manifold (M3, g) with nonnegative scalar
curvature, we will find out an unbounded domain in M,,; containing the end such that its
boundary has small area depending on m(g). We always assume 0 < m(g) < 1.

Consider the harmonic map u = (u',u? u®) : M, — R? associated to one end as in
previous section, where for each j € {1,2,3}, v/ is a harmonic function with Neumann
boundary condition if OM,,; # () and asymptotical to a coordinate function around the end.

Define the C*°-function F': (M, 9) — R by

3

F(a) =Y (g9(Vd, Vub) — 8;)".

k=1
Fix a small number 0 < € < 1. We use the following notations:
Vt € [0,6¢], S; = F(¢t),

V0 <a<b<6e Qup:=F"([a,b]).
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Notice that for any ¢ € (0,6¢], S; is compact, S; N OM,,; = () since € is small, and the
complement of {2y, is compact in M,,;. By Sard’s theorem, we will always consider ¢ € (0, 6¢]
outside of the measure zero set of critical values of F'; and we will call such ¢ “generic”. For

generic choices of 0 < a < b < 6¢, we have 0§, = S, U Sp.

We will always consider the restricted map u : {2p¢. — R3. We choose € < 1 such that

for any x € Qg ¢, the Jacobian of u satisfies (with abuse of notations):
|Jacu(z) — 1d| < €, (3.1.1)

for

€ =100V < 1,

so that in particular u is a local diffeomorphism. What we mean by (3.1.1)) is that there exist
orthonormal bases of T, M and R? such that with respect to these bases, Jacu(z) is €-close

to the identity map.

Lemma 3.1.1.

| vrrE<cm),
Q0,6¢
Proof. By definitions, we have
IVl |(z) < \/14 V6e, Vo € Qoge, Vi € {1,2,3}. (3.1.2)
We readily obtain that for all z € g,
3
IVF|(z) < ) 209V, V) = 63| - (Ve[| V20F| + V207 ||Vt

jk=1

: (3.1.3)
< C’Z V2! |.
j=1
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So by inequalities (3.1.2)) and (??), we have

3
/ IVF]? < CZ/ V2 |2
Q0,6¢ j=1 Q0,6¢

3 .
V207 |? (3.1.4)

<C :

<02,

0,6¢

< Cm(g).

]

In the context of General Relativity, the notion of capacity of a set has been studied in

[Bra01; BMOS; |Jau20; [Mia22| (see also references therein). We will use capacity in a different

way. Recall that the classical Poincaré-Faber-Szego inequality relates the capacity of a set in

Euclidean space to its volume, see [PS51; Jaul2|. In the following lemma, which is a key step

in this section, we prove a Poincaré-Faber-Szego type inequality. This will be used to find a

smooth level set of F' with small area.

Lemma 3.1.2. Ifinf,c(o 50 Area(Ss) > 0, where the infimum is taken over all generic regular

values, then there exists so € (0,5€) such that

Vol(Q, syse N {|VEF| £ 0}) < C (@)3.

Proof. Since inf¢(o5¢) Area(Ss) > 0, we can find a generic sy € (0,5¢) such that Sy, is

smooth surface satisfying

Area(Ss,) <2 inf Area(Ss).

s€(0,5¢)

For the reader’s convenience, we follow the presentation of the note [Jaul2| when we can.

Case 1): sp € [3¢, Be).

For any regular value s € (¢, sg), define the function y : R® — R by
x(z) = HO(u N x) N Q)
By the isoperimetric inequality [EG15, Theorem 5.10 (i)],

Il g < CsopI DI (RY).
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Since u is a local diffeomorphism and |Jacu — Id| < € by (3.1.1)), this means that

Vol(€.4,)3 < 2Ci0p(Areal(S,) + Area(Ss,)). (3.1.5)
By the definition of sy, we have
Vol(Qs,so)% < 6CsopArea(Ss). (3.1.6)

By the coarea formula,

Sg—€
/ IV F|?dvol, = / / IV F|dA,dt.
Q 0 S

€,30 sp—t

For t € (0,59 — €), define
V(t) := Vol(Qsy—t.5,)s S(t) := Area(Ssy—t)-

By Sard’s theorem and the assumption that inf.c e Area(Ss) > 0, we know that except
possibly for a measure zero set in (0,59 — €), Ss,—¢ # 0 and |VF| # 0 over Sg,_;. Then
t 1

W (t) ::/O /SSOS WdAgds
is a strictly increasing continuous function, where the integral is taken over regular values of
F', and

1

W'(t) = /Sso_t WdAg >0

is well-defined for a.e. ¢t € (0,59 — €). Notice that for ¢ € (0, sy — €),

0 < W(t) = Vol(Q—r, N{IVEF| # 0}) < V(2).

Since for a.e. t € (0,59 — €),

S(t)? < /S

TS0 [ e
dt < V F|“dvol,.
o W) T Ja., IVE] !
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By the isoperimetric inequality (3.1.6)) obtained above,

Wl

W(t): < V(1) < 6CiopS(t),

so we have

O
dt < 3602
o W@ T

/ |V F[*dvol,,. (3.1.7)
€,50

Denote by w,, the volume of the unit Euclidean n-ball. For any ¢ € (0, sg — €), define R(?)
by
wsR(t)* = W (t).

Note that R(0) = 0, R(sop — €) < oo, and the derivative R'(t) is well-defined and positive
almost everywhere.

Define the function F : Bgua(0, R(so — €)) — R by

F :=1t on 0Bgua(0, R(t)).

Then for a.e. t € (0,59 — €),

IVF| = on 0Bg,a(0, R(1)).

R(t)
By (3.1.7)), for some uniform constant C' > 0,

R(t)*

sg—€
C'/ V F|?dvol 2/ 3wy ——dt
Q IV I 0 SR'@

Sp)—€ ~
_ / / IV FldAdt (3.1.8)
0 8BE\1C1(07R(t))

= / IVF|2dV.
BEucl(()’R(SO_E))

The above inequality gives an upper bound of the capacity of the Euclidean ball Bgyq (0, R(so—

€)).

Let us recall the definition and some properties of the capacity (see [EG15, Definition

€,50

4.10, Theorem 4.15]). Set

K:={f:R"=R:f>0,fecL*(R"),|Vf € L*(R;R")}.
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For any open subset A C R", the capacity of A is defined as
Cap(A) := inf{ - IVf?dV : f € K,AcC{f>1}"}.
Then for any = € R,
Cap(Bgya (7, 7)) = r" *Cap(Bgua(1)) > 0.

In our case, modifying F, we define a test function ¢ : R* — R by

. sg—e—F
Y= 0—5 on BEuCl(0> R(SO - 6))7
So — 56

@ :=0on R®\ Bgua(0, R(so — €)).

With this definition, we have ¢ € K and

Brua (0, R(€)) € {¢ > 1} = {p > 1}".

This implies that

1 .
Cap(Beua(0. 1) < [ [VaPay = o VPV
R3 (30 - 56) Bruc1(0,R(so—¢))

Together with (3.1.8]), we deduce

Cap(Braa (0, R())) < — / IV F2dvol,,
(50— 56)2 Qes

From (3.1.9), so > 3¢ and Lemma |3.1.1}

Cm(g).

2

R(e) <
€
Since Vol(Qy,_c.so N{|VF| # 0}) = W(e) = wsR(e)?, we conclude:
m(g) "
Vol(Qsy—cso N{|VF| #0}) <C — ] -
This is the desired conclusion, up to renaming sy — € and sg.
Case 2): s¢ € (0, 3¢).
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That case is completely similar to the first case. For any regular value s € (s, 5¢), we
have

Vol(QsO,s)g < 6CsopArea(Ss).

For t € (0, 5e — s¢), define
W (t) := Vol(Qs,.50+¢t N{|VFEF| # 0}), S(t) := Area(Ss,++),

and

with R(0) = 0 and R(5¢ — sp) < 0.
Define F : Brua (0, R(5¢ — s0)) — R by

F :=1t on 0Bgu(0, R(t)).

Then as in Case 1, we get

/ IVF|2dV < C/ |V F|*dvol,.
BEucl(D7R(5€_50)) Q

50,9¢€

Modifying F', we define a test function $:R3>— R by
e —sg— F
pi= 2" on Bra(0, R(5¢ — o)),

56—80

¢ =0 on R*\ Bgua(0, R(5¢ — s0)).

So ¢ € K and Bgua(0, R(€)) C {¢ > 1} = {¢ > 1}°. This implies that

1 -
Cap(Brua(0, R(€))) < ———— |VE]2dV.
(5€— 50)?
0 BEucl(OvR(‘EE_SO))

2

Thus we have

and since Vol(Q, sore N {|VF| # 0}) = W(e) = w3 R(€)?, we conclude:

Vol(Qy e N {IVF| £ 0)) < € (M)
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Lemma 3.1.3. There exists a generic 1y € (0, 6¢€) such that S,, is a smooth surface satisfying

Area(S,,) < C (m(9>>2

2
Proof. If inf,c (g 5¢) Area(Ss) = 0, then we can take a generic 7y € (0, 5¢) such that Sy is a

smooth surface and satisfies

2
Area(S,,) < mi? .

If inf,c(0,5c) Area(S;) > 0, then we can choose sy € (0,5¢) as in Lemma m By the

coarea formula,

sp+e€
/ Area(S;)dt = / a3
S0 Q

s0,80+te€

< (/ |VF|2> - (Vol(Qugs0c N {|VF| #0}))2 (3.1.10)
Qsgs0+e

3
) 2
)

where in the last inequality we used Lemma and Lemma [3.1.2] So there exists a generic

< CO/m(g) (m(gg)

€

70 € (S0, S0 + €) C (0, 6¢) such that S, is smooth and

Cm(g)*

Area(S;,) < T

€

]

For 7y in above lemma, the domain ) ,, has smooth boundary S;,, whose area is very
small depending on m(g), and contains the end of M.,;. In general, u : Q. — R? is only
a local but not global diffeomorphism. For this reason, we need to restrict u to a smaller
region.

By definition of asymptotic flatness and the construction of u, we clearly have the following

lemma (see for instance [Don22, Lemma 3.3, 3.4]).

Lemma 3.1.4. u is one-to-one around the end at infinity. That is, for some big number
L >0 (not uniform in general), there exists an unbounded domain U C Mey containing the

end such that u: U — R3\ Bgua(0, L) is injective and onto.
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Proposition 3.1.5. Assume (M3, g) is an asymptotically flat 3-manifold with nonnegative
scalar curvature. For any end of (M, g), let M., be the exterior region associated to this end.
Then there exists a connected region EE C M, with smooth boundary, such that the restricted

harmonic map

u:E—>YCR?

is a diffeomorphism onto its image Y := u(FE), E contains the end of Mey, Y contains the

end of R3, and
Cm(g)*

4

Area(0F) <

€

Proof. Take 75 in Lemma m Then u : Qp, — R? is a local diffeomorphism and
0., = Sr, has small area. Let Y} C u(€p ) be the connected component containing the

end of R?, and
Yoi={yeY; : H'(u {y} NQ.) =1}
By Lemma [3.1.4] Y5 # 0 and contains the end of R3. Notice that Y5 is open in Y; and
Y, C u(Sy).
Since u(S,,) is a smooth immersed surface in R*, we can choose a slightly smaller region
Y3 such that Y3 U Y3 C Ya, 0Y3 is a smooth embedded surface and Area(0Y3) < 2Area(dYs).

Define Y to be the connected component of Y3 containing the end of R?, and F := u=(Y).
By construction, u: £ — Y is a diffeomorphism. Moreover by (3.1.1)),

Arca(9F) = / Jac(u],,) ! < C(1 + ¢)Area(dY) < CArea(S.,).

oY

3.2 Proof of Theorem [1.0.3

In general a regular region F such as the one given by Proposition |3.1.5|is not sufficient to get

Gromov-Hausdorff convergence. In this section, we will construct a more refined subregion
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over which we have pointed measured Gromov-Hausdorff convergence for the induced length
metric.

