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Problem 1. Check if |2| and | 6 | are orthogonal vectors.
4 -3

Answer: Yes.

Solution. The vectors are orthogonal because their dot product is zero:

17 [o
2116 =1-0+2-6+4-(-3)=0.
4 |-3

Problem 2. In the following problems compute u - v.

1 2
1) u= |2/, v=|-3
3] |1
[1] [2
2) u= |z|, v= 3
_3_ L
[z 3
Hu=|2], ov=|4
| —3 x
1 2
Solution: 1) |2]-|-3| =1-242-(=3)+3-1=-1
3 1
1 2]
2) |z|-|3|=1-242-3+3-y=2+4+3x+3y
3] Lyl
z| [3
Hu=|2| |4 =2-3+2-4+(-3)-2=8.
=3 |z




Problem 3. In the following problems find all £ such that v and v are parallel vectors.

[k 2
el f
[k 1
2) u= |1/, v= |2
& 3
[k 1
3) u=10 |, v=1_0
K -1

Answer: 1) k =4, 2) no solution, 3) k is any.

Solution. Since u, v are non-zero, u, v are parallel if and only if © = cv for some scalar c,
equivalently if the coordinates of u and v are proportional. We have:

1) k/2=2/1,0or k=4
2) k/1=1/2 =k/3 — no solution.

3) k/1=—k/(—1); i.e. k is any.

Problem 4.

1) Find the general and parametric equations of the line passing through the points (3, 1)
and (1,0).

2) Are the points (2,1), (1,2), and (4, —1) on the same line? If yes, find the general and
parametric equations of the line passing through these points.

3) Find the parametric equation of the line passing through (1,1) and (0, z).
Solution. 1) Write A = (1,0) and B = (3,1), and O = (0,0) — the origin. Then

— 2 — 3
AB = [J is a direction vector of the line. Also OB = L] )

— —
The point X = (z,y) is on the line if and only if BX is parallel to AB; equivalently
— — — — —
if BX =tAB. Since BX = OX — OB, we have

— — —
OX =0OB+tAB
T 3 2
b= [i]
This is the vector form of the equation of the line. The parametric equation:

r=3+2t
y=1+1.
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Observe that n = [_

1] . . 'y
9 } is a normal vector, because n is orthogonal to AB:

n-AB = [_1} : m =(-1)-2+2-1=0.

Remark: [_ab} is always orthogonal to [Z] :

[;ﬂ.ﬁ}:—m+ﬂb:&

e
Therefore, X = (z,y) is on the line if and only if BX is orthogonal to n, equivalently:

— — — —
n-(OX —-0B)=0 or n-0X =n- 0B,
—
BX

BREEER

This is the normal form of the equation of the line. The general form of the equation
of the line is obtained by evaluating the dot product:

or

-+ 2y =—1.

- —1 - 2
Write A = (2,1), B=(1,2), C = (4,—1), then AB = [ 1 ] and AC = [_2]. Since

— —
AB and AC are parallel (because —1/2 = 1/(—2)), the points A, B, and C' are on the
same line.

— -1
Since AB = [ 1 ] is a direction vector, the vector form of the equation is

ox=0h+ub o [t =2
Y 1 1

The parametric equation:
r=2-—t
y=1+1.

.
Observe that n = [ﬂ is a normal vector because n- AB = 0. The general form of the
— —
equation is obtained by evaluating the dot product in n-OX =n-OB:
r+y=3.

(We can double check that C' = (4,—1) is on the line passing through A and B:
44+ (—-1)=3.)



3) Using x1, xe-axes, we have:
r1 =041
xo =x+t(l —x).
O

Problem 5. Find the general and parametric equations of the plane passing through the

1
point (1,1,1) and orthogonal to the vector |1].
1
1
Solution. Write A = (1,1,1). Since the vector n = [1| is normal, the general form of the
1

— —
equation is obtained by evaluating the dot product in n-OX =n - OA:
r+y+z=3.

To find the parametric equation, it is sufficient to solve the equation z +y + z = 3. We
set z=t,y=s,thenx =3 —s—1t;ie.:

r=3—s—1t
y=s
z =1.

O

Problem 6. Find the general and parametric equations of the plane passing through the
points (0,1,2), (1,0,1), and (2,1,4). Does the plane also pass through the origin (0,0,0)?

Solution. Write A = (0,1,2), B = (1,0,1), C = (2,1,4), and O = (0,0,0) — the origin.

— 1 — 2
Then AB = |—1| and AC = |0| are two non-parallel direction vectors of the plane. Also
-1 2
N 1
OB = |0|. The vector form of the equation is
1
— — — —
OX =0B + sAB +tAC,
or:
T 1 1 2
yl =10 +s|—-1| +¢t |0
z 1 -1 2
The parametric equation:
r=14s+2t
y=-—:
z=1-—s+2t.



n
Next we need to find a normal vector n = | no | of the plane. Such vector n is orthogonal
ns.