Fix a continuous function ¢ : (0,00) — (0, 00) with £(0) = 0 and

lim £(x) = 0.

z—0t
For our purposes we can assume without loss of generality that

s
lim —— =0.
o0+ E()

Choose continuous functions &y, & : (0,00) — (0, 00) with & (0) = &(0) = 0, and

w0t §0) a0t ()

i 5(1') 1i fo(l')

The reader can think of these functions &, &y, &, as converging to 0 very slowly as x — 07.

Set
do := &(m(g)), o1 = &(m(g)).

Then

310 > 6y > £(m(g)) T > m(g)T®

when 0 < m(g) < 1. In the following, we will always assume 0 < m(g) < 1.
Let E be the regular region given by Proposition and its image Y := u(F) C R3.

Then u: E — Y is a diffeomorphism and

Cm(g)*

Area(dY) < .

- (3.2.1)

For any subset U C E, let (U, cZgyU) be the induced length metric on U of the metric g,

that is, for any z1, x5 € U
dy (1, 29) := inf{Ly(7) : v is a rectifiable curve connecting zy, z, and y C U},

where L,(v) = fol |7'|4 is the length of v with respect to metric g.
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Similarly, for any V C Y C R3, let (V, cZEuCl’V) be the induced length metric on V' of the

standard Euclidean metric ggyuq, that is, for any yp, 2 € V,
cZEucLV(yl, y2) := inf{Lgua(7) : v is a rectifiable curve connecting y;,y, and v C V},

where Lguq(7y) is the length of « with respect to the Euclidean metric ggyq.
Write
¥ :=9Y CR’

and let W be the compact domain bounded by ¥ in R?, so OW = ¥..

The main part of this section is devoted to the proofs of Proposition [3.3.7| and the lemmas
leading to it. In Proposition [3.3.7, we construct a subregion inside Y C R? with small area
boundary, over which the induced length metric of gg,. is close to the restriction of the

Euclidean metric.

By the isoperimetric inequality and (3.2.1]),

Cm(g)*

6

Vol(W) < C’Area(Z)% <
Take
€ = 50

(in particular in this section € depends on m(g)). Recall that
¢ =100 < 1.

Then
2 3
Area(X) < C’n;;# < 1, Vol(W) < C’n;;#
0 0

For any triple k = (ky, ks, k3) € Z3, consider the cube Cy(d;) defined by

< 1

Ck((51) = (]fl(sl, (kl + 1)51) X (k2(51, (kg + 1)51) X (k351, (kg + 1)51) C Rd

Let Bg(r) be the Euclidean ball with center the same as Cy(d;) and radius r. By applying

the coarea formula, we can find r € (361, 36; + &) such that W N 9By (r) consists of smooth
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surfaces and
Vol(W N By (461))
do

Since Vol(By(461)) > 16wsd3, where ws is the Euclidean volume of unit ball in R3, we know

Area(W N 0Bk(r)) < : (3.2.2)

3
Vol(W N By(46,)) < Vol(W) < C”;# < &< %Vol(Bk(él(Sl)).
0

By the relative isoperimetric inequality [EG15, Theorem 5.11 (ii)],

Vol(W N By(46,)) < CArea(S N By (46,))?

< O’;Q(g )Area(Z N Bi(46,)).
0
So by (8.2.2),
Cm(g)

Area(W N 0Bk(r)) <

53 Area(X N By(461))
0

< Area(X N By(467)).

Then we can smooth the surface (XN By (r)) U (W N 0Bx(r)) to get a closed embedded

surface ¥ C By(401), which coincides with X inside Cy(d1), and which satisfies

Area(Xy) < 2(Area(X N By (461)) + Area(W N OBy (r)))
(3.2.3)

< 4Area(X N By(401)).

For t € R, define the plane
Ak761 (t) = {($1,$2,$3) eR?: T3 = (kg + t)51}.

By definition Cy(61) C U,¢po 1) Axe: (8)-
By the coarea formula, there exists tx € (3, 3 + o) such that Ay, (tx) N Xk consists of

smooth curves and

Area(Xy)
8001
2
< Omlg)” (3.2.4)
— 0ph

< m(g).

Length(Ay s, (tx) N 2k) <
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Define Dj as the connected component of (Cy (1) N Ak, (tk)) \ & with largest area and
Dy := (Ck(01) N Ak s, (tx)) \ Dy.. By the relative isoperimetric inequality and (3.2.4), we know
that

Area(Dy) < CLength(Ay s, () N i)

Area(Xy)

< Cm(g) 55,

(3.2.5)
< Area(Xy).

Let T : R — Ay, (tx) be the orthogonal projection. Define
Ck(él)’ = Di< U (Ck(61) N lel(D{( \ 7Tk<2k>>) .
Lemma 3.2.1. Cy(6;) is path connected.

Proof. By definition, for any point = € Cy(6;) N '(Dy, \ m(Zk)), the line segment L, C
Cx(01) through = and orthogonal to Ay, (tk) satisfies L, N Dy # 0. Since Dy is path

connected, Cy(d7)" is also path connected. O
Lemma 3.2.2. Vol(Cy(d;) \ Ck(d1)") < 851 Area(X N By (441)) < m(g)d3.

Proof. Since

Area(wk(Zk)) < Area(Zk) )

and since by (3.2.5)),
Area(Dy) < Area(Xy),

we have

VOI(Ck(dl)) \VOI(Ck((Sl),) S 2(51Area(2k)
(3.2.6)
< 801 Area(X N By (461)).
We can use (3.2.1)) to conclude the proof. O
Clearly by construction,

Ck(él)/ cY.
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Define

Y = UkeZ3Ck(51)/ cY.

Notice that when |k| is big enough, one can certainly ensure that Cy(d;)" = Cy(d1), so that
Y\ Y’ is a bounded set. Choosing Y slightly bigger in Proposition , we can assume that
oy Ny’ = 0.

For any subset V' C Y, let V; be the t-neighborhood of V' inside (Y, CZEuCl’y) in terms of

the length metric cZEucLy, ie.
Vi:={y €Y :3z €V such that CZEuCLy(y, z) < t}.

So (Y), is the t-neighborhood of Y” inside (Y, dgucy )-
In the following lemma, by modifying some (Y”);, we construct a domain with smooth
boundary such that its boundary area is small and it is very close to Y’ in the Gromov-

Hausdorff topology with respect to a length metric.

Lemma 3.2.3. There exists Y with smooth boundary such that Y' CY" C (Y')gs,,

2
Area(9Y") < még) :
0

and Y" is contained in the 66g-neighborhood of Y' inside Y, with respect to its length metric

dEucl,Y” .

Proof. Smoothing the Lipschitz function cZEucLy(Y’ ,+), we can get a smooth function ¢ : Y —
R such that ¢ — dey (Y, )| < 8o and |V¢| < 2 (see for instance [GW79, Proposition 2.1]).

Applying coarea formula to ¢, we have

460
/ Area(¢p” (1) NY)dt = / |Vldvol < 2Vol(Y \ Y').
3

) {350<¢<450}ﬁy

By Lemma [3.2.2] for each k € Z3,

0 < Vol(Cy (1)) — Vol(Cy (1)) < 851 Area(X N By (44)).
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Since the number of overlaps of { By (401) }xezs is uniformly bounded,

0 < Vol(Y) — Vol(Y’) < 861 Y Area(¥ N By(44))

kez3
< C'6;Arca(Y) (3.2.7)
< 051m(9)2.
So we can find a generic regular value t € (38, 4dy) of ¢ such that ¢~1(¢) is smooth and

Com(g)* _ m(g)”

A -1 Y) < .
rea(¢p” (t)NY) < 5 = 50

Smoothing (¢~'(¢) NY) U (OY N{¢ < t}) inside Y, we can get a smooth surface S; with

S1 C (Y)ss, \ Y’ and

2 2 2
mlg)®  Cmlg)” _ mlg)]°
467 5= Tas

Area(S)) < 2(Area(¢ (1) NY) + Area(dY)) <
Denote by Y; the connected component such that
Y/ C Yi C (Y/)550 CY and 8}/1 C Sl. (328)

At this point, Y; is close to Y’ in the Hausdorff topology with respect to CZEud,y, but
possibly not with respect to its own length metric CzEucl,Yl- To remedy this, choose a finite
subset {z;} consisting of dy-dense discrete points of (¥; \ Y”, diuey;) and denote by 7, C Y
a smooth curve connecting z; to Y’ with minimal length with respect to the length metric
CiEud’y. Then by , 7; has length at most 5y, and so v; C (Y')ss,. By thickening
each 7;, we can get thin solid tubes 7} inside dp-neighborhood of v; with arbitrarily small
boundary area. Let Y5 :=Y; U (U;7}). By smoothing the corners of Y5, we have a connected

domain Y” with smooth boundary such that
Y'CcY" CY, C Y,

and

m@f

Area(9Y") < 2Area(S;) < 5
0
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For any y € Y”\Y”, by our construction, there exists some j such that either cZEuCl’yl (y,z;) <

dp or y € T;. In each case, there exists a smooth curve o, ; C Y connecting y to a point in v,

and Length(o, ;) < dp. Since Length(vy;) < 5dy, 0, ; U~y; is a piecewise smooth curve inside

Y” connecting y to Y’ with length smaller than 6dy. So inside the length space (Y, JEud,yu),
Y" is in the 6dp-neighborhood of Y as desired.

O

Let Y” be as in Lemma m Recall that cZEuCl,yu is defined as the length metric on Y”

induced by ggua. Since Y/ C Y” C Y, we have dguq < JEud,y < CZEUCLW.
: . ’
Lemma 3.2.4. dladeud,Y”(Ck(él) ) < 505.

Proof. For any two points x1,zo € Cy(01), let Ly, L., be the line segments inside Cy(d;)
through x1, 2 and orthogonal to Ay s, (tx) respectively. Let ) = L,, N D, 2}, = L,, N Dy.
Then by modifying the line segment between 2, z, if necessary, and by ({3.2.4)), we can find a

curve v between ), z4 inside D;_such that
Lengthy,(7) < dgua (), 25) + Length(Ay s, (ti) N Xik)
S dEuCl(‘x/p '7;/2) + m(.g)

Consider the curve 4 consisting of three parts: the line segment [z,2]] between xy, 2/, v, and

the line segment [rhxs] between x}, 5. We have ¥ C Cy (1) C Y7, so

CZEucl,Y"(ﬂUl, T3) < Lpya(§) < 401 +m(g) < 56;.

Lemma 3.2.5. For any base point ¢ € Y' and any D > 0,

dpGH(<Y, N BEucl(Q: D)a CzEucl,Y”a Q)a (Y/ N BEuCl(Q) D>7 dEucla q)) S \Ij(m(g))

Proof. Let xg,y0 € Y' N Bgual(g, D) be two points and zg € Cy(d1), 90 € Cy(07) for some

k,1€ 7Z3. Since dgya < CZEucl,Y”, it’s enough to show

CZEuCl,Y” (gj07 yO) S dEucl(an y()) + \Ij(m(g)) (329)
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Let Ty be the translation which maps Cy(d1) to Ci(61). Then by Lemma m,

Vol(Tia(Ck(61)") N Ci(61)") >Vol(Cy(81)) — (Vol(Ci(61) \ Ci(61)"))
— (Vol(C1(61) \ Ci(61)'))

>(1 = 2m(g))dy.
If k =1, then by Lemma [3.2.4] we know that

dpuery (0, Yo) < 461 < dgua(zo, yo) + 46;.

Suppose that k # 1. For any = € R?, the straight line between x and Ty (z) meets the set
Tk 1(Ck(01)") N Cy(01)" in a subset of total length at most say 10d;. We claim that there is
at least one point z{, € Cy(d;)’ such that Ti(z() € Ci(61) and the line segment [2(Ty 1(x)]
between these two points has no intersection with 9Y”. Otherwise, by the coarea formula

and Lemma |3.2.3, we would get
Vol(Ti1(Ck(01)") N C1(61)") < 106, Area(dY”) < 1061m(g),
which together with the above estimate on the left hand side would give
(1—2m(g))d} < 1061m(g),

a contradiction when 0 < m(g) < 1.

Since from the paragraph above, [z{Tk1(z()] C Y”, we estimate

CzEucl,Y” (w0, 90) < CZEucl,Y” (0, 2) + Lengthy, . ([20Tk1(x0)]) + (jEucl,Y”(Tk,l(xf))? Yo)
< 461 + dpua (g, Tia(zg)) + 461

< dgua (o, Yo) + 166;.

Proposition 3.2.6. For any base point ¢ € Y and any D > 0,

dpGH((Y” N BEucl(Q7 D)a CiEucl,Y”a Q)a (Y” N BEucl(Qa D)v dEucla q)) S \Ij(m(g))

39



Proof. By Lemma m, Y” lies in the 6dp-neighborhood of Y’ inside (Y, ciEucLyu). This

clearly implies for any ¢ € Y":

dpGH((Y, N BEucl(Q: D)a CgEucl,Y”a Q)a (YH N BEuCl(Qa D)a 62Eucl,Y“a Q)) S qj(m<g))

Similarly, since dgug < cZEud,yu, Y” lies in the 6dp-neighborhood of Y’ in terms of dguq

and for any g € Y":

dpGH((Y/ N BEucl(Qa D), dEucl; Q)a (Y” N BEucl(Qa D); dEuch Q>> S \Il(m(g»

Together with Lemma [3.2.5| and the triangle inequality, we have the conclusion for in

fact any base point ¢ € Y” (using again that Y lies in the 6dp-neighborhood of Y” inside
(Yﬂu dAEucl,Y”))-
0

Next we can construct a subregion in £/ C M,,; by pulling back the subregion constructed

above through the diffeomorphism u. Set
E" =u'(Y").
For any p € E” and D > 0, denote by Eg,Eu (p, D) the geodesic ball in (E”, cfg,Eu), that is,
Bypi(p, D) :={x € E" : dypn(p,x) < D}
Similarly, denote by BEucLyu(q, D) the geodesic ball in (Y, CZEucl’y//).
Lemma 3.2.7. For any base point ¢ € Y" and any D > 0,

dpGH<<YH N BEucl(q, D), CZEucl,Y", Q), (BEucl,Y” (q, D), dAEucl,Y”’ Q)) < ‘If(m(g))

Proof. From Lemma [3.2.3[ and (3.2.9) in the proof of Lemma [3.2.5, for any ¢,z € Y,

dEuCl(Qa l‘) S dEuCl,Y”(Qv ZE) S dEuCl(Qa ZL‘) + \Ij(m(g))7 (321())

SO

BEucl,Y” (¢, D) C Y" N Bgua(q, D) C Bguayr(q, D + ¥(m(g))).
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Lemma 3.2.8. For any base point p € E” and any D > 0,

dpGH((ég,E” (p, D), CZg,E” .D), (éEucl,Y” (u(p), D), CZEucl,Y“ ,u(p))) < ¥(m(g)|D).

Proof. It is enough to show that u gives the desired GH approximation. Under the diffeo-

morphism u, if we still denote the metric (u=!)*g by g, then
(E”7 Cig,E”;p) = (Y”’ ng7yl/7 u(p))

Since |Jacu — Id| < €/, we have

~

dgyr(z1, 1) < (1+ e’)czEucLyu(xl,a:g) <1+ e’)2azg,yu(a:1,x2).
Note that we have taken € = dy. So for any fixed D > 0, if x1, 25 € B@Eud,yu(u(p), D),
dyiyr(@1,2) — dasy (1,2)] < W(m(g)|D).

O

From Proposition Lemma and Lemma 3.2.8, we immediately have the following.

Lemma 3.2.9. For anyp € E” and D > 0,

dpGH((Bg,E” (p7 D)v CZQ,E”ap)7 (Y” N BEUCl(u(p)> D)? dEqu u(p)) < \If(m(g)lD)

To compare those metric spaces to the Euclidean 3-space (R?, ggya), we need the following

lemma, which is a corollary of the fact that Area(dY”) < ¥(m(g)).

Lemma 3.2.10. For any q € Y and D > 0,

dpGH((Y// N BEuCl(Q7 D)7 dEuch Q)7 (BEucl(Oa D)a dEucla 0)) S ‘I]<m(g>)

Proof. Under a translation diffeomorphism, we can assume ¢ = 0. By (3.2.10)), it suffices to
show that Bry(g, D) lies in a ¥(m(g))-neighborhood of Y. If that were not the case, there

would be a p > 0, independent of m(g), such that for all small enough 0 < m(g) < 1, there

41



exists a € Brya(q, D) with Bgya(z, n) NY” = (. But from the isoperimetric inequality, we
should have

3
2

Vol(R? \ Y”) < C'Area(dY")2 < U(m(g)),

which would imply that

w3 = Vol(Bgya(, 1)) < ¥(m(g)),

a contradiction. O

Summarizing above arguments, we have proved the following. Recall that £ is a fixed

function defined at the begining of this section.

Proposition 3.2.11. Assume (M3, g) is an asymptotically flat 3-manifold with nonnegative
scalar curvature and mass 0 < m(g) < 1. For any end of (M, g), there exists a connected

region & C M containing this end, with smooth boundary, such that

m(g)?
Areal0€) < gy

and there is a harmonic diffeomorphism u : € — Y with Y = u(€) C R?® such that the
Jacobian satisfies

|[Jacu — Id| < U (m(g)).

Moreover, for any base point p € £, any D > 0,

A

dpGH((Bg,g(pa D)7 CZg,éfaP)? (BEucl(07 D)7 dEucl; 0)) S \Ij(m(g)|D)7

and Py o u gives a Y(m(g)|D)-pGH approximation, where @y, is the translation diffeo-

morphism of R3 mapping u(p) to 0.

Proof. With the same notations as above, we take £ := E” and ) := Y"”. Notice that by
Lemma [3.2.3] by the fact that |Jacu — Id| < ¢ (see (3.1.1))), and by our choice of &y and &,

when 0 < m(g) < 1,

ron m(g)* _, m(g)® _ m(g)’
Areald8) < 25 = 28 (g)) = Emlg))

The rest of the statement follows from Lemma B.2.9] and Lemma [3.3.9 O
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Proof of Theorem[1.0.3. Assume (M}, g;) is a sequence of asymptotically flat 3-manifolds
with nonnegative scalar curvature and positive mass m(g;) — 0. Assume ¢ is any fixed
continuous function as in the statement of Theorem [1.0.3] For any end of M;, for all large 4,

Proposition [3.2.11] gives the existence of a region &; containing this end, which satisfies

4 m(g:)*
Areas (08) < lin(gn)

and a harmonic diffeomorphism u; : & — V; C R3 with Y; = w(&;).
By Proposition [3.2.11], for any base point p; € &, any D > 0, up to a translation
diffeomorphism of R3?, we can assume w;(p;) = 0, and then u; is an ¥(m(g;)|D)-pGH

approximation, and as 7 — 00,
dpGH((Bgi,& (pin),CZgi,&;pi% (BEucl<Oa D)7dEucluo)) < ‘If(m(giﬂD) — 0.
In other words,
(gia dgi,gmpi> — (R37 dEuclu O)

in the pointed Gromov-Hausdorff topology.
We claim that (£, dg,¢,p;) — (R3 dgaa,0) also in the pointed measured Gromov-
Hausdorff topology. Since the Hausdorff measure induced by a?ghgi is the same as dvol,, it

suffices to show that for a.e. D > 0,

(ui ) # (dVOlgi

B, g'(phD)) weakly converges to dvolguc|p(o,p) as i — 00. (3.2.11)
By construction and the isoperimetric inequality,
VoI(R?\ V) < ¥ (m(g,)),

and 80 (Vi N Brua (0, D), dvolg,q) converges weakly to (Bgye (0, D), dvolg,a). Since we have

(by abuse of notations):

|Jacu; — Id| < W(m(g;)),

it is now simple to check (3.2.11)) using Lemma and Lemma [3.2.§
We finish the proof by defining Z; := M; \ &;.
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3.3 GH convergence modulo negligible spikes in
general dimensions

We observe that the metric geometric arguments presented in the previous section are valid
in higher dimensions. In this section, we will prove the following theorem using the same

arguments, which the author hopes will be useful in future studies.

Theorem 3.3.1. Assume that n > 2, and W; C R" is a sequence of smooth bounded domains
whose boundary ¥; :== OW; consists of smooth closed hypersurfaces such that H"1(3;) — 0,
then for Y; := R" \ W, there exists a sequence of smooth closed subsets Y/ CY; such that

H YY) — 0 and for any base point p; € Y;",

A GH n ~
(Y”7 Di, dEuCl,Yi”> p—> (R ) Oa dEucl)-

()

Moreover, we have a quantitative version: there exists e(n) < 1 such that if H"1(Z) < e(n),

4n-1

then for the perturbation Y" C'Y, H*1(Y") < (H" 1 (X)) 19 and

Ao (V" dyn, p), (R, digye, 0)) < (H" ()2 .

Proof. Notice that the case when n = 2 is obvious by definition, and the case when n = 3
has been proved in previous section. So we assume that n > 4. In the following, we will
prove the theorem by induction and assume that the conclusion holds for all dimensions less
than or equal to n — 1. For simplicity, we will omit the subindex and all metric tensors are
taken as the Euclidean metric in the following of this section.

We ignore the index i for now. We will find out £(n) inductively. Firstly take ¢(n) < 1
such that 4e(n)'~(197" < g(n — 1). Let € := H" (X)) < £(n) < 1. By the isoperimetric

inequality,

n n

H*W) < C(n)H" 1 (B)=1 < C(n)enT < e
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Take 6y = 077" §, = 97"""" For any k = (k1, ko, -+, ky,) € Z™, consider the cube Cy(d)

defined by
Ck(dl) = (k’lél, (k‘l + 1)51) X - X (k’nél, (k’n + 1)51) C R".

Let By(r) be the ball with center the same as Cy(d;) and radius r. By applying the co-area

formula, we can find r € (391, 301 + dp) such that W N OBx(r) consists of smooth surfaces and

H" (W N By (461))

H" ' W N OBk(r)) < 5
0

. (3.3.1)
Since H"(Bx(461)) > 16w, 07, where w, is the Euclidean volume of unit ball in R™, we know
W N Bi(45)) < H'OW) < & < &7 < 1—10?-[”(31((451)). (3.3.2)
By the relative isoperimetric inequality [EG15, Theorem 5.11 (ii)],
H' (W N Bi(461)) < C)H" ™ (30 Bi(46,)) =
< O(n)emTH" (X N By(44,)).

So by (83.1),

%H”l(z N Bi(46))
0

= C(n)e107 T Y (S N By (46,))
< H"HE N By (46,)).