— — — —
to the direction vectors AB and AC. Therefore, n satisfies n- AB =0 and n- AC =0, or
ny —ng —ng = 0

2nq +2n3 =0

This system has infinitely many solutions, n;y = 1,n2 = 2,n3 = —1 is one of non-zero

solutions. The normal form of the equation is obtained by evaluating the dot product in
— —

n-0X =n-0B8B:

r+2y—2=0.
Since (0,0, 0) satisfies x 4+ 2y — z = 0, the plane passes through the origin O = (0,0, 0).
O
Problem 7. Solve the following system of linear equations:
42y —3z2=9,
20 —y+ 2 =0,
de —y+2z=4.
Answer x =2,y =5,z = 1.
Solution 1. We have:
12 31 T gy
- Rs — 4R o =9
> 11 o BTy Sy og | g | R/OD)
4 -1 1 |4 0 -9 13| =32
1 3 M2l ey 02 1s 10 —02]18
B Rs +9R, ’ R3/0.4 e ’
0O 1 —-14] 3.6 0 1 —14] 3.6 0 1 —-14] 3.6
0 -9 13 —32 0 0 04|04 0 0 1 1
R1 +0.2R3
1 0 0|2
R 1.4R
2P 0 1 0] s
00 1|1
O

Solution 2. To simplify calculations, let us first subtract the second equation from the last
equation:

1 2 -3 2 =3

Ry & R3

9
110
2 0 04



2 0 0|4 0 o |27 22 0 0
R1/2 R3 — Ry
2 -1 110 -1 110 -1 1
1 2 =319 1 2 =39 0 2 -3
R 10 012 Ry — 2R, 10 0] 2 R
01 —-1/]4 01 -1/ 4
02 3|7 00 —1| -1
1 0 012 1 0 02
Ry+ R
001 —14|™F 101 05
00 1|1 00 1|1
Problem 8. Solve the following system of linear equations:
-1 3 -2 410
2 -6 1 -—-2| -3
1 -3 4 -8| 2
Solution. We have:
4 1 9 4 fp =21
-1 3 =2 0 R -3 — Rs— R,
2 -6 1 -—-2| -3 2 -6 1 —-2| -3
1 -3 4 -8| 2 1 -3 4 -8/ 2
Ry/(—3 Ry — 2R
1 =3 2 —4] 0 2/(73) o g 5y ! 2
R3/2 Rs — Ry
0 0 -3 6 | -3 0 0 1 -2
0 0 2 —4| 2 0 0 1 —-2]1

1 -3 0 0| -2
0 0 1 =2 1
0 0 0 O 0

The solution: z1 = —2+ 3t, 29 =t,x3 =14 25,24 = 5.

Problem 9. Determine if the following vectors are linearly independent

2 3 1
21, 1, -5
1 2 2

Solution. We need to check if the system

2 3 1 0
c1 |2 +co |1 +c3|=5] = |0
1 2 2 0

(@)



has a non-trivial solution; i.e. when at least one of ¢y, c2, c3 is not zero. We have:

23 110 12 2 By=2B 0y 51
R &R Rs — 2R Ry/(—3
21 =50 2 > 12 _5 ? Vg 3 gl | /53)
12 210 23 110 0 —1 =310
1 2 9oy B2 0 g
Rs+ R -
01 310 st g 3o
0 -1 =30 00 010
0
Therefore, the system has a non-trivial solution, for example ¢; = 4,co = —3,¢c3 = 1:
2 3 1 0
4l2| =3 |1]+|-5| =10
1 2 2 0

Problem 10. Find all k such that the following vectors are linearly independent
2k 1
1]’ 1]

] are linearly independent if and only if they are not parallel.

Answer: k # 1/2.
Solution. Two vectors [21k:] , B

The vectors [21k ] , [ﬂ are parallel if and only if £ = 1/2.

Problem 11. Check if the span of the following vectors is R3.

2 1 7
3, —4|, 6
3 —2 0

Answer: yes.

Solution. The span of three vectors is R? if and only if the vectors are linearly independent.
Let us check if the vectors are linearly independent.
We need to check if the system

2 1 7 0
c1 |3 +co|—4] +c3 6] = |0
3 —2 0 0

has a non-trivial solution; i.e. when at least one of ¢y, ¢, ¢3 is not zero.



We hayve:

Ry — Ry

2 1 7| 0] p_p
3 4 6|0
3 -2 0|0
1 7 o=t g
=3 =T 01 R _aR, -
1 -5 —1]o0 0 —2
2 1 710 0 7
Ri+ 3R,
10 —16] 0 1
Rs — TR R /42
3 2 1o 1 3|0 3/
00 42 |0 0

The last system has only the trivial solution:

Problem 12. Calculate the product
1

I

Solution.

[Qk 1

61:076220,6320.

1 -1

-1 1]
2k—-1 —2k+1
1-k —-14+k|

2 1 710 Ry ¢ Rs
1 -5 —-1(0
1 -3 =710
710 1 -3
Ro/(—2
6 | o 2/(—2) 0 1
21 10 0o 7
Ry +16R3
0 —-16|0
R 3R
1 -3 o 2 + oft3
0 1 0

S O =

-7
-3
21

S = O

[an}

_ o o

o O O