Then we can smooth the surface (X N By (r)) U (W N 9Bx(r)) to get a closed embedded

hypersurface ¥ C By (407), which coincides with ¥ inside Cy(d), and which satisfies

HH(Zy) < 2(H" Y N By(461)) + HH (W N 0By (r))) 333)
< AH" (N Bi(46))). N

For t € R, define the plane

Ak751 (t) = {(1‘1, s ,ZL‘n) eR":z, = (k’n + t)51}
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By definition Cy(01) C U,ep,1) Ak (1)-
By the coarea formula, there exists tx € (3,5 + d) such that Ay, (tx) N S consists of

(n — 2)-submanifolds and

I (%)
500
< ge1-0m) ™ (3.3.4)

H" 2 (A, () NT) <

<e(n—1).
By induction assumption, there is a perturbation X" 2(t) C Ay, (te) of £ 2(ty) :=
Ay s, (t) N X such that the domain bounded by ¥"72(#y) is inside the domain bounded by

in_Q(tk>’
H (S 2 () < AH" 2 (Ars, () N YD), (3.3.5)

and for any two points z,y € Y (ty) := Ay, (te) \ Z(ti), where Z(ty) is the domain bounded

by ¥ 2(t)) inside Ay, (i), we have
. A 1 o—(n— 1,
|3 () (, y) — dpnr ()| < (400 N < §52 ; (3.3.6)

if we choose £(n) small enough depending on n.
Define Dy as the connected component of Cy(d;) N ?(tk) with largest H" !-measure and
Dy := (Ck(01) N Ak, (tk)) \ Dy By the relative isoperimetric inequality and (3.3.4), we know

that
H Y (DY) < Cn)H™*(Aws, (i) N D) ==
< eBVTH T (A, () N 5) (3.3.7)
< H (),

We can take a e-net of D) and define D} as the union of D} and all almost dy(tk)-geodesics

connecting points in the e-net. In this way, for any z,y € D{{, we have a smooth curve
v C D} connecting x and y such that

1 —n 1 —n
[Lengthy, (7)) — dgua(z,y)| < € + §52 < 152 : (3.3.8)
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For simplicity, we still denote f){( by D;. Let m¢ : R — Ayy, (tk) be the orthogonal
projection. Notice that by comparing H"'-measures, Dj \ m (k) # 0.
Define

Ci(61)" == D U (Ci(61) N ' (Dye \ (i) -
Lemma 3.3.2. Cy(6;) is path connected.
Proof. By definition, for any point x € Cy(0;) N7 '(Dj \ m(Xk)), the line segment L, C

Cx(01) through = and orthogonal to Ay, (tk) satisfies L, N Dy # 0. Since Dy is path

connected, Cy(d7)" is also path connected. O
Lemma 3.3.3. H"(Cx(6;) \ Cx(61)) < 8, H" 1( N By (46,)) < 810",
Proof. Since

M (me(Z)) < H (),

and since by (3.3.7)),
H (DY) < 1 (),

we have

H"(Ck(él)) \VOl(Ck<51)/) S 2517‘[”71(;)1{)
(3.3.9)
< 85 H™ (S N By (46,)).

Clearly by construction,

Ck(él)’ cY.

Define

Y, = UkeZan((Sl)' cY.

Notice that when |k| is big enough, one can certainly ensure that Cy(d;)" = Cy(d;), so that

Y \ Y’ is a bounded set. Choosing Y slightly bigger, we can assume that Y N Y’ = ().
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For any subset V' C Y, let V; be the t-neighborhood of V inside (Y, cZEuchy) in terms of

the length metric cZEud,y, ie.
Vi:={y €Y :3z € V such that cZEucLy(y, z) < t}.

So (Y"); is the t-neighborhood of Y’ inside (Y, dAEuchy).
In the following lemma, by modifying some (Y”);, we construct a domain with smooth
boundary such that its boundary area is small and it is very close to Y’ in the Gromov-

Hausdorff topology with respect to a length metric.

Lemma 3.3.4. There exists Y with smooth boundary such that Y' CY" C (Y')gs,,

27’L_1

anl(ayu) S 5617-[”71(8}/) S 61710‘ ,

and Y" is contained in the 66g-neighborhood of Y' inside Y, with respect to its length metric

dEuel,y” -

Proof. Smoothing the Lipschitz function cZEucl,y(Y’ ,+), we can get a smooth function ¢ : Y —
R such that |¢ — czEucLy(Y’, )| < 8 and |V¢| < 2 (see for instance [GWT9, Proposition 2.1}).

Applying coarea formula to ¢, we have

440
/ H o M) NY)dt = / [Vo|dvol < 2H™(Y \ Y).
3

8o {300<p<4d0}INY

By Lemma [3.3.3] for each k € Z3,
0 < H"(Ci(61)) — H™"(C(61)) < 86, H" (X N By (46y)).
Since the number of overlaps of { Bx(4d1) }xez» is uniformly bounded,
0<H(Y)—H"(Y') <851 Y H' (SN By(45,))

kezn

< Cn)sH"H(X) (3.3.10)

< C(n)€1+10’4n*1 )
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So we can find a generic regular value ¢ € (3dy,4d0) of ¢ such that ¢~1(¢) is smooth and

C<n)€1+10*4n*1

_10-2,—1 —4, -1
5 S C(Tl)El 107“n="4+10""*n .
0

H (o7 () NY) <

Smoothing (¢~ 1(¢) NY) U (Y N{¢ < t}) inside Y, we can get a smooth surface S; with
S1C (Y)s5, \ Y and

Hn_l(sl) < Q(Hn_1(¢_1<t) N Y) + Hn_1(8Y)) < C(n)€1—10*2n*1+10*4n*1‘
Denote by Y] the connected component such that
Y/ C Yi C (Y/)550 CY and (9Y1 C Sl. (3311)

At this point, Y; is close to Y’ in the Hausdorff topology with respect to cZEucLy, but
possibly not with respect to its own length metric cZEucLyl. To remedy this, choose a finite
subset {z;} consisting of dp-dense discrete points of (Y \ Y”, CZEuCl,)ﬁ) and denote by v, CY
a smooth curve connecting z; to Y’ with minimal length with respect to the length metric
dAEud’y. Then by , 7; has length at most 5y, and so v; C (Y')ss,. By thickening
each v;, we can get thin solid tubes 7} inside dp-neighborhood of v; with arbitrarily small
boundary area. Let Y5 :=Y; U (U;T}). By smoothing the corners of Y5, we have a connected

domain Y” with smooth boundary such that
YY" CY; C Y,

and

Hn—l(ay//) < 2Hn—1(51) < C(n)€1—10—2n—1+10—4n—1 < 50_17-["_1(33/).

For any y € Y”\Y’, by our construction, there exists some j such that either cZEudh (y,z;) <
dp or y € T;. In each case, there exists a smooth curve o, ; C Y connecting y to a point in v,
and Length(o, ;) < dp. Since Length(y;) < 5dy, 0, ; U~y; is a piecewise smooth curve inside
Y” connecting y to Y’ with length smaller than 6dy. So inside the length space (Y, dAEucLyu),
Y” is in the 6dp-neighborhood of Y’ as desired.
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Let Y” be as in Lemma m Recall that d\Eud’y// is defined as the length metric on Y”

induced by JEucl- Since Y CcY” C Y, we have dpyq < CZEucl,Y < CZEucl,Y”-

Lemma 3.3.5. diam;  (Cx(01)) < (n +2)1 + e

Proof. For any two points x1,z € Cy (1), let L,,, L., be the line segments inside Cy(d;)
through x;, z2 and orthogonal to Aggs, (tx) respectively. Let o} = L,, N Dy, 25 = L, N Dy.
Then by (3.3.8) we can find a curve v between 7, 24, inside Dj such that

1 ,-»
LengthEuel(’y) < dEUCl(’iE,D '1./2) + 182 :

Consider the curve 4 consisting of three parts: the line segment [x12]] between x1, 2, v, and

the line segment [zhxs] between xh, 5. We have ¥ C Cy (1) C Y, so

A - 1 .
dpucy” (21, ¥2) < Lpua(y) < (n42)81 + 152 .

Lemma 3.3.6. For any base point ¢ € Y' and any D > 0,

—n

82

W~ w

dpGH((Y/ N BEucl(Q; D), CZEuCl,Y”y Q)a (Y/ N BEucl(Q7 D), dEuch q)) S

Proof. Let xg,y0 € Y' N Bgua(gq, D) be two points and zg € Cy(d1), 90 € Cy(07) for some
k,1 € 7Z". Since dgua < dAEud,y//, it’s enough to show

—-n

5 3
dEucl,Y”(x(b yO) S dEucl(xO, yO) + 152 (3312)

Let T be the translation which maps Cy(d1) to Ci(d1). Then by Lemma W,

H" (Tiea(Cic(01)') N C1(01)') ZH" (Cuel(é1)) — (H"(Cuel(é1) \ Cic(01)'))

— (H"(C1(01) \ Ca(01)'))

—4
25?_ 16€1+10 n 1.

If k =1, then by Lemma [3.3.5, we know that by choosing €(n) small enough,

] tno 1 -n 3 —n
diery (w0, 90) < (n 42" 4 152 < dgua (o, Yo) + 162 '
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Suppose that k # 1. For any « € R?, the straight line between 2 and Tj j(z) meets the set
Tx1(Ck(01)") N Cy(01)" in a subset of total length at most say 10d;. We claim that there is
at least one point z{, € Cy(d;)’ such that Ty (z() € Ci(61) and the line segment [2(Ty 1(x)]
between these two points has no intersection with 9Y”. Otherwise, by the coarea formula

and Lemma |3.3.4] we would get

Qn—l
Y

H"(Tic1(Ci(61)") N Ci(61)) < 106, H" 1Y) < 106,671

which together with the above estimate on the left hand side would give

27’L—1
7

5? _ 16elt10 ! < 106,e1710°

a contradiction when ¢(n) < 1.

Since from the paragraph above, [z(Tk1(zf)] C Y, we estimate

CZEucl,Y” (20, y0) < CZEucl,Y” (0, () + Lengthy, ([20 T (20)]) + jEuoLY”(Tk,l(l’B), Yo)

1 ,-n
S dEucl(ZCo, yo) -+ 2(n —+ 2)51 + 582

3 o-n
< dgua(To, yo) + 152 ~

Proposition 3.3.7. For any base point ¢ € Y" and any D > 0,

—-n

dpGH((YH N BEucl(Q7 D), CZEUCLY”7 Q)u (Y” N BEucl(Qu D)7 dEuC17 q)) S 52

Proof. By Lemma , Y lies in the 6dp-neighborhood of Y’ inside (Y, (jEuCLy//). This

clearly implies for any ¢ € Y":

dpGH((YI N BEuCl(Qa D)a 62Eucl,Y”7 q)7 (Y” N BEucl(Qa D)) dAEucl,Y’U q)) S 1050

Similarly, since dgug < cZEucLy//, Y” lies in the 6Jp-neighborhood of Y’ in terms of dg,q

and for any g € Y":

dpGH((Y, N BEuCl(qa D); dEuCh q)a (YH N BEUCl(q7 D): dEucla Q>) S 1050
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Together with Lemma and the triangle inequality, we have the conclusion for in

fact any base point ¢ € Y” (using again that Y lies in the 6dp-neighborhood of Y inside

(Y”a CzEucl,Y” )) .
]

For any p € Y” and D > 0, denote by By (p, D) the geodesic ball in (Y, cZEuchy//), that
is,
Byn(p,D) :={z € Y" : dpuay~(p,x) < D}.

Lemma 3.3.8. For any base point ¢ € Y" and any D > 0,

dpGH((YH N BEucl(Qv D)> CZEucl,Y”a Q)> (BEucl,Y”((L D)v dAEucl,Y”: C])) S 527"-

Proof. From Lemma [3.3.4] and (3.3.12)) in the proof of Lemma for any ¢,z € Y,

7 3 —-n
dEucl(Qy I) < dEucl,Y”(Q; l’) < dEucl(q; LL’) + 182 y (3313)

SO

; A 3 9-n
BEUCLY”<Q7 D) - YN BEucl(Q7 D) - BEucl,Y”(Q7 D+ 182 )

]

To compare those metric spaces to the Euclidean 3-space (R, ggya ), we need the following

lemma, which is a corollary of the fact that H"1(9Y") < 6; ‘e.

Lemma 3.3.9. For any ¢ € Y" and D > 0,

dpGH((YH N BEuCI(Q7 D)a dEqu Q)7 (BEud(()a D)7 dEuC17 O)) S 52_n‘

Proof. Under a translation diffeomorphism, we can assume ¢ = 0. By (3.3.13)), it suffices to
show that Bgua(g, D) lies in a $e? "-neighborhood of Y. If that were not the case, there
would be a u > ;1152_", and an © € Bgya(q, D) with Bgya(z, ) NY” = (. But from the

isoperimetric inequality, we have

HY(RP\ Y") < C(n)yH" 7 (QY")7 1 < C(n)e 107 s
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which would imply that

EE

= <o = W Bunala, ) < Cln)eTD,

Wn -

a contradiction when e(n) < 1.

This concludes the proof of the theorem.
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Chapter 4

Stability for the Penrose inequality

4.1 Capacity of horizon and Green’s function

In this section, we introduce some properties of capacity and Green’s function, which are
known in the literature and will be used later in this paper. Most of this section follows from
[Bra01].

Let’s firstly introduce the capacity of a surface in the special case when it is the horizon

of an asymptotically flat 3-manifold which is harmonically flat at infinity.

Definition 4.1.1. Given a complete, asymptotically flat 3-manifold (M3, g) with a connected
outermost horizon boundary ¥, nonnegative scalar curvature and one harmonically flat end

ooy, the capacity of 3 in (M3, g) is defined by

1 1
C(X,g):= inf{% /M3 IVp|*dvol, : p € C®(M), ¢ = 5 on Y, lim p(z) =1}

T—001

From standard theory (c.f. [Bar86]), the infimum in the definition of C(X, ¢) is achieved

by the Green’s function ¢ € C*(M?) which satisfies

Agp =0,

1
p=gon, (4.1.1)

lim ¢(z) = 1.

T—001
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By maximum principle, p(z) € [%, 1) for any = € M?. Define the level sets of ¢ to be
¥ o={x e M®: p(x) =t}

Then by Sard’s theorem, Y is a smooth surface for almost all ¢ € (3,1). By the co-area

1 1
c) =5 [ [ 196l

For any regular value t € (%, 1), integrating Ay = 0 over {% < ¢ < t}, and using Stokes

fwel= [ N (412)

(s, g) = $/2|Vg0|. (4.1.3)

formula,

Y

theorem, we have

So

Since (M3, g) is harmonically flat at infinity, we have the following expansion at infinity of
the Green’s function (c.f. [Bar86]):

C(%,9)
|2]

olz)=1— +0 (—) as & — 001 (4.1.4)

Now we introduce another definition which is closely related to the capacity of a horizon

surface.

Definition 4.1.2. Given a complete, asymptotically flat 3-manifold (M3, §) with multiple

harmonically flat ends and one chosen end ooy, define

C(g) == inf{% /M3 Vo[’ dvoly : ¢ € Lip(M), lim ¢(x) =1, lim ¢(z) =0}

@—001 a—{oor}r>2
Similarly the infimum in the definition of C(g) is achieved by the Green’s function ¢ which
satisfies
A§¢ = 07

lim ¢(x) =1, (4.1.5)

T—001

lim ¢(x) =0 for all £ > 2.

T—O0L
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For a complete asymptotically flat 3-manifold (M3, g) with a connected outermost horizon
boundary X, nonnegative scalar curvature and one end ooy, we can take another copy of
(M3, g) and glue them together along the boundary ¥ to get a new metric space (M, g). In
general, (M, g) is only a Lipschitz manifold with two asymptotically flat ends {ocoy, 00, }.
From the proof of [Bra01, Theorem 9], for any ¢ > 0 small enough, we can smooth out (M, g)
and construct a smooth complete 3-manifold (M(;, gs) with nonnegative scalar curvature and
two asymptotically flat ends which, in the limit as § — 0, approaches (M, ) uniformly. For
reader’s convenience, we recall the details of [Bra0l| in the following.

Let (M3, g), (M, g) be the two copies of (M3, g). A first step is to construct a smooth

manifold (c.f. [Bra0l, Equation (92)])
(Mévgé) = (Mfag) U (2 X (0725>7G) U (MQ?),Q),

where ¥ x {0} and ¥ x {26} are identified with 3 C (M3, g), G is a warped product metric
and symmetric about ¢t = 0, and X x {6} C (X x (0,26),G) is totally geodesic. In general,
the scalar curvature of G only satisfies Rg > R for some constant Ry < 0 independent of 9,
and may not be nonnegative.

Then a second step is to take a conformal deformation of gs to get a new metric with
nonnegative scalar curvature. Define a smooth function Rs, which equals Ry in ¥ x [0, 24],
equals 0 for  more than a distance ¢ from ¥ x [0, 24], takes values in [Ry, 0] everywhere and
symmetric about ¥ x {d}. In particular, Ry, () > Rs(z) for any & € Mjs. Define us(x) such
that (c.f. [Bra0l, Equation (101)])

(—8Ay, + Rs(x))us(z) =0,

(4.1.6)

lim  ws(x) = 1.
z—{001,002} 6( )

Then us is a smooth function and satisfies that (c.f. [Bra0l, Equation (102)])

1 <ug(x) <14 €(0)
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where € goes to 0 as 6 — 0. Define

The scalar curvature of gs satisfies

R§5 = UES (R§5u5 - 8A§5u5)

By definition, lims_,0m(gs) = m(g) and lims_,oC(gs) = C(g).

To see the relation between C(g) and C(X, g), we define the reflection map
(I)ZM?UEMQ?)%M?UEMS

such that for any x € M3, ®(x) € M is the same point under the identification M} = M3 =

M3, ®? =1d and ®|y = Id. If ¢ satisfies (4.1.5)), then 1 — ¢ o ® also satisfies (4.1.5)) and

by the uniqueness we have ¢(z) = 1 — ¢ o ®(x), which implies that ¢|x, = 3. So [z also

satisfies (4.1.1]), which implies that
C(g) =2C(%, g). (4.1.7)

Similarly, we can define the reflection map @5 : Ms — M; and from the equation (4.1.6))
and the fact that gs = gs o 5, Rs = Rso $s, we know w4 is also symmetric about X x {0} and
particularly (Vug,7i), = 0 on ¥ x {d}, where 7 is the normal vector of ¥ x {6} C (Ms, Gs).

Thus, §s is symmetric about ¥ x {§} and the mean curvature of X x {0} C (M;, §s) is
Hstoyan) =ty Himxoya — 2 (Vi *571) = 0.

Let (Ms, §5) be one half of (Ms, js) with minimal boundary s := ¥ x {d} and one asymp-
totically flat end. Then (Ms, gs, Xs) converges to (M3, g, %) uniformly as & — 0.
Without loss of generality, by applying Proposition , we can assume that (M(;, Js) is

also harmonically flat at infinity. In summary, we have the following proposition.
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Proposition 4.1.1. Given a complete asymptotically flat one-ended 3-manifold (M?,g) with
a connected outermost horizon boundary X and nonnegative scalar curvature, there is a
sequence of smooth complete 3-manifolds (M;,ga), which have nonnegative scalar curvature
and two harmonically flat ends, and are symmetric about a minimal surface Y5 C (M§’,§5),
such that (M, Gs) — (M, g) and (Mjs, Gs) — (M, g) uniformly as 6 — 0, where (M,g) is the
doubling of (M, g) along the boundary X, and (Ms, §5) is one half of (Ms, §s) with minimal

boundary Ys.

To conclude this section, we give a remark about the relations between the mass, capacity
and boundary area of the outermost horizon. Let’s briefly recall Bray’s proof of the Penrose
inequality in [Bra01]. Given a complete smooth 3-manifold (M?, go) with a harmonically
flat end, nonnegative scalar curvature, an outermost minimizing horizon ¥, of total area A
and total mass mg. Then for all ¢t > 0, we can construct a continuous family of conformal
metrics g, on M? which are asymptotically flat with nonnegative scalar curvature and total
mass m(t). Let $(¢) be the outermost minimal enclosure of 34 in (M3, g;). Then X(¢) is
a smooth outermost horizon in (M3, g;) with area A(t) being a constant function about t.

It was shown that m(t) is decreasing. And as t — oo, (M3, g;) approaches a Schwarzschild

manifold (R®\ {0}, g..) with total mass lim; .., m(t) = fé—?r. In particular, mo > /{5,
which proves the Penrose inequality.
If we assume that mg — /4% < e < 1, then the total variation of m(t) is bounded by

e. From |Bra0Ol, Section 7], we know that for a.e. t, m/(t) = 2(2C(X(t), ;) — m(t)) (notice
that our definition of capacity differs by a scale). Then we can choose a small perturbation,
say t. € (0,/2) so that m(t.) — 2C(3(t.), g.) < 3v/e < 1. And as € — 0, g,. approaches

uniformly to go. In particular, Areay, (¥; ) = Areay,(3o) and [m(g:.) — m(go)| < ¥(e).
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4.2 Integral estimate and weighted volume comparison

In this and the following section, we assume that (M?3,g) is a complete, asymptotically
flat 3-manifold with two harmonically flat ends {co01, 002} and nonnegative scalar curvature

obtained as in Proposition In particular, the topology of M? is R3\ {0}, and there is a

minimal surface 3 C (M3, g) such that g is symmetric about X. Let (M3, g) be the half of
(M?, g) which contains the end co; and has minimal boundary ¥. So ¥ is diffeomorphic to a
2-sphere, M? is diffeomorphic to R?\ B(1), and (M?3, g) = (M?,g) Uy, (M, g), where we use
M’ to denote a copy of M containing the other end oos.

Let f(x) be the solution to (4.1.5) on (M3, g), that is

Agf =0,
Il_iglq flx) =1, (4.2.1)
L, [ =0

Then f is a smooth function satisfying 0 < f < 1 and the following expansion at infinity (c.f.

[Bar86; Bra0l])

(4.2.2)
f(x) = O(l)asx%oo
— s 2,
|| [
where ¢, are positive constants for k£ = 1,2. Moreover, for some 7 € (0, 1),
c 2’ 1
8jf(x):—12-—+0<w),

o el O\l o

4 J ok
op0uf() = o - P T 0 (i)

e P P |z >

By the symmetry of g about X, we know that on (M3, g), f satisfies (4.1.1)), that is

Agf =0,
f= % on %, (4.2.4)
lim f(z)=1.

T—001
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So by (4.1.3)) and (4.1.4)),

01:C(Z,g):$/E|Vf|. (4.2.5)

Similarly, on (M’, g), 1 — f also satisfies (4.1.1), so
o =C(%,9) =c. (4.2.6)

Since f is a proper smooth map, by Sard’s theorem, the regular values of f is an open

dense subset of [%, 1). For any regular value ¢t € (%, 1), we define
1
Mt :{§§f§t}, Et :{f:t}

Notice that by maximum principle, a regular level set ¥, is connected and separates Y from
o01. In particular, X, is a 2-sphere.

Our main goal in this section is to prove the following quantitative integral estimate. In
the proof, we will use the technique of integration over level sets of f, as well as a comparison

lemma for weighted volumes (c.f. Lemma [4.2.3)).

Proposition 4.2.1. We have the following integration inequality for the Green’s function f

on (M?, g):
2 _ 2
m(g)
2 -1 1— -1 2f — 1 2 - 2
[ (L0 O | g ) v,
M3 IV
where v = |§—}C|, and the integral is taken over the reqular set of f.

Proof. We first smooth |V f| by defining for any ¢ > 0,

Pe = |Vf|2+6'

If 3, is a regular level set of f, then the Gauss-Codazzi equation implies that
R, — 2Ric (v,v) = Ry, + |I1)* — H?,
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_ Vf _ V%tf
where v = i and ] = ik

curvature of ¥; in (M3, g) respectively. So

(Ry — Rs,)IVfI? = 2Ric(Vf, V) + [V f|* = 2|V|V f||?
— (Af)?+2Af -V f(v,v)
= 2Ric(Vf, V) + [V*f]* = 2|V|Vf]]%,

where we used the equation Af = 0. Together with the Bochner formula
AV =2|V2f]?+2(VAF,Vf)+2Ric(Vf, V),
we have
AV = V22 + 2[VIV I[P + (Ry — Bs,) |V fI.

So at any point on a regular level set ¥;, we can compute
Mg = S0 AV S - 26IIVIV PP
= 300 (V1P + (Ry = RV AF) + VIV AP
> 67 (V7P + (B, — Rs)IVIP).
Notice that the mean curvature of ¥, is

Af=Vf(v,v) _VZf(l/,u)
C IV /] |V

Hy,

H = try,I1 are the second fundamental form and mean

(4.2.7)

Taking integration on M; and using integration by parts and co-area formula, we have

%

1 1 t
/EKWE’”% Mﬁel(W?f!HRng\?)—g/%/SRES as.

where we have used the fact that [, (Vo.,v) = — [ HelVIP — ) gince Hy, = 0.

Pe

Define the tensor
T = V3 — [0 = )2 - DIV — v @),
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Then

SO0 IV = S0 T =360 £ 20— ) s IV AT

=3¢ A= N)THRf - )VEA(V V).

(4.2.9)

Notice that

o A = £)TH R = DVEF(VE, V)
= 20 - PRF - ) (VIR V)
= div (IVFP -6, £ - )7 2f ~ 1)95)
- %|Vf|2div (6 f A =H712f -DVF)
= div (IVFP -6, f7 (- )7 2f ~ 1)95)
LIV/P

+ 5 o T = NI DYV

SO = DF VA - o - g
= div (IV7P -6, F (- )7 2f ~ 1)V5)
+ %aﬁffl(l — 7RI =DV

- 20 =R = DV V)

— ST = )RS DAV - 0 - )V
SO

o fTH A= NHTf - )VEA(VE V)
=div (|Vf[*- o f (1= f) 7 2f = )VS)

_ é@lfl(l — N7Nf = )VEA(V V)

— o fTPA =NV =20 A= TV

(4.2.10)
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Substituting (4.2.10) into (4.2.9), we have

SOV = 56 TP = adiv (IVFP0, £ — )7 (2f — 1)95)
+60, fH (1= )TV (42.11)
+ ¢2¢> N - )TN - DVRF(VE V).

So (4.2.8) is equivalent to

1 _ 1 [
L Soon =g [ o (TP RAVIP) =5 [ [ s
R e Ty A e (R

/M 0= )R - DYV

w3 [ e

(4.2.12)

For any regular value t of f, define

pI

Notice that by co-area formula, integration by parts and Af = 0,

[ /E (Voe, v} ds = /M (Vo., V1)

= AV fl — |V £l
[ oavs /Em /l

So h(t) can be defined for any ¢ € [, 1) and it is a Lipschitz function with

hl(t) :/E (Voe,v) for ae. t € (%, 1).
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Together with Gauss-Bonnet formula, we can rewrite (4.2.12)) as

1
>3 [ o (TR RV

1. 3(2t—1)
—anlt—3) - t(1—1)

“J. S fTH L= )TN 2f = 1) — 6e y o fTHA = TV

¢e|vf| +6 f_l(l_f)_1¢e|vf|2
3t M

+ 3¢ ¢_3f_1(1 =N =DVI(VL V)

/ / ¢2+¢|Vf|

—ﬁ/be; (ITF+ RV IF)

1, 3(2t—1) P he(s)
—47T(t—§)— 1= 1) he(t)—i—ﬁ/é s(l—s)ds

—6e [ o ATV
My

¢’3f’1(1 =N =DVI(VL V)

Y-

Using (4 , IVfl=1=+ O(|w|3) V2 f| = LI ), and ( - we notice that

o[ o= v < ave /M (- v

1
1—t

C(g)Ve-log

| T A= )T -DIVAVEVAI S CVe | (1= )TV

My

< C(g)\/E. 1_¢

and by [£.2.7), |Rs,| = O((1 — t)?), s
~|Bs 1

<C . .

//2 oV S Ve T
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Thus for a.e. ¢t € (3,1),

HO) 2 5 [ o (TF 4 RV HP)

1 3(2t_1>h6(t)+6/t hﬁ(s) ds — C(Q)\/E

_47T<t_§)_t(1—t) 1-3) 1—t

(4.2.14)

For any regular value t € (%, 1) of f, as in the proof of [Bra+22, Theorem 1.2], we can divide
the integrals into two disjoint parts such that one is the integral over preimage of an open set

containing the critical values of f, then letting ¢ — 0 and using Sard’s theorem, we can have

Loz [ o (TR R

1. 3(2t—1) ) | )
I L ey S

Choose a sequence of regular values ¢; — 1. Notice that by (4.2.3),

2cq1
. V2w, )l TP
1 V|V — Q== lim = =0,
and
2t; — 1 :
lim M/ |V f]? = 127¢; lim v/l = 0.
t;—1 tl(l — tz) S ti—11—1¢;
So we have the following global integral inequality:
Lemma 4.2.2.
!Vf!3
=z T + Ry|Vf —I—G/ (4.2.15)
25 ), o (TP v v f 7

It remains to estimate 27 — 6 [, f(1]j;)-

For any ¢ € [3,1], define

H.(t) = /;s(l — ) (1 - %) ds.

Then H, € W2, and

he(t)
At(1 —t)’
he(t) (2t —1)h(t
Amt(1—t)  Amt2(1—1)?"

() =t(1—1) -

HI(t)=1—2t —
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Notice that

M) =0, Hi5) =1 == [ WVIVIPFe=a.
So 4]) implies that
Cl\/— " 2(2t — 1) / 6
1o = MO Sy MO = g
+ m ; (TP + RyIVI?) (4.2.16)
" 202t -1),, 6
> H(t) + mﬂe(t) T t)He’

where we have used that R, > 0 in the last inequality.

Consider the solution U of the equation

2(2t - 1) 6 C'\/e
U't) + —=U'(t) — ——U(t) = 4.2.17
()+t(1_t) (t) o (t) R ( )
satisfying initial conditions
I 1 1 1
A general solution to (4.2.17)) is given by
C’ 1—t
U(t) = 1;{ (6t31 —+ 6t + 3t — 1) +og (3t =3t +1) +an(1—1t)°.
Since
!/ ! € 2 ]._t 6t3 2 9
U't) =— 18 18t*log ren —6t"+ 12t +3 ) + 309(2t — 1) — 30(1 — t)7,
we know
1 C'\e 1
u(i):— 9\/_+1051+§042:
1 C'\e 3
ul(§) - 3:/_ - 1062 = Qe
ie.

_ 20"\ /e N 2a, N _40{;\/2 B 4;6‘




Then from ODE comparison, for any ¢ € (%, 1), we have
H(t) <U(t),

i.e.

He(t) < (20\& + 2%) (3t2 —3t+1) — (40'\/2 + 4a€> (1—1)*

9 3
/ 1—
- clg/z <6t3 log —— 4 662+ 3t 1)

(4.2.18)

For any fixed ¢ € (%, 1), since by definition,

He(t) = o — ot ————/°f I FEVIVIP

which is a strictly increasing function as e — 0+. Since (4.2.15)) shows that H(t) is always

bounded, by monotone convergence theorem, we have

1@%@:?_ ____/fWW

e—0
Together with (4.2.18)), we have proved the following weighted volume comparison.

Lemma 4.2.3. For anyt € (3,1),

1752 _ 1253 b1 |Vf\3 < 2aq

2 dag 3
2" T3 T2 )y fa-h (3¢ =3t +1) - ==(1-1)%, (4.2.19)

where ag = — L [ |Vf%.

Taking ¢ — 1, we have

/!WP<§9
Fi-5=

which implies that

o - o)

Together with (4.2.15)), we have the following lemma.
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Lemma 4.2.4.

1 2 2 T 9
/MW (ITF + RV f[F) <32 (Z _/z|vf| ) (4.2.20)

By the Holder inequality and the Penrose inequality,

(/ er\)2 < [19sp - Aveats)
< 16mmo)* [ |91

Since C(%, 9) = &= [, [V f], we have

T 2
/ V]2 > L’g)’
b m(g)

32 G - /E |vf|2> < 87 (1 - (2%2)9))2> .

This completes the proof.

i.e.

O
Notice that from (4.2.20)), we also have
9 _ T
IVI® < (4.2.21)
5 4
Together with Holder inequality, we have the following lower bound on horizon area:
Area(X) > 647C(%, g)°. (4.2.22)
Using Penrose inequality, we have the following mass-area-capacity inequality:
Proposition 4.2.5.
16m(2C(%, 9))? < Area(X) < 16mm(g)?. (4.2.23)

Applying Proposition to 1 — f on (M, g), we also have the following integration

inequality:
Sr((m(g)* — (20(%,9)) _
(g)? -
/ | (| NP (1— ) |(é;| 2NV I g~ 3v @) +Rg|Vf|> dvol,.
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So the following integration inequality holds on (M, g) :

8 ((m(9)* — (2€(%,9))°)
m(g)? -
/ (!VQf — (1= Rf=DIVfP(g —3vev)f
y V£l

(4.2.24)

+ R9|Vf|) dvol,.
r

We can introduce an additional function p(z) to simplify above estimate. Using (2.0.7)),

for m :=m(g), we define p : (M, g) — [0,00) by

p(x) = pm(f(2)). (4.2.25)
Then by ,
m 1

um(p(2)) = 3 - a7

and by 7
up, (p()) = 2f(x) — 1

So

Vp = %(1 - )72V,
and

o om 2 Um(P(@) oo
7= %, (V P o)) VO E )) '

Equivalently, we can rewrite the integration inequality in Proposition by

Sm((ml9)? — (2€(%,9))%) .

m(g)2 - 4.2.26
m V- VoPlg—v @) m (4:2.26)
/ - = + Ry|Vp| | dvoly.
M3\ 2 up, |V pl 2ug,

We also notice that by (4.2.2), as x — ooy,

Vol = (4.2.27)

m
2C(%, 9)
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At any regular point x € M,

VIV <2[Vpl|- |V?p(v,-)|

y (4.2.28)
=2Vl [(V?p = 2Vl (g —v @ w)) (v, )]
If R, > 0 and m(g) > mo > 0, using , we have
‘V|VP|2’2 2 2
VAL < . —(20(%, 9))?),
RV S (m(g)” — (2C(X£,9))°)
or equivalently,
!V HUVE) P 2 2
<C- —(2C(2 . 4.2.29
| S <Ol — (20(=.0)) (4.2.29)
Applying same arguments to 1 — f on (M’, g), we have
V(L= VP P 2 2
<C-(m(g)"—(2C(2,9))). 4.2.30
| e (m(g)? - (26(5, 9))") (1.2.30)

Taking sum of (4.2.29)) and (4.2.30)), we have proved the following proposition.

Proposition 4.2.6. Let f be a solution to on (M, g), where (M, g) is a two-ended
asymptotically flat 3-manifolds obtained as in Proposition and assume m(g) > mgy > 0,
then there exists a uniform constant C depending only on mq such that the following integration
inequality holds:

/ |v HTUAVER) 12

e el =C - (m(9)* = (2€(2,9))%), (4.2.31)

and

A, (= AVl = B (0= DTV = gy

4.3 Harmonic coordinate for conformal metric

Let f be the harmonic function defined by (4.2.1)) on (A3, g). We consider the conformal metric

h:= f*g. Then on the end 0oy, since ¢ is harmonically flat, we have h;;(x) = f*(z)V*(x)d;;,
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where V() is a positive bounded d-harmonic function. So on the end cos, h is conformal to a
punctured ball with the conformal factor (fV)*(z), where (fV)(z) is a bounded §-harmonic
function in the punctured ball. Hence, by the removable singularity theorem, fV can be
extended to the whole ball, which together with the expansion and implies
that h can be extended smoothly over the one point compactification M* := M U {00y}
Moreover, by standard computations, (M * h) also has nonnegative scalar curvature and has
a single harmonically flat end ooy with ADM mass m(h) = m(g) — 2C(X,g) > 0 (c.f. [Bra0l,
Equation (84)]).

In the following, we assume 0 < m(h) < 1, |m(g) — mo| < 1 for a fixed mp > 0 and
follow the arguments in [DS23] to construct a harmonic coordinate map, which is an almost
isometry into R3,

For g-harmonic function f, since |V f|2 = fYVf[} and dvol, = f~Sdvoly, (4.2.31) is

equivalent to

V(- IR o
fro e =€ (45

Notice that we also have

[V frdvoly, = 4rC(Z, g). (4.3.2)
M*

Let {27 }3?:1 denote the asymptotically flat coordinate system of the end oco;. We firstly
solve the harmonic coordinate functions v/, for each j € {1,2,3}, such that
Ahuj = 0,
(4.3.3)
lu (x) — 27| = o(|z|'7) as & — ooy,
where o > % is the order of the asymptotic flatness. Denote by u the resulting harmonic map
u = (ut,u?ud)  (M*, h) = R
For any fixed small 0 < € < 1, by |[DS23], we know that there exists a connected region
& C (M * h) containing ooy, with smooth boundary, such that

Area(0&;) < m(h)**,
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and u: & — Y :=u(&;) C R? is a diffeomorphism with the Jacobian satisfying
|[Jacu — Id| < W(m(h)),

and under the identification by u, the metric tensor satisfies
3

Z (hjr. — )% < m(h)™.

k=1
Now we modify & to get a subset such that f is locally uniformly Lipschitz. For this

purpose, we denote by a, := % > 1, and define P : M* — [0, 00) by

2
m(g)® -
Ployi= (R Vs - )
By (4.2.32)), lim, 0, P(x) = lim, o, P(x) = 0. Notice that |a, — 1| < 1.
If z is a regular point of f such that P(z) < m(h)* and f(z) < 1 — m(h)¢, then

<N (@ ) b

oy MOV A= DB st
m(h) 1 (1— v ( ) IV - ( ) (4.3.4)
<co. V= f)’4|Vf|?;) |n

1= H*fIVL;
which together with implies that

IVP|,(z) < 2V6m(h)

)

/ |VP|; < Cm(h). (4.3.5)
{P<m(h)*}n{f<1-m(h)<}

By the co-area formula, we have

m(h)2e
/0 Area,({P =s}n{f <1—m(h)})ds

|VP|th01h

/{Pgm(h)%}ﬂ{fél—m(h)e}
< Cm(h)? - (Vol,({P < m(h)*} N {f < 1—m(h)}))

[N

Since

Vol,({P < m(h)*}n{f <1—-m(h)}) < C/ (1 — )"V fidvol,
{f<1—m(h)<}
< Cm()* [ 1791wl
M*

< Cm(h)™*,
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where we used (4.3.2)) in the last inequality, for a generic s. € (0, m(h)?*®), we have
Area,({P = s.} N {f < 1—m(h)}) < Cm(h)>~.

Define the region &, to be the one of the connected components of & N{P < s} N{f <

1 —m(h)} with biggest volume. Then
Area(0& N{f <1—m(h)}) < Cm(h)%_‘“.

By co-area formula and a perturbation argument, we can assume that {f =1 —m(h)‘} is a
smooth surface and 0& N {f =1 — m(h)°} consists of smooth curves whose total length is
smaller than m(h)i. Also by a perturbation we can assume that 9& N {f <1 —m(h)<} is a
smooth surface.

Since Area(X) > 167(2C(%, g))? > A for a uniform Ay > 0, XN & # 0. We can take a

base point p € ¥ N &,. For all 0 < m(h) < 1, we claim that
Bg,(p, 10m(h) %) C {f <1 —m(h)}.

Otherwise, if there exists z € Bj,g,(p, 10m(h)~%) such that f(z) = 1 — m(h)¢, then there
exists a curve v C & such that v(0) = p, v(1) = x, and Length,,(y) < 10m(h)~2. But by

definition of &, we have

(1= 7@) " < W= )+ (= p Ve

[SIY

<2+4C-m(h)73,

which is a contradiction.

For all 0 < m(h) < 1, we can apply the same arguments of [DS23, Section 4] to
Big,(p,10m(h)~%), and as a result, we can find a smooth domain £ such that Area(d€) <
Cm(h)%"“, the induced length metric of h on £ is almost the same as Euclidean metric, and

Bh,g (p,m(h)~2) C &. In summary, we have the following proposition.
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Proposition 4.3.1. There exists a connected region £ C (M*, h) containing ooy, with smooth
boundary, such that
Area(0&) < VU (m(h)),

andu: & — Y :=u(€) C R is a diffeomorphism with the Jacobian satisfying
|[Jacu — Id| < ¥(m(h)),
and under the identification by u, the metric tensor satisfies
3
Z (hjr — 6jx)* < W(m(h)).

Jk=1

For any base point p € ENYX and any fired D > 0,
dpGH <(Bh,€(p7 D)7 Cih,é‘ap% (BEucl(07 D>7 dEucb O)) S \Ij(m<h)‘D)7

and Py o u gives a V(m(h)|D)-pGH approzimation, where ®y is the translation diffeo-
morphism of R® mapping u(p) to 0.

Moreover, Y € By, g(p, D), for all 0 < m(h) < 1, f(z) <1 - =5 and

m(g)*
4

ag — W (m(h)|D) < (L= ) IVII < ag+ T (m(h)| D). (4.3.6)

4.4 W'2-convergence of elliptic equations

Assume that (Mf’, g:) is a sequence of complete asymptotically flat 3-manifolds obtained as

in Proposition with m(g;) — 2C(%s, g;) = €; — 0, where 3; C (M?, g;) is the minimal
surface such that (M2, ;) is symmetric about ¥, and m(g;) — mo > 0. Notice that from
(4.2.23), |Area(3;) — 167m?| — 0, and particularly Area(%;) > Ay > 0 for some uniform
Ay > 0.

Let f; be the harmonic functions defined by on (M2, g;), (M;,g;) be the half of
(]\;[f’, g;) such that f; satisfies , and h; := flg; the conformal metrics. Using the same

notations as in previous section, let (M, h;) be the one point compactification M; U {oo,},
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then (]\;[Z*, h;) is a sequence of one-ended asymptotically flat 3-manifolds with nonnegative
scalar curvature and ADM mass m(h;) =¢; — 0.

Let &; be regions given by Proposition Since Area(0&;) — 0 and ¥; is a minimal
surface with Area(3;) > Ay > 0, &;NY; # (). Taking any base point p; € £NY; = ENY{f; = %},
by [DS23, Theorem 1.3],

(Eivdnigspi) — (R, dpyar, 7,)

in the pointed measured Gromov-Hausdorff topology, where zy = (%2,0,0) € R?, the
harmonic maps u; with w;(p;) = z, are ¥(g;)-pGH approximation, and for any D > 0,
(w)(dvoly,| g, , (,.p)) Weakly converges to dvolgualp(,,p) as i — .

Now we consider functions &;(x) := ﬁ defined on (M;, h;). Since A, fi = 0, we have

A fi =27V filh.s

and

Ap,(1=fi)t=201— f)°f7H Vi

2
hi*

So

Ap& =6(1—f;) YV,

P (4.4.1)
For any fixed D > 0 and any = € thgi (pi, D), by we have
V(= fi) " e = (L= fi) [V filn, < C,
SO
(1— fi)"Y(z) <2+ C - dy,e,(pi, @)

Also

2|V filn,(2) C
W) =TT ST R

V&

(4.4.2)
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SO
0 < &(x) < C(L+dp, g, (ps, x))* (4.4.3)

By Arzela-Ascoli theorem, up to a subsequence, f; — fo, and & — & locally uniformly

for some Lipschitz functions f. and & on R3, and &, = %

Lemma 4.4.1. f; and & converges to fo, and & in the weakly W12-sense respectively. That
is, for any uniformly converging sequence of compactly supported Lipschitz functions 1; — 1

and V; — V) in L?, we have

i—00

lim @mmmmz/fmemm
E; R3

lim <Vf“ Vw1>hl dVOlhi = / <V€oo, Vw)5 dVOlEud.
R3

1—>00 &
Proof. Tt’s enough to prove for &. Under the diffeomorphism u;, we can identify &; as a
subset in R3. Suppose that 1;, 1 have support in U C B(0, D) for some D > 0. Then since

& — & uniformly, by Proposition we know

lim
1—00

&wmm—/@wmm1
U

UNE;

< lim |€i; — Esotp]dvoly, + lim
71— 00

1—00 UNE;

goodeOIhi _/é'ool/JdVOIEucl
U

UNE;

S C hm |€lwz - goo¢|dV01Eucl

i—00 Une;

=0.

Similarly, since |V&;|5, and |V);|p, are uniformly bounded and h; converges uniformly to 0,

Jim / (Y&, Vi), dvoly, — / (Ve Vi), dvolpu
i—=00 | Juneg; ‘ U
S C hm | <V€Za vd’z)hl - <V€007 V'QZ)>5 |dVOlEucl
71— 00 Uné;
= C lim |h3*0;€:0005 — 0706 k)| dvolgua
1—00 Uné&;

3
Cli 06 — 0i6ne) | 050 + |05b; — 0
< i;@o;/mﬂm £ |- 10501 + 0501 — 00
=0,
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where in the first inequality we used that Vol(U \ &;) — 0, and in the last step, we used the
assumption that 9;10; — 9;¢ in L? and the fact that uniformly Lipschitz sequence & has a

locally W12-convergent subsequence, which can be seen by a smooth mollifier argument. [

Proposition 4.4.2. £ satisfies the following equation weakly on R? :

24
Al = 22 44.4
(55 m2 ( )

0

Proof. For any smooth function 1 on R? with compact support in U C B(x,, D) C R3, it is

enough to show that

24
_/ <V£OO,V¢>5 dVOIEucl - _2/ deOIEuCI-
U my Ju
Define v; := ¢ o u; on &;. Then 1); are uniformly Lipschitz and v¢; — 9 uniformly. By (4.4.1])

and integration by parts, for U; := u;lU C &;, we have

- / (VE:, Vi), dvoly, = / 601 — f) VLR dvoly, — [t (V€. T) dAy,.
U; U;

oU;
Notice that |1;],|V&|n, < C(D) on U, so

< C(D) - Area(0€&;) — 0.

oU;

By (4.3.6) and Proposition {4.3.1]

4 24
lim 61;(1 — i)"YV fi]7 dvol,, = lim / sYdvoly, = —2/ dvolgyg.
’ =00 Jui () my Ju

2
i—00 Jir. myg
It remains to show lim; fU¢ (VE&, Vi), dvoly, = [,; (Vés, Vib)s dvolgya, which comes
from Lemma 411

So we have the following rigidity:

Lemma 4.4.3.

In particular,

fool) = (1 + @> o (4.4.5)



Proof. By standard theory of elliptic equations, £ is a smooth function. So the smooth

function 7n(z) := &x(x) — —z|2|* is d-harmonic on R?, i.e. Agn = 0. By taking limit of
0

(4.4.3), n has quadratic growth, so 7 is a polynomial of degree at most 2. Since £, > 0 and

{oo(T0) = Eo((752,0,0)) = 1, we can assume &, has the following form:

mo) 2 4
foo(l’) = C11 <$1 — 70> + CQQZL‘% + ngl’% + W|$|2,
0

where c11, coo, 33 are constants to be determined such that cn—l-% >0, 0224—% >0, 0334—% >
0 0 0

0 and ¢11 + ¢22 + ¢33 = 0. Taking limit of (4.4.2), V& |} < 23w, which implies that for any
0

r1 € R,

mo 4 2 4 Mmoo 4 5
cr1(xy — 7) + m—g% < m_g cr1(zy — 7) + m—%wl

from which we can get that ¢;; = 0. So we also have that for any x,, r3 € R,

0
4\,
C33 + - Tg <
my m

from which we can get that cgs, c33 < 0, and thus coy = ¢33 = 0 by co9 + ¢33 = 0. ]

4\° 4
Co2 + —5 I% < —(022 + —)1‘2
m2 — m? m3
4
2
0

In fact, we can show that the convergence is also strongly W2 by the following lemmas.
Lemma 4.4.4. For any D >0 and U C B(0, D),

im [ Vel = /U Ve,

1—00 Une;

i [ VAR = [ IV
UNné; U

1—00

Proof. By Lemma [4.4.3| we know |V&[3 = 256 and [V fo|f = 25 (1— fuo)*. We only prove
0 0

it for f; and it is similar for &;.
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It’s clear that |V fo|s < lim;eo |V filn,, so it is enough to show lim; fUms- |V fi

2
2 <

Jor IV fol3- This comes from (4.3.6)) as following:

L= [ -1

= lim iz(l — )

=00 Jyng, My

> lm(-=) [ VI,
Uné&;

11— 00
= lim IV filk,-
i—00 UNE; o
U
Lemma 4.4.5. For any D >0 and U C B(0, D),
lim V& ou!' —VEL];F =0,
i—o0 Jung,
lim [ [Vfou = Vi =0,
i»0 Jung,
Proof. Tt follows from Lemma and Lemma [£.4.4] O

4.5 Proof of Theorems [1.0.4 and [1.0.5

We first prove the stability for the mass-capacity inequality.

Proof of Theorem [1.0.5 Assume that (M}, g;) is a sequence of asymptotically flat 3-manifolds
with nonnegative scalar curvature and compact connected outermost horizon boundaries ;.
Suppose that m(g;) — 2C(%;, g;) = &; — 0 and m(g;) — mgy > 0.

By Proposition 4.1.1] without loss of generality, we can assume that there exists a
doubling (MZ-, g;) of each (M;, g;) such that (Mi, g;) is symmetric about minimal surface ¥;,
has nonnegative scalar curvature and two harmonically flat ends. Let f; be harmonic functions

defined by (4.1.5) and h; = f!g;. Using the same notations in previous arguments of this

section, we have proved that there exist smooth regions &; C Mi* such that Areay, (9&;) — 0,
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and for base point p; € £ N3,

pm—GH
—_—

(gi7 Cihi,gi ) pz) <R37 dEuCh m0)7

where z, = (%2,0,0) and

—1
mo
Ji = Jool@) = (1 " m)

locally uniformly.

In the following, we will only consider the manifold M;, which is equivalent to {1 < f; < 1}.
Since h; = fig;, we know g; and h; are two uniformly equivalent metrics on M;. When talking
about uniform upper or lower bound on volume, area, or distance etc., there is no difference
by using either metric, so we will omit the subindex for simplicity. Also we always identify &;
as a subset in R? by using the diffeomorphism u;.

Fix 0 < e < 1. By co-area formula,

1t4e
/ Length(9 N { foo = t})dt < / |Vl € C- Area(dE,).
3+2e OE:N{3<fe<}
So there exists a generic regular value to € (3 + 2¢, 3 + 4€) such that & N { foo = to} consists

of smooth curves, and the total length satisfies

C - Area(9¢&;)

€

Length(0& N {fx = to}) < = U(gle).

We can assume ty = % + 3¢ for simplicity. By the uniform convergence f; — f, for all large
enough 7, we have

1 1
gzm{§+3€§foo§1_g}CMz

Define &;(€) as the noncompact component of
1

We make some modifications on &;(€) for later usage as in the proof of [DS23, Lemma
4.3]. Let {Dy}1_, C & be the components of {fo = 5 + 3¢} \ 9E;, and assume Dy has the

largest area. For any k > 1, then diamDy < U(g;le). Choose xy € Dy, for each k > 1. Since
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dguc (Do, Di) < ¥(g;le), we know there exists yx € Dy such that czhi7gi(xk, yr) < W(gle). For
each k > 1, let v, be a geodesic between xy, y for the metric thi,gi. By thickening each ~;, we
can get thin solid tubes T} inside W(g;|e)-neighborhood of ~, with arbitrarily small boundary
area. Let & (€)' := &(€) U (UrTy). We then get a smooth connected subset by smoothing
corners of &;(e)'.

For simplicity, we still denote the modified &;(¢)’ by &;(€). Denote by 0*E;(¢€) the closure of
the connected component of 9&;(€) \ JE;. Notice that 0*E;(e) lies inside W(g;|e)-neighborhood
of {foo = 5 +3¢}\ 8E;, and the total length of the boundary of 9*&;(e) is smaller than W(e;|e).

Denote by My.(€) := {fo > 5 + 3¢}, and z,(€) € {fs = 3 + 3¢} a base point.

Proposition 4.5.1.

~

(€i(€)s dgi ()2 1) = (Mse(€), gy Zo(€)) (4.5.1)

in the pointed measured Gromov-Hausdorff topology, and

~ ~

(07&i(€), dg, 00¢:()) = (OMse(€), dy,. oM. (c)) (4.5.2)

in the measured Gromov-Hausdorff topology for the induced length metrics.

Proof. We firstly show (4.5.2). By the construction of &(e), we know 0*&;(¢) is inside
U (g;|€)-neighborhood of 9*&;(e) N OM;.(€), so

~

(a*gl(e)7 dgsma*gi(e)) — (aMSC<€)7 d\gsmaMsc)

in the Gromov-Hausdorff topology. It is sufficient to show that for any z,y € 0*&;(¢),

~

lim dg, 05,0 (%, Y) = dg,. 001.(0 (2, V)
Let v C dM,.(€) be a geodesic between z,y € 9*E(€) for d,,.. Since AM,.(e) N IE; consists

of smooth curves with total length converging to 0, we can always perturb v to get ¥ C

OM,.(e) N &; such that |Length, (v) — Length, (5)[ — 0. Then

1
Ay oreio(@:y) < / 5
0

9i

gsc)

<(1+0() / 5
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where we used f; — fo uniformly. Taking ¢+ — oo, we have

lim dAgi,a*Si(e) (ZL‘, y) < CZQSC,BMSC(E) ($7 y)

1—+00
Similarly, it’s easy to check

~

dg,.. oM, (e) (X, Yy) < Zliglo dg; 006,00 (T, ).

This completes the Gromov-Hausdorff convergence in (4.5.2)).

Notice that for any z,y € 0M.(€), there is a uniform constant C' > 0 such that

dEucl<x> y) < dAgsc,aMsc(e) (-Tv y) < CdEuCl(xa y)a

which implies that, for any z,y € 0*&;(¢), for all large enough 1,

1

chhi,&'(xv y) < dgiaa*gi(ﬁ) (:L’, y) < Cczhzw& (xv Z/) + \I/(gi‘d' (4-5~3)

Now we prove (4.5.1). It is enough to show that for any fixed D > 0 and any z,y €
&i(e) N B(g;, D),

|ngi,5,-(e)(x7y> - dgsc(xvy)‘ — 0 as i — oo.

~

It’s easy to check that dg, (z,y) < lim;_ o dg, £,(¢) (7, y). In the following, we will check the

other inequality.

For any fixed 6y > 0. We firstly assume that d,  (x,y) > & and d,, (z,0M.(€)) > do,

dg..(y,0M.(€)) > 0p. If 7 is a gs-geodesic between z,y, then d,  (v,0M.(€)) > dp. For

N(8,D)

any 0 < 0 < Jg, we can use piecewise line segments {”yj}j:1 to approximate v such

that X, Length, (7;) < Length, (v)+ ¥(d), and Lengthy,(y;) > 0. For each v; with
v;(0) = z;,7;(1) = y;, from the proof of [DS23, Lemma 4.5], we can find peturbed points

%,y such that the straight line segment 7; between 2, ¢} lies in &;(€) and dgya(zj, 7)) +

/.
J
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deuc (Y y;) < U(g;). Then
I y < deh &l J’y] +CZ dEucl Ly, ]) +dEUC1(yJ7y]))

s}jﬁwm+wﬂdm
J
< (14 ¥(5|D)) Y _ Lengthy, (7;) + ¥(si|6, D),
J

where we have used that f; — f, uniformly. Taking ¢ — oo, we have
lim dy, .09 (2, ) < d (2,y) + V()
Taking 6 — 0 gives
lim dy e,0(@,9) < dy. (2,). (4.5.4)

Ifdg,.(z,y) < dp and dg,, (x, 0Ms(€)) < g, then dgya(x, OMs.(€)) < 6o and dpya(z,y) < do
. We can take an almost d,, ¢ -geodesic v C & between z, y, so Length,, (v) < 2d. If v C &(e),
we have dAgi’gi(E) (x,y) < Cdy; otherwise, let 2’ be the first intersection point of v and 0*&;(¢)

and ¢ be the last intersection point. By (4.5.3)), we have

~ A~

dysiei0(@',y) < dgoreo (@' y) < Ol (o) + U(eile) < O + W(eile).

So

~

dg,ie,00(.y) < g0 (@) + dy, g0 (. 4) + 0 (Y y) < Cdo + U(eile)-

This shows that the pointed Gromov-Hausdorff distance

dpGH((‘S'i(e)? CZgi,&‘(e)v %’)7 (Sz(e) N {I’ td sc (377 aMsc(E)) > 60} gi,Ei(€)» Q1))

S 050 + ‘11(81’6)
Together with (4.5.4]), we have that
dPGH((gi(6>7 dAgi,&'(ﬁb qi)a (MSC(E)v dgsc7 330(6))) < 050 + \11(61’6)
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First taking i — oo and then taking d, — 0 gives the conclusion on the pointed Gromov-
Hausdorff convergence in (4.5.1).

Since the Hausdorff measure induced by CZgi’gi(e) and Cigi,a*gi(e) are the same as the volume
element dvoly, and the area element dA,, respectively, together with isoperimetric inequality,
it’s standard to check that these measures also converge weakly (c.f. [DS23, Page 22]). In
particular, Areay, (0*E;(€)) — Areay,, (0Ms.(€)).

O

Choosing a sequence ¢; — 0, and using a diagonal argument, we can take a subsequence

such that

~

(gi(ei)a dgi,&(ei)a %) — (Msc> dgsm xo)

in the pointed measured Gromov-Hausdorff topology, and

A A

(8*51(61)7 dgiﬁ*fi(ei)) — (aMSC7 dg.5678Msc)

in the measured Gromov-Hausdorff topology.
Finally, we can take Z; = M; \ & and N; C M; to be a smooth submanifold such that
u,;(N; \ Z;) = &i(e;). This completes the proof.
O

Then we prove the stability for the Penrose inequality as a corollary of the stability for

the mass-capacity inequality.

Proof of Theorem[1.0.7. Let Ay > 0 be a fixed constant and (M?,g;) be a sequence of
asymptotically flat 3-manifolds with nonnegative scalar curvature, whose boundaries are
compact connected outermost minimal surfaces with area Ay. Suppose that the ADM mass
m(g;) converges to \/1‘%:;.

From the remark in the end of Section [4.1] we can find a smooth subset M} C M; and a

metric g such that (M/, g}) is also an asymptotically flat 3-manifold with nonnegative scalar
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curvature and a connected outermost horizon ¥ with Areay (X}) = Ay, the uniform distance
between g, and g; on M/ converges to 0, and m(g}) — 2C(%,, g/) — 0.

Then we can apply the stability for mass-capacity inequality to (M/, gi). So the conclusion
that up to boundary area perturbations, the Schwarzschild 3-manifold is stable for the Penrose

inequality follows.
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